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IlepeagmoBa njis yuHiB

Bu nmoumnaeTe BUBUaTH HOBUM IpeaMeT «AJszedpa i nowamrku ananlidys , AKUN
00’eqHyE MaTepiaa KiIbKOX rajgyseil MmareMaTuuHol HayKu. K i B Kypci anredpu,
3HAUHY yBary 0y/e IpuIijIeHo IIepeTBOPEeHHAM BIPa3iB, po3B’ A3yBaHHIO PiBHAHbD,
HepiBHOCTe! Ta IX cucTeM i po3raany BiaactuBocTeil pyukiii. [Topsmis po3s’asy-
BaHHSAM 3HAMOMUX 3ajJadY, II0B’I3aHUX 3 MHOTOUWJIEHAMMU, PAIliOHAJILHIMY Ap0o0a-
MU, CTeIIeHAMHU i KopeHsamH, y 10 Kaaci 6y/ae po3ryIsHyTo HOBi BuAM PYHKIIH: TpU-
TOHOMETPUYHI, TIOKa3HUKOBI i JorapudmiuHi Ta BifmoBigHi piBHAHHS 1 HEPIBHOCTI.

IIpuHIIMIIOBO HOBA YacTUHA KYPCY — IOYATKU aHaJIi3y — Oy/Ie PO3TaagaTUCs
B 11 knaci. MamemamuyHnuii ananis (200 IpocTo aHAIi3) — rajaysb MaTeMaTHUKH,
copmonana B XVIII cromiTTi, sKa Bigirpasia 3HaUHy POJIb Y PO3BUTKY IIPUPOIO-
3HABCTBA: 3’ ABMBCA IIOTYKHUIT, JOCUTD YHiBePCATbHUHA METO/ JOCIiIyKeHH (PYHK-
i, 1110 BUHUKAIOTH ITiT Uac po3B’ A3yBaHHs Pi3HOMAHITHUX IPUKJIASHUX 3a7a4.

Kinbka 3ayBaskeHb IIPO T€, TK KOPUCTYBATHUCA HiAPYIHUKOM.

CucreMma HaBYaJIBHOTO MaTepiay IiIpyYHUKA 3 KOKHOI TeMU IIpecTaBIeHa Ha
IBOX PiBHAX. OCHOBHUL Mamepias HaBeIeHO B naparpadax, HoMepu AKUX II03Ha-
UeHO CUHIM KoabopoM. JJodamkosuil mamepiaa (HoMmepu maparpadis mosHaueHO
CipuM KOJILOPOM) IIPHU3HAUCHUI IJIsI OBOJIOIHHS T€MOIO Ha Oi/IBII IInO0OKOMY PiBHi
i MOsKe oImaHOBYBATHCS YUYHEM CAMOCTIiMHO UM i/ KePiBHUIITBOM YUUTEJIS IPU BU-
BUEHHI MaTeMaTUKH B KJacax yYHiBepcaJbHOro a60 IPUPOSHUYUOTrO0 ITPO(iIiB, a MosKe
BUKOPUCTOBYBATHUCS AJIS CUCTEMATUYHOI'0 BUBUEHHS IIOTJINOJI€HOTO KypCy aareo-
pu imouaTKiB aHaJIi3y B KJacax, IIIKOJIaX, JilesaX i riMmHasiax gisuko-maTeMaTmu-
HOro npodiro.

Ha nouarky 6ararbox maparpadiB HaBOAATLCA 008i0K08i mabiuyi, AKi MiCTATH
OCHOBHI O3HAUEHHS, BJIACTUBOCTI Ta OPi€HMUPU 110 TIOIIYKY IIJIaHy PO3B’ A3yBaH-
Hs 3a7a4 3 TeMu. 1151 03HANOMJIEHHS 3 OCHOBHUMH ilesiMu PO3B’ A3yBaHHA 3a4a4
HaBOJATHCS IPUKJIAAHU, Y AKUX, KPIM caMOro po3s’ A3aHHs, MiCTUTHCSA TAKOMK KO-
MeHmap, 110 JOIIOMOKe CKJIACTY IIJIaH PO3B’ A3yBaHHSA aHAJIOTIYHOTO 3aBIAHHS.

3 MeTOI0 3aKPilJIeHHs, KOHTPOJIIO i CAMOKOHTPOJIIO 3aCBOEHHSA HABYAJIBHOTO
MaTepiajy micjas KoXKHOTO naparpada npoloHyeThCs CUCTeMAa 3alIUTaHb i BIIPaB.
Bigmosigi Ha i sanuTaHHA i TpUKIagM PO3B’I3yBAHHA aHAJOTIUHNX BIIPAB MOJK-
Ha 3HAWTHU B TeKcTi maparpada. Cucrema BIIpaB 1o OCHOBHOT'O MaTepiay ImomaHa
Ha TPHOX PiBHAX. Sadaui cepedHb020 piéHA MO3HAUEHI CUMBOJIOM «°», [EII0
CKJIaAHINI 3adaui docmamHtvoz0 pigHA TOfaHO 0e3 IT03HAUeHb, a 3a0ayi 8UCOK020
Pi6HSA CKJIAIHOCTI TIO3HAUEHI CUMBOJIOM «*» . 3ayBa*KUMO, 110 B MiAPYUHUKY i 15
6araThbox 3aJau IOrJIN0JIEHOT0 PiBHA IPOIOHYIOTLCS CIIelliaabHi OpieHTHPH, AKi
JI03BOJIAIOTH OIIAHYBATH METOMAY IX PO3B’A3yBaHHA. Bidnosidi i 8ka3isKu 1o mepe-
BasKHOI O1JIBITIOCTI BITPAB HaBeeHOo y BiamoBigHoMy poaaiti. ITpo moxomxenus mo-
HATH, TEPMiHiB i CHMBOJIiB BU 3MOsKeTe AidHATUCHA, IPOYUTABINU « BizomocTi 3 ic-
TOPii».



IlepenqmoBa aJist BUNTEIST

ITponoHoBaHMI MiAPYYHUK CIPSIMOBAHO Ha peaJIidallito OCHOBHUX II0J0KeHb
KOHIIEeMIIii npodiJibHOro HaBUAHHSA B CTAPIIIH IIIKOJIi, HA opraHisairiio ocoducric-
HO-OPi€HTOBAaHOIO HABUYaHHA MaTeMaTuKu. IlifpyYHUK MiAroTOBJIEHO BiAIIOBi AHO
IO mirouoi mporpamu 3 ajireopu i mouatkis anaaisy ays 10—11 kiaacis 3 ypaxyBau-
HAM IporpaMu 3 ajarebpu i mouatrkis anamisy giaa 10—12 kiacis.

Bigzmaunmo ocHOBHI BiAMiHHOCTI ITPOTIOHOBAHOT'O ITi IPYYHUKA Bi/T iHIITUX ITiIpyY-
HUKIiB 3 aire6pu i mouaTkis anasrisy.

ITe dsopisuesuil nidpyuHuK, AKUN MICTUTD 3araJbHUN MaTepia A1 KIaciB
yHiBepcaJbHOTO, IPUPOSHUYUOTO Ta (PiBMKO-MaTeMaTUYHOro IPo@iiB i mogaTko-
BU# MaTepiaJ IJis KjaaciB PisMK0o-MaTeMaTUUYHOTO IIPOoQiar. ¥ KOXKHOMY PO3IiTi
nopsna 3 maparpaamMu, aKi Ipr3HadYeHi 14 OBOJIOAIHHA YUHAME CTaHIapTOM Ma-
TeMaTUYHOI OCBiTH Ha aKaJIeMiYHOMY PiBHi, € cUcTeMaTUYHUI MaTepiaj, Ipu3Ha-
YyeHUH AJA oprauisamnii inauBigyaabH0I pOOOTH 3 YUHSAMH, IO I[IKABIATHCS MaTe-
MaTHKOI0. 3alIPOIIOHOBAHUM AOJAaTKOBUII MaTepiasl MOKe BUKOPUCTOBYBATHUCS
i nnsa opramisanii HaBUYaHHSA aaredOpu i MoYaTKiB aHAII3y B IPOPiIbHUX KJaacax
¢isuKo-MaTeMaTHUYHOTO IIPO@diaro a00 B crieliaaizoBaHMUX IITKOJIAX i Kjacax 3 I10-
rnbJIeHUM BUBUEHHSIM MaTeMaTUKU.

OcHOBHUM MaTepial, SKUI IIOBUHHI 3aCBOITH yUHi, CTPYKTYpPOBaHoO y (popMi
008i0K08UX MabAULDb HA TIOYATKY Iaparpada, AKi MicTATb CCTEMAaTH3AIIiI0 T€O-
peTruyHOro MartepiaJyy Ta cnocobis disivHocmi 3 UM MaTepiagom y popmi cre-
miaJbHUX OPiEHMUDIB 1O PO36’A3Y68AHHI0 3a60aHb. Y nepuLy wepzy Yy4Hi NO6UHHI
3aceoimu mamepian, akul micmumosea 6 mabauyax. Tomy Ipy IOsICHEHHI HOBO-
o MaTepiaJry J0IiJIbHO BUKOPUCTOBYBATH POOOTY 3 MIiIPYUYHUKOM 32 BiIIIOBiTHY-
MU TaGJUISIMU Ta PUCYHKAaMH. ¥ Ci IOTPiOHI IOsACHEHH I OOI'PYHTYBAHHS TEXK
HaBeJeHO B IIi IPYYHUKY, ajie KOKeH YUeHb MOsKe BUOMpaTHu CBill BIacHU piBeHb
03HAMOMJIEHHS 3 UMY OOI'PYHTYBAHHAMU. Y KOXXHOMY PO3IiIi po3B’ I3aHHIO BIPAB
nepeaye BUILICHHS 3araJIbHIX OPi€HTHPIB 110 PO3B’ I3yBAHHIO TAKUX 3aBAaHb. Tomy
BasKJIMBOIO CKJIAZOBOIO POOOTH 3a IPOIIOHOBAHUM HiIPYYHUKOM € 0OrOBOPEHHS
BHOOPY BiAIMOBIAHMX OPi€HTUPIB Ta ILIaHIB PO3B’A3yBaHH 3aBAaHb. [[osiICHeHHS
MeTO/iB P03B’A3yBaHHSA BeIeThCA 32 CXeMOIO:

B’sI3aHHA MEHT
PosB’asa Komenra

SK MosKHAa 3ammucaT Sk MoKkHaA MipKyBaTH Ipu
pos3B’sa3anusa 3amaui po3B’sa3yBaHHi TaKoi 3amaui

ITpu Takiii momayi HaBYAJIBLHOTO MaTEPiaay KOMeHTap, Y AKOMY II0SICHIOETHCS
pO3B’sizaHHs, HE 3aBaKa€ CIPUUHATTIO OCHOBHOI ifiel Ta miany poss’A3yBaHHsA
3aBaaHb IIeBHOTO TUIly. Ile 103BoJIsi€ YUHEeB], AKMII BsKe 3aCBOIB cI10Ccib po3B’sa3y-
BaHHS, 3a [OIIOMOTOI0 HaBeIeHOT0 IPUKJIay 3TafaT, AK PO3B’ A3yBaTHU 3aBIaH-
Hs, a YYHEeBi, AKOMY IOTPi0HA KOHCYJIBTAIiA IO PO3B’A3YBAHHIO, — OTPUMATHU
TaKy JeTajJbHy KOHCYJIbTAILil0, IT[0 MiCTUTHCSA B KOMEHTapi.
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3a paxyHOK UiTKOr0 BUAII€HHS 3araJbHIX OPi€EHTUPiB POOOTH 3 MPAKTUYHIMU
3aBIAaHHAMU KYPCY BAAETHCSI YACTUHY «HeCTaHIaPTHUX » (3 TOUKM 30PY TPAUILiTi-
HUX HiIPYYHUKiB) 3aBIaHb IIEPEBECTU B PO3PSJ «CTAHAAPTHUX» (HAIIPUKJIAI,
PiBHAHHSA, AJI5 PO3B’I3yBaHHA AKUX JOBOIUTHCSA BUKOPUCTOBYBATU BJIACTUBOCTL
dyurmiit). Ile 103BoJIs€ SMEHIITUTY PO3PUB MiXK piBHEM BUMOT JepKaBHOI aTec-
Tarii 3 anredpu i mouaTKiB aHAJIi3y Ta piBHEM BUMOT 3 IILOT'0 KYPCY HA BCTYIHUX
icnmrax 1o BysiB, a TAK0K 03HAMOMMUTH YUHIB 3 METOLAMU PO3B’A3yBaHHS 3aB-
IaHb, AKi IPOIOHYIOTHCSA HA BCTYIHUX iCIUTAaX 10 BY3iB.

3ayBasK1UMO, IT10 IeTaJbHA CUCTEMAaTH3AIlid 3a 3MiCTOBHUMH JIiHiAMUY HaBYAaJIb-
HOI'0 MaTepiaay Ta BiAIIoBigHMX CII0CO0iB AiAJIbHOCTI 110 pO3B’ A3yBAaHHIO 3aBAAHD
Kypcy MicTuThcs Tako:K y nociouuky €. I1. Henmina «Asrebpa B tabaumnax. Ha-
BUAJIbHUI MOCIOHUK as1 yuHiB 7T—11 KaaciB» .— Xapkis: Ceit guruncrsa, 1998—
2002, axuii DOI[iJIbHO BUKOPUCTOBYBATH B HABUYAJIbHOMY IIPOIlECi B KOMILJIEKTi
3 MiAPYYHUKOM.

Mo3Ha4YeHHs, AKi 3yCTpiYaloTbCA B MIAPYHHUKY

N — MHOKHWHA BCiX HATypaJbHUX | x | — mMoxyms (abcomoTHa BermunHA)
quceJ qucaa x
Z — MHOJKMHA BCiX IIiIMX dyncesa [x] — mina yacTuHa yucsaa x
Z, — MHOKWHAa BCix HeBix eMHUX {x} — npo6GoBa uacTuHa umcIa X
IiJIUX Yncel f (x) — sHaueHHsA QyHKII f y Touni x
@ — MHOMKMHA BCiX pamioHab- D (f) — obmnacTs BusHaueHHI QYHKII
HHUX 4YHCell E (f) — ob6aacTth 3HAYeHDb QYHKIIIT
R — MHOXUHA BCixX AilicCHUX Yu- sin — (QyHKIig cuHyC
ceJl, YMCJIOBA MPAMA Ccos — (PYHKIIiA KOCHHYC
R, — MHOXWHA BCiX JOJaTHUX tg — dyHKIig TaHTeHC
IiICHUX YHCeJI ctg — QYHKIia KoTaHTeHC
[a; b] — Bimpisok (3aMKHeHHIi Ipo- arcsin — q’yHKH?H apPKCUHYC
MikOK) 3 KinmaMu aib, arccos — (PYHKI[iS apKKOCUHYC
a<b arctg — (QyHKIig apKkTaHTeHC
arcctg — (PYHKIIisI apKKOTaHTEeHC
(a; b) — iHTepBaJa (BiAKpPUTHUN TPO- \/— . . L
MiKOK) 8 KiHIAMHY @ 1 b, a apuMeTHUYHUN KOPiHb i3 unc-
a<b gaa
(a; b], 2\k/al_ — apudmMeTHUHUA KOpPiHb 2k-TO
[a; b) — maniBBigKpuUTi npoMiKKU crenens 3 uncnaa (ke N)
3KiHnAMU aib, a <b 2y — KOpiHb (2k+1)-To cTemeHs 3
(a; +0), yucaa a (k € N)
[a; +0), log, — morapudwm 3a 0CHOBOIO @
(—0; 0], lg — mecsaTkoBwuit Jorapudm (gora-
(—9°; b) — HeCKiHYEHHI IPOMiKKU pudm 3a ocHosoio 10)
(—00; +00) — HeCKiHUYeHHMII IPOMIKOK, In — marypansauii torapudm (srora-
YMCJIOBA IIPAMA pudM 3a OCHOBOIO €)



Po3pin
TPUFOHOMETPUYHI DYHKLLIT

MNOBTOPEHHS | PO3LUMPEHHA
BIAOMOCTEWN NMPO ®YHKLIO
1.1. MOHATTSA YNCNOBOI ®YHKLJIi. HAMMNPOCTILI BACTUBOCTI
YNCNOBUX DYHKLIA

Taobnouma 1

1. [ToHATTA YmcnoBoT yHKUIT

Hucnoeoto pynryiero 3061acmio 6u-
3navenns D Ha3NBa€THCA 3a/I€KHICTD,
IIPH SKiN KOYKHOMY YHMCIIY X i3 MHOSKH-
HHu D (06s1acTi BUBHAUEHHA) CTABUTH-
f cA Yy BiIIOBiTHICTH I[iJIKOM II€BHE €TU-
He YHCJIO Y.
3anucyoTh ITI0 BiITIOBiHicTh TAK:
y=1(x).

Ilo3nayennsa i mepmiHu

D (f) — oGsacTb BUBHAUEHHS

D E E (f) — obsacTh 3HAUEHD
X — apryMeHT (HesajerkHa
3MiHHA)
y — GYHKIidg (3aexHa 3MiHHA)
[ — dbysxnia
f (x,)— sHavenHA QyHKIII [
y Toumi X,

2. ['padik yHKLT

I'pagixom pynkyii f HasuBaeThCAa

Y] MHOKVHA BCiX TOYOK KOOPAMHATHOIL
f(x) M IIOUIUHY 3 KoopauHaTamu (x; f (x)),
Jle IepIla KoOOpAuHATA X «IIpodirae»

/ BCIO 00J1aCTh BUBHAUEHHA PYHKIIII, a
4 0 x X Ipyra KoopauHaTa — Iie BifmoBigHe

3HaveHHA QPYHKIII fy Toui x.
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IIpomoB:xk. Tabua. 1

3. 3pocTatodi Ta cnagHi yHKLT

yi

)

f(x5)

f(xy)

o
Vi

[<=]
B
&

R

dDyuxkiisaf (x) 3apocraroua:

s x, > x,, 1o f (x,) > f (x)) |

(mpu 36iJbINIeHHI apryMeHTy Bigio-
BimHi TouKu rpadika nigHimaoTbhCcs
Bropy).

&
<

b

f(x)

1 (x,)

X, %,0

dyukmiaf (x) cmagHa:

skmto x, > x,, To f (x,) <f (x|

(mpu 30iJbIIIeHH]I apryMeHTy Bimmo-
BigHI TouKm rpadika onyckamTbCsa
BHU3).

4. [MapHiTa HenapHi yHKLT

oy

f (%)

x2

dyukiisaf (x) mapua:
[(=x)=[(x)
JIJIA BCiX x i3 o0sacTi BU3HAUEHHS.

T'padik mapuoi pyHKIII cumMeTpIryHMIt
BimHOCHO oci Oy.

dyukiiaf (x) HemapHa:

[(=x)=—f(x)

JIJIA BCiX x i3 o0sacTi BU3HAUEHHS.
I'padik HenmapHoi ¢pyHKIII cumer-
PUYHUI BiTHOCHO IIOYATKY KOOPIM-
HaT (Touku 0).




PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

MosicHeHHs 1 0GIPYHTYBaHHS

1. Iouarra pyHKUil. 3 OHATTAM QPYHKI[II BU 08HANOMUJINCS B Kypci anredpu.
Haranaewmo, 110 3as1exHicTh 3MiHHOI Y BiJf BMiHHOI X Ha3UBaE€ThCA PYHKYi€10, AKIIIO
KOKHOMY 3HAUEHHIO X Bi/iTOBiTa€ eAviHe BHAUEHHA Y.

V Kypci anre6pu i mouaTkiB aHAIi3y MU OyIeMO KOPUCTYBATHUCA TAKMM O3HA-
YEeHHSIM YHCJIOBOI PYHKITI.

Yucnoeoro pynryiero 300aacTio Bu3sHaueHHsa D Ha3uBa€eThCA 3aJ1€KHICTH, IPU
AKIN KOMKHOMY YMCJIY X i3 MHO:KMHU D cTaBUTHCA Yy BiTOBigHICTD TEeAKe MiJTKOM
TIeBHE €IMHEe YUCJIO Y.

dDyuKIii m03HAUYAIOTE IATHHCHKUMHY (IHKOJIM IpelibKuMK) OyKBamu. Poarisaemo
noBinbHY QyHKIiO f. Hucso y, ke BifnoBigae yncty x (Ha pucyHKY 1 11e ToKasaHO
CTPiJIKOI0), HA3MBAIOTh 3HAUCHHAM (PYHKIII f y TouIri x i mosHauamoTs f (x).

Obnacmb 6usHavenHs QYHKYIL f — 1le MHOKMHA TUX 3HAUYEHb, IKUX MOJKe Ha-
oyBaTu aprymenrT x. Bona nmosuauaersea D (f).

Ob6sacmb 3HaueHb QYHKYIL f — Ie MHOXKHMHA, KA CKJIaTaeThCd i3 BCixX umcen
f (x), ne x HaJIe:KUTH 00J1acTi BusHauenud. Ii mosuauaioTs E (f).

Haitiuacrine pyHKIIiI0 3a1a10Th 3a AOIIOMOroio hopmMyau. SIKI0 HeMae T04aT-
KOBUX 00MeKeHb, TO 00.1aCcmI0 6U3HAYeHH PYHKUIL, 3a0aH010 opmyior, 86a-
HCAEMBCSA MHONCUHA BCLX 3HAUEHb 3MIHHOL, NPU AKUX Us POPMYLA MAE 3Micm.

Hanpuxknan, axmio GyHKIig 3agana GOpMyJIoi0 Y = Jx +1 , TO il o6JiacTh BU-
3HaueHHdA: x > 0, To6T0 D (y) = [0; +°), a obymacTs 3HaUeHb: y > 1, ToOTO
E (y) =[1; +0).

IHomi pyHuKIia Moske 3ajaBaTuCsa PisHUMHU (pOpMYyJIaMU HA PiSHUX MHOMKHIHAX

x mpu x =0,

sHaueHb aprymenty. Hanpukian, y=|x|=
—x upu x<0.

DyHKITiA MOKe 3alaBaTUCA He TiJIBKH 3a TOIIOMOTroio hOpMyJIi, a i1 3a JOIIOMO-

roio Tabauili, rpadika uu caoBecHoro onrcy. Hampukaanm, Ha pucyHKY 2 rpadiuHo

Y

y=r)

(VY]

o
4

e

Puc. 1 Puc. 2
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31yl o
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—0—1
) 4-9
Puc. 3 Puc. 4

3amaHa pyHKIia y = f (x) 3 obsactio BusdHauenua D (f) =[—1; 3]i mHOokuHOIO 3HA-
uensb E (f) =[1; 4].
2. I'padik ¢pyuruii. Haragaemo, 1o

2pagirom pyHnryiiy =f (x) Ha3MBA€THCA MHOKMHA BCiX TOUOK KOOPIMHATHOL

IUIOIMHY 3 KoopauHatamu (x; f (x)), me mepina KoopauHaTa X «Ipodirae» BCIO

00JiacTh BU3SHaYEeHHs (PYHKIII], a mpyra KoopamHaTa — Iie BilmoBigHe 3HAUEH-

H QyHKLII f y TOUumi x.

Ha pucynkax no nyukry 4 rabauni 1 HaBegeHno rpadiku dyHKIih y = x2 Ta
y= 1 amapucynxy 3 — rpadik GyHrmiiy =| x |.

,
X

Hagenemo Takosx rpadik Gyurmii y =[x], ne [x] — nosmaueHHA yinoi vacmunu
yucja X, To0TO HaitbiAbIIIOTO IiJIOTO UKca, sike He mepesBuinye x (puc. 4). 06-
JacTh Bu3HaueHHd 11iei @yukIii D (y) = R — MHOKUHa BCix filicHUX yuced, a 06-
JacTh 3HaueHb E (y) = Z — MHOKWHA BCiX IiTNX YUCeJI.

Ha pucynry 5 naBeneno rpadik e oguiel unciosoi dyuxruii y = {x}, ne {x} —
Mo3HAYEHH 0p00080L wacmuHy yncia x (3a osHaueHHAM {x} = x — [x]).
3. 3pocraroui ta cnagui pyHKuii. BaskjinBuMu xapakTepucTuKaMu QyHKIH € Tx
3pOCTaHHA Ta CIIaJaHHd.

Dynkuisa f (x) Ha3UBAETHCA 3POCMAIOLO010 HA MHOHCUHL P, AK1I0 OiIbIIIOMY 3HA-
YeHHIO apryMeHTY 3 Ili€l MHOKMHHU BigmoBigae 0ispuie 3HaUeHHS (PyHKITII.

To6To a1 OyAb-IKUX OBOX 3HAYEHB Y
x, '1x2 3 MHOXKUHU P, Ko x,> X, TO
fle)>F(x,). / 1 / /
Hanpuknan, pyukiis f (x) = 2x spoc- i -
—2 -1 |

1

1

i
Taroua (Ha BCiit obsiacTi Bu3HAUEHH A, TOO- 01 2 3 «x
TO HAa MHOKWUHI R), OCKinbKU, AKIITO
x,>x,,T02x,>2x ,0THe, [ (x,)>[ (x,).

9 Puc. 5
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yA & N 3 = Yl
= \
7 f(x,) y=x Y
N %
f(x,) f(x,)
f(x1) o
7)1 o e % " f ()
0x, x, x X, 4, 0N *
Puc. 6 Puc. 7 Puc. 8

V¥ 3pocrarouoi PyHKII npu 36iJbIIeHH] apryMeHTy BigmoBigHi Touku rpadika
nigHiMaroTbesa Bropy (puc. 6).

Ha pucyuky 7 HaBegeno rpadik e oguiel 3pocrarouoi byHKIil y = x3. ITifickHo,
npu x, > x, Maemo x,° > x?, ro6ro f (x,) > f (x,).

dynkiidaf(x) Ha3MBaeTHCA CNA0HOI0 HA MHONCUHI P, AKII0 OiTbIIIOMY 3HAUEH-
HIO apryMeHTY 3 I[i€l MHOSKMHHY BiIIOBiiae MeHIIIe 3HAYeHHA (PYHKIIIT.

To6To s OyAb-AKUX IBOX 3HAUEHDb x, 1 x, 3 MHOKUHU P, AKINO X, > X, TO
F(x,) <f(x,).

Hanpukaan, dyukiis f (x) =—2x cnagua (Ha Beiii o6racTi BusHaUeHHS, TOGTO
Ha MHOKHUHI R), OCKiNTBKH, AKIIO X, > X, TO —2x, < —2X , OTKe, [ (x,) <[ (x)).
V¥V cnaguoi pyHKIIT npu 30iIbIIeHH] apryMeHTy BiAmoBigHi Touky rpadika omycka-
I0Thcs BHUB (puc. 8).

Posrasgaioun rpadik dyuKmii y = x2 (puc. 9), 6aunmo, 1o Ha Beiit o6macTi
BU3HAUYEHHA A PYHKIIiA He € Hi 3poCcTaioydolo, Hi cnagHo. Ajie MOYKHA BUALIATH
OpoMiKKu 00JIacTi BUSHaUeHH, Je I1d QyHKIIiA 3pocTae i ne ciagae. Tak, Ha mpo-
MiskKy [0; +00) byHKIis y = x? 3pocTae, a Ha TPpoMiKKY (—°°; 0] — cmazae.

3a3HaunMo, 110 IJId 3POCTAIOUNX i cnagHuX (GPYHKI[IF BUKOHYIOTHCS BJIACTH-
BOCTi, 0O0epHEHi 10 TBePKeHb, 110 MiCTATHCA B 03HAUCHHAX.

Axwo pynryia 3pocmae, mo 6invwomy 3sHavenHio pynkyii 6idnosidae
b6inbwe 3HAUEHHA APy MeHmYy.

Axuwo pynryia cnadae, mo 6invuomy 3LaLeHHI0 PYHKYiL 6i0noeidae men-
uLe 3HAYEeHHA apzymMenmy.

@ O06rpyHTYEMO eIy 3 MUX BJIACTHBOCTEIH MeTOLOM Bix cynporuBroro. Hexait
Gbynkmia f (x)spocraeif (x,) > f (x,). [IpunycTumo, 1110 apryMeHT x, He OiibIne
apryMeHTy X , TOOTO X, < X,. 3 [[bOT0 IPUIIYITIeHHSA 0[ePKYEMO:

AKIO X, < X, if (x)3pocrae, o f (x,) < [ (x,), o cynepeunts ymoBi f (x,) > f (x,).
Omsxe, Hallle IPUITYIIIEHHA HeIPaBUIbHE i, akimo f (x,) > f (x,), To x, > x,, 110
i moTpi6HOo GyJI0 TOBECTH.

AHajoriuso o6IpyHTOBYETHCS i ApyTa BIACTHBICTE. ()
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§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO (YHKLiI0

Hanpuxaaz, akimo x> 8, To6To x° > 23, T0, Bpax0oByIOUM 3pOCTAHHA PYHKIII
f (x) = x3, omeparyemo x > 2.

4. IlapHi i HemapHui pynkuii. Posrisuemo GyHKILil, o6acTi BUSHAUEHHS AKUX
CUMETPUYHI BiJHOCHO II0UYaTKy KOOPAMHAT, TOOTO Pa3soM 3 KOXXHIM UHCJIOM X 00-
JIACTh BUBHAUEHHA MiCTUTH i ymciio (—x). [Iaa rakux QyHKIi# BUBHaUEHI MOHATTSA
HapHOCTI i HemapHOCTi.
dDyHKIia f HA3UBAETHCA NAPHOI0, IKIIO NI OyIb-IKOTO X 3 1i 00/1acTi BU3HA-
yeHHdA f (—x) =f (x).
Hanpurkaan, yarnia y = x2 (tooTo pyukIida f (x) = x%) — mapHa, oCKiJIbKH
f(=x)=(=x)*=x*=1 (x).
® SIxmo dpyuknia f (x) mapHa, To 10 ii rpadika pasoM 3 KOKHOIO TOUK00 M 3 KO-
opaunaTamu (x; y) = (x; f (x)) BXoAUTH TaKo K i Touka M, 3 KOOpAWHATAMHI
(=x; y)=(x;f (=x))=(—x; f (x)). Touku M i M, po3milieHi cuMeTPUYIHO BifHOC-
HO oci Oy (puc. 10), TOMY i Bech rpagik napH01 (pyHKIII po3MileHUii cuMeT-
puuHo BigHOCHO 0oci Oy. *
Hampuraan, rpadgik napHoi byurnii y = x? (puc. 9) cuMeTpUYHUN BiTHOCHO
oci Oy.
dyHKLig f HA3UMBAETHCA HenapHo10, AKUIO I Oyab-IKOro X 3 Ii 00sacTi Bu-
3HaueHHd f (—x) = —f (x).

Hanpuxaan, pysknia y =i (ToGTO Q)yH}cuiﬂ f(x)= % ) — HemapHa, OCKiJIbKHU
1
fx)=—=-—=-f(x).

® Sdxmo dysknia f (x) HemapHa, TO 10 ii rpa(buca pasoM 3 KOKHOI0 TOUKOI0 M
3 KoopauHatamu (x; y) = (x; [ (x)) BXOAUTH TaKOK i TouKa M| 3 KOOpAUHATAMHA
(=x;y) = (=x; [ (—x)) = (—x; —f (x)). Toukn M i M, poamilieHi CHUMETPUIHO
BiHOCHO mouaTKy KoopauHat (puc. 11), Tomy i Bech rpa(puc HenapHm | pyHEIiT
po3MilieHui CHMEeTPUMYHO BiTHOCHO noqa'my KOOPIHUHAT.

Hamnpukaan, rpadik Henmapuoi GyHKINI Y= ; (nuB. myHKT 4 Tada. 1) cumer-

PUYHMIL BiTHOCHO IMOYATKY KOOPAUHAT, TOOTO TOUuKM O.

Uy Yy Yy
y=x? f(x) oM

/10 x x

M, -1 (x)

Puc. 9 Puc. 10 Puc. 11
N



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Mpuknagun po3B'a3aHHA 3aBAaHb

Ipukxax 1. 3HaiigiTs obacTb BUSHAUEHHS QYHKILII:

Dy=x*+x; 2)y=

PosB’aszaunusga

1) P O6MeskeHs I 3HAXOMKeHH I 3Ha -

yeHb BUpasy x? + x Hemae, OTiKe,

D (y)=R.<

P O6imacTh BusHaueHHS QYHKIIT
X

2)

Y=, sanaerbcs o6MeKeHHAM
x2+ x # 0, OCKiIbKY 3HAMEHHUK
Ipo0y He MOXKe JOPiBHIOBATU HYJIIO.
3’sacyemo, xouu x2 + x = 0. Maemo
x(x+1)=0,x=0a6ox=-1.

Toxi obsacTh BU3HAUCHHS MOXKHA
sagaTu oomesxkenuamu x #0, x#—1,
a0o 3amucaTy TakK:

D (y)=(-00;-1) U(=1;0) U (05 +00).<]

3) P O6nacTh BusHaueHHs QYHKIIT

y=+x+5 3amaeTbcs 0OMeKEeHHIM
x+ 520, TodTo x = —5, OCKIIbKH
IIiJ 3HAKOM KBaJPATHOTO KOPEHH 110~

BUHEH CTOSATH HEeBiJ eMHMUIA BUpPAas.
Omxe, D (y) =[— 5; +20).<

Ipuxmax 2°.

PosB’sasauusga

P Criramaemo piBasaaHA X2 — 3 = a. BoHo
piBHOCHIbHE PiBHAHHIO X2 = a + 3, aKe
Mae po3B’A3KHU, AKIo a + 3 > 0, To6To
npu a > —3. Yeini uncia i ckaagyTs 00-
JIaCTh 3HAUYEHb PYHKITII.

OT:ke, obsacTh 3HAUYEeHb 3aJaHOI
GyHKITIT

E (f) =[-3; +0) (TobTO 3y > —3).<

X

x%+x

;0 3)y=vx+5,

KomenTap

Ockinbku Bei pyHKINI 3agano gop-
MyJiaMHu, TO iX 00JIacTi BUBHAUEHHS —
Ile MHOYKIHA BCiX 3HaUeHb 3MiHHOI X,
npu AKux Gopmysia Mae smict, ToOTO
Mae 3MicT Bupas, AKUH CTOITh y ITpaBiit
vactuHi popmyaun y = f (x).

V¥V Kypci anrebpu sycTpivaancs Tiin-
KU IBa 00MexceH s, AKi HeoOXiqHo Bpa-
XOBYBaTHU NPU 3HAX00HEeHHI obaacmi
BU3HAYEHHA:

1) axwosupas sanucamoy suzasdi dpo-

oy % , mo 3namennux B#0;

2) axwo 3anuc supasy micmumo K8ao-
PamHULL KOPiHb JA ,mo niokopene-
suil supas A > 0.

Y Bcix iHIEMX BHUIAAKax, AKi BaMm

JOBOIUJIOCS PO3TIIANATH, 00JIACTIO BU-

3HAUeHHS BUpasy O0yJiu Bci miticHi ume-

%

Ja .

3uaiiaiTe obsacTh 3HAUEHb PYHKIIT y = x2 — 3.

KomenTap

ITosmauuMmo 3HaueHHA 3amaHOI
dysKIii f (x) (To6To X2 — 3)uepes ai3’a-
CYEMO, I IKUX d MOXKHA 3HAUTHU BijI-
HOBifHe 3HAUeHHA X (IIPU I[bOMY 3Ha-
yeHHi x 3HaueHHdA f (x) = a).

Toni Bci umena a, 1aa SKUX icHYe
xoua 6 ouH KOPiub piBHAHHA [ (X) = a,
BBifiyTh M0 obJiacTi 3HAUEeHDb QYHKITIT
f (x). MHOKXHMHa BCiX TaKUX @ i CKJazme
00JIacTh 3HAUYEHb PYHKITII.

*V moganbimoMy Kypci anre6pu i mouaTkis amanizy 10 Kiacy 3’ABIATHCA HOBI BuUpasu

3 obmesxkenHsamu: tg o, ctg o, arcsin a, arccosa, logAB, Ya, a*, me o — He Iiijie YHUCIO.
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Kopucuo mam’araru, 1o

o6nacms 3navensb pyHrYii y = f (x) 36izaemovea 3 MHONHCUHOIO MUX 3HA-
YeHsb a, npu AKux pieHannaf (x) = a mae po3é’asxu.

Ipukaang 3"

HoBexits, 1o npu k # 0 0o6sacTio 3HAYeHb JiHIHHOT PyHKIIT

y = kx + b e MHOKMHA BCiX TiliICHUX YuCeJI.

PosB’as3anusga
P dAxmo kx +b=a (ze k#0), To po3s’a-

. a-b .
30K IIbOTI'O P1IBHAHHA X = T 1ICHY€ OJId

oyab-akoro a € R (ockinekm k # 0 3a
YMOBOIO).

TakuM YMHOM, 3HAUEHHAM 3aaHO01
dyurmii Mmoke 0yTu Oyab-AKe gificHe
4yCcJa0, OTXe, II 006sacTh 3HAUEHDb

E({H=R<

Ipuxmax 4°.

KomenTap

ITosmaunmMo 3HadYeHHsS 3amaHol
¢yukii f (x) (toéTo kx + b) uepes a
i 3’acyemo, A4 AKUX @ MOYKHA 3HANTH
BigmoBigHe 3HaueHHA X, Take, IO
f(x) = a.

MHoKUHA BCiX TaKUX 3HAUYEHDb 4
i 6yme ckyamaTy 061aCTh 3HAUCHD (DYHK-
uii f (x).

HoBeniTh, 1o diHiliHa dyHKLisa y = kx + b upu k > 0 € 3pocraro-

4010, a Ipu k < 0 — cnmagHo¥O.

PosB’aszauusga

» Hexaii x,> x, (toai x, — x, > 0). Poa-
ragaHeMo pisHunio f(x,) — f(x)) =
=kx,+ b —(kx, +b)=k(x,—x)).
Ockinbku x, —x, > 0, Tonpu k£ > 0
maemo f (x,) — f (x,) > 0, orxe,
f(x,)> T (x,) — ynKmia spocrae.
ITpu k < 0 maemo f (x,) — [ (x,) <O,
orke, f(x,) < f(x,) — dynknia crna-
mae. <l

Ipukaanx 5°. oseniTs, 1110:

KomenTap

st OO PYHTYBaHHSA 3POCTAHHS 400
crnagaHua QYyHKIT KOPUCHO TaM’ ATaTH,
mo 0as 0o8edeHHs HepigHOCMI
f(x,)>71(x)uuf(x,) <f(x,) documo
snattmu 3nak pisnuyi f (x,) =1 (x)).

Hawm sagano pyuxkiiro f (x) = kx +b.
IIa dpyaKIia Oyae 3pocTar0yo0, AKII0
3 HepiBHOCTI X, > x, Oy/e BUILIUBATH
HepiBHicTb [ (x,) > [ (x,), a mua gose-
JeHHsS OCTaHHBLOI HepiBHOCTI HOCUTH
3HAWTHU 3HAK pisHui f (x,) - f (x,) (ana-
JIOTiUHO JJIsl CIaJaHHA).

1) cyma nBoXx 3pocraroumnx Ha MHOKHHI P hyHKIIi# 3aBKIU € 3pO-
CTa4010 (QYHKIi€X0 HA il MHOYKUHI;

2) cyma ABOX CIIAJHUX HA MHOKUHI P QyHKI[ii 3aBKIM € ciad-
HOIO (DYHKIIi€I0 HA I[iil MHOSKMHI.

PosB’aszauusga

1) P Hexaii pyuxmii f (x)ig (x)e spoc-
TaIOUMMM Ha OLHIiM 1 Tili camiii MHO-

KomenTap

151 moBeIeHHS 3POCTAHHSA CyMU
IBOX 3pocTarounx QyHKIR f (x)ig (x)
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xuHi P. Akimo x,>x, TO
F(x)>1(x) i g(x,)>g(x,)
Hopmarouu Mo4JIeHHO OCTaHHI HEPiB-
HOCTi, 0ZIep:KyEMO
[(x)+g(x)>1(x)+8(x,).
ITeiosuauae, 110 cyma GyHKILH f (x)
i g (x) € 3pocTapuo0 PyHKIIiEIO HA
muOoxuHL P. <
2) - Hexaii pyuxnii f (x)ig (x) e cnaz-
HuMUu Ha MHOKUHI P. Toxi 3 HepiB-
HOCTi X, > X, MaeMo [ (x,) <f(x,)
i g(x,)<g(x,)
ITicnsa mousieHHOrO JOLaBaHHS OC-
TAHHIiX HEPiBHOCTEH OePIKYyEMO:
f(x)+g(x)<f(x)+g(x),
a 1e i o3Hayvae, 1o cyMa QyHKI[iHi
f (x)ig (x)ecnaguoio GpyHKIi€I0 HA
muOoxuHL P. <

IIpuxaan 6.

JIOCUTH IOBECTH, 1110 Ha MHOYKMHI P 3 He-
PiBHOCTI X, > X, BUILIMBAE HEPiBHICTD
f(xy)+g(x)>f(x)+g(x).
AHajoriubno s moBeJeHHs cIia-
MTaHHA CYMU JBOX CIIAAHUX (DYHKITIN:
AKIIO X, > X, TO
f(xy)+g(x)<f(x)+g(x).

HoBeniTs, 1110 3pocTaroua ado criagHa (PyHKIisT HAOyBa€ KOSKHOTO

CBOT0 3HAUEHHJ TiJILKHI B OJHIiN TOYIIi 1T 00JIaCTi BU3HAUEHH .

PosB’aszauusga

P Hexaii pynkIia f (x) € 3pocTaroyoro i
f(x) =1 (x,). 1)
ITpunycrumo, 1110
X, # X,

dAxmo x, # x, , To abo x, > x,, abo
x,< x,. BpaxoBytounu spocranus f (x),
y BUIIAZIKY X, > X, MaeMmo [ (x,) > f (x,),
10 cynepeuuTh piBHOCTI (1). ¥V BUIagKy
x, <x,maemo f (x,) <[ (x,), 0 TAKOXK
cyrepeuuTh piBHOCTI (1).

Or:Kke, HaIlle IPUNYIIEHHS Helpa-
BUJIbHE, i piBHICTB [ (x,) = [ (x,) MOX«-
JUBa TiMbKU 1pu X, = X,. To6TO 3poOc-
Taroya QPyHKIIig HabyBae KOMKHOTO CBO-
o 3HAYeHHS TiIIBLKY B OGHiM TouIli 11 06-
JIacTi BUBHAUYEHHS.

AHaJIOTiYHO JOBOAUTHCS TBEPIKEH-
Ha 1 gma cnaguol pyHKmii. <

KomenTap

IoBeaemo 11e TBePIKeHHI MeTOA0M
Big cympoTtuBHOTO. [I/1s IILOTO JOCUTH
MPUITYCTUTH, 1110 BUKOHYETHCS IIPOTHU-
JeKHe TBepI:KeHHS (PYHKIIA MoxKe
Ha0yBaTH OJTHOTO i1 TOI'0 CAMOTO 3HAUEH-
HA OIPUHAWMHI y IBOX TOUKaXx), i omep-
sKaTu cynepeuHicts. Ile osHauaTume,
1110 HAIlle IPUITYIIeHH A HelIpaBUIbHe,
a IpaBUJIbHE 3alaHe TBePAKeHHA.
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Ipukaax 7. HocaixiTs, AKi3sagaHux QyHKIIiN € TapHUMU, AKi HEIAPHUMH,

1)

2)

3)

—

S Ok W

a AKi — Hi mapHUMH, Hi HeIapHUMU:

1
1) y=——7; 2)y = x4 3)y=x2+x.
Vy=—_—7; )y ; )y
PosB’as3anusga KomenrTap

P OGnacTb BusHaueHHS QYHKINT s gocaimxenusa GyHKIiiy =1 (x)
1 HAa [TIapHiCTh Y1 HEIIAPHiCTh JOCUTD YIIEB-

y=——:x#—1, TobTO BOHA He CHU- P b & ¥
x+1 HUTUCS, ITO-TIePIIiie, 110 00JIacTh BU3HA-

MeTpuYHAa BigHOCHO TouKH O (ToUuKa
x =1 BX0omuUTH 10 00JIACTi BUBHAYECH-
HA, a x = —1 — Hi).

yeHHA Miel PyHKIil cuMeTpuuHA Bif-
HOocHO TouKH O (pa3oM 3 KOYKHOI TOU-
KOIO X MiCTUTB i TOUKY —X) i, mO-apyTre,
[ N nopiBHATH 3HaUeHHs [ (—x) 1 f (x).

-1 0 1 x
OT:xe, 3amaHa QYHKIIiA He MOKe
OyTH Hi IapHOIO, Hi HEIIapHO0. <
P O6nacTs BusHAUEHHA PYHKIiI
y = x*: D (y) = R, T00TO BOHA CHMeET-
puuHa BigHOCHO TouKu O.
[ (=x)=(—x)'=x'=f (x) — bynxnia
mapHa.<|
P OGnacTb BusHaueHHS QYHKINT
y=x3+x:D (y)=R, ToO6TO BOHA CH-
MeTpuYHAa BigHOCHO TouKu O.
f(=x)=(x)P+ (-x) = x*—x =
=—(x3+ x)=—f (x) — pyHKIia He-
mapHa.<|

3anuTtaHHsa ansa KOHTpOIJIIO

. IlTo HasuBaeThcA uncioBowo GyHKItieio? HapeaiTe npukaagyu Takux GyHKILIH.
. Ha npukJagax moscHiTsb, 1110 TaKke 00JacTh BUSHAUYEHHSA (DYHKIIiI Ta 061acTh

3HaueHb PYyHKII. dKi 00MeKeHHA HeoOXiJHO BpaxXyBaTH HPU 3HAXOIKEHHI

ob6sacTi BusHaueHHA PYHKILI ¥ = —— ? 3HaiAiTh I 061aCTh BUBHAUEHHS.
X

. IlTo HasuBaeThcs rpadirom pyukiii y = f (x)? HaBexiTs npuxaanu.

. fka pyHKIisg HasuBaeThCA 3pocTarouoo? HaseniTs npukianm.

. fIka pyHKIig HasuBaeThCs cragHo0? HaBemiTh mpuKaagm.

. fIka pyukuia HasuBaeThca napuoio? Hasexmits npuriaanu. Ak posmiimeso

rpadik napuoi pyHKIii Ha KoopauuaTHIN momuHi? HaBegiTs mpukaagm.

. fIxa pyHKIiag HasuBaeThbCcsa Henapuoo? HaseniTs npukaagu. SIK poamiieso

rpadik Hemapuoi PyHKIIT Ha KoopauHaTHIN mromuHi? HaBegiTe mpuKIagm.
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Bnpasu

1°. BuaiigiTs 3HaUueHHA PYHKINI Y BKa3aHUX TOUKAX:

1) f(x)=x+% y Toukax 2; —1; 3; a (a # 0);
2)g(x)=x2—3yToukax 0; 1; —2; b;
3) ¢ (x)=+x+1 yrourax 0; 3; —1; m (m > 0).

. 3HaiaiTL 001aCTh BU3HAUCHH (PYHKILIT, 3a7aH0I (pOPMYJIOIO:

o o o 1
yy=2x+3; 2)y=vJx+3; 3)y=_—7; 4 y=——;

x2+1

9) y=vJx2-1; 6) y=+vx2+1; ) y=vx-1+vJ5-x; 8) yz—“x;?’;

99 y=\/—f§__:; 10) y=¥=55 119 y= Ve gy e arael.

+1 _|x|—2

. 3HaiaiTL 001aCTh 3HaUEeHDb PYHKILIT, 3aaH0I (pOpMYJIOIO:

1)f(x)=75; 2)f(x)=x; 3)f (x)=x% 4) f(x)=+x;
5Yy=-3x+1; 69)y=x"-5; ™y=|x|+3.

. g dyHrIif, aki sagani ceoimu rpadikamMu Ha pucyHKY 12, yKasKiTh 06J1acTh

BUBHAUYEHHS, 00J1aCTh 3HAUEHD, IPOMIKKY 3DOCTAHHA i CIIaJaHHs Ta 3HAUeHHS
KOKHOI PyHKIii mpu x = 1.

. Obrpyuryiire, 1110 3aMaHa (PYHKIIA € 3pocTaouoro (Ha I 06/1acTi BUBHAUECHHS):

y=38x; 2y=—x+5 3)y=x% 4Y)y=x% 5)y=+x.

6°. [loBemiTs, 1110 HA 3aJaHOMY IIPOMIKKY (DYHKIIid 3pocTae:

7.

1)y=—%,/1ex>0; 2)y=—i,/1ex<0.

OO6r'pyuryiire, 10 3agana GyHKIig € ciagHoro (Ha il 001acTi BUSHAUEHHS):
Dy=-3x; 2y=-x-1 3Ny =—x% 4)y=—x"

8*. loBemiTs, 1110 Ha 3aJaHOMY IIPOMIMKKY DYHKIIiA criazae:

9.

1) y=2, nex<0; 2) y=2, gex>0.

IMoBeniTs, mo PyHKIiA y = x? Ha npoMmiskKy [0; +00) 3pocTrae, a HA IPOMIKKY
(—20; 0] ciazae.

10°. Kopucrymounuch pe3yabTaToM NpuKaagy 5 (c. 13), ykamkirs, AKi i3 3aganux

(GYHKIIiI € BpOCTAIOUNMHU, a TKi — CIIaJHUMU:

Dy=x*+x; 2)y=-x-x5; 3)y=x+Jx; 4)y=-2°—2°.

16
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Uy
y
3 4
X . !
L] )
1 A\ 2 N
\ \ _ )
- - 2 5
3\ 10 3 \4 5k
d 3-2-1 (01 2 3 4 5 6 7 x
2 -1
3 2
a 1)
yl
= yl
/ 4 \\‘
/. 7Z \ 2
A\
1
-3/1-1 Jo|\ 2 1 5 x
R 4-3-2-1 o1 2 3 |x
2 -1
_3 _2
8 2

11°.

12.

13.

Puc. 12
Kopucryouucs pesyabraTom npukaany 6 (c. 14):

1) o6rpyuryiite, 1o piBHaHHEA X3 + x = 10 Mae efuHNN KOPilb x = 2;

2) migbepiTh KOPiHL PIBHAHHA Jx+x=61 JIOBEIiTh, III0 iHINTX KOPEHiB 11e
PiBHAHHSA He Mae.
OO6r'pyuryiire, 110 3agana (GpyHKI[iA € TapHOIO:

1)y = x5 2) y=%+1; 3) y=vx2+1; 4) y=yl|x|+x*.

OO6r'pyuryiire, 1110 3aaHa PYHKII A € HEIaPHOIO:

1
1y =x% 2) y=-; Jy=x|x|; Yy=x'-x.

17



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

1.2. BTIACTUBOCTI | TPA®IK OCHOBHUX B1AIB (DyHKLI,IVI
Tabnuma 2

YmoBu BrnacrusocTi
AJLA .
Koedirri- padix mapHicTh i | 83pocTaHHAg i
: D (y) E® .
€HT1B HEIIapHICTb CIIaJlaHHA
1 2 3 4 5 6
1. Jlimiiina QyHKIiA y = kx + b
E>0 3pocTae
Hi mapHa,
Hi
HellapHa
k<0 R crajae
R
apu k> 0
3pocTae
b=0
HeTlapHa
y=Fkx npu k<0
crazgae
yi
E=0 b y=»t .
_ b mapHa mocTifiHa
y=>
0 %

18



§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO (YHKLiI0

IIpoxmoBsx. Tabdg. 2

1 2 |3‘4|5|6

2. OGepHeHa IIPOHOPIIiHHICTh, PYHKIA Y = k (E#0)
X

ciazae Ha

KOXKHOMY 3

TIPOMiKKiB
(=005 0)
i(0; +0)

E>0

x#0 y#0 |Henapua

3pocTae Ha
KOYKHOMY 3
TIPOMIiKKiB
(=005 0)
i (0; +o0)

E<O0

e
<Y

3. ®yurmiay =ax?(a#0)

Yy cIiazae Ha
TIPOMIiKKY
(—o0; 0],
a>0 y=ax? [0; +o0) 3pocTae Ha
TIPOMIKKY
[0; +20)

R mapHa

0 3pocTae Ha

TIPOMIiKKY
axt (—00; 0] (oo; Ol,

crajgae Ha

TIIPOMIiKKY
[0; +00)

(-

a<0 y

19



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

IIpogoB:x. Tabud. 2

. 2 BEEEE 5 | 6
4. KBagparnuna QyHKIIA y = ax? + bx + ¢ (a #0,x, = —2L)
a

Y crajgac Ha
TIPOMIisKKY

‘ y 8arajbHoO- | (—oo; x ],
a>0 \ (Yo +°°) | My Bugi — 3p00Ta<-:0Ha
. Hi HapHa, Hi| ppomimky

” HeIrapHa [x,; +°)

50‘ mpu b =0 | 8pocrae Ha
QyHKIiz | TPOMLXKY
(—o0; y] | ¥=ax?+e | 0% %],

napHa craziae Ha
IPOMiMKKY
[x53 +°)

MosicHeHHs 1 0GIPYHTYBaHHS

1. Jliniiina dpysruiay = kx +b. JIiniiiHo0 yHKYi€l0 HA3UBAETHCA PYHKITiA BULY
y=kx+b, ne kib — peakiuwucaa.
OOr'pyHTYEMO OCHOBHI XapaKTepuCTUKM Iiel pyHKIii: o61acTh BUBHAYECHHS,
00JIacTh 3HAUEHb, HAPHICTh UM HEIIapHiCTh, 3POCTAHHS i CIIafaHHA.

Ob6aacmb 6uU3HAYEHHsS — MHOKHUHA Beix giticHux ymncesi: D (y) = R, oCKiIbKU
dopmyaa kx + b Mae 3micT mpu Beix AifiCHMX 3HaAUEHHAX X (TOOTO IJI1d Oy Ib-sIKOTO
IifICHOTO X MU MOKeMO O0UMCJINTY 3HAUeHH kX + b).

Obnacmv 3HaueHd NiHITHOL PyHKIII Oy e pisHOO 3a/IeKHO Bi/l BHAUEHHS Koe-
dimienra k.

Axio k=0, To pyHKIIiag Mmae Bug y = b, To0TO i 06/1aCTh 3HAUEHD CKJIATAETHCS
3oxHOoTO yncaab. ¥ rakomy Bunagky rpadikom JginiitHol yHKIIT y = b € IpaMa,
napaJjeasHa oci Ox, ika nmepetunae Bics Oy y Touni b (puc. 13).

Axiro k£ #0, To E (y) = R (00r'pyHTYBaHHS HaBeJeHO B IpuKJaani 3 Ha c. 13).

IlapHicmviHenapHicmb JiHITTHOI QYHKIII CyTTEBO 3aJIEXKUTD BiJl 3HAUEHD KO-
edimienrisbik.
IIpub=0ik #0 dpysKuiay = kx + b neperBoproeTbcs HA QYHKITIIO Yy = kX, AKa
HeIlapHa, OCKiJIbKH JIJIA BCiX X 3 i1 00JIacTi BUBHAUEHHSA
f(=x)=k(=x)=—kx =~ (x).

20



§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO YHKLiI0

177 \
Yl
b y=>b
0 %
Puc. 13 Puc. 14

Otxe, rpadik pyHKIil y = kx (puc. 14) cumerpuyHUii BimHocHO Touky O.

ITpu k= 0 omepiryemo pyHKIIO iy = b, AKA € TapHOIO, OCKIJIBbKY AJIA BCixX X 3 11
ob6saacti BusHaueHHs f (—x)=b=f (x). TooTo rpadik QpyHKIil y = b cumMmeTpUUHUH
BigHOCHO oci Oy (puc. 13).

¥ saranpHOMY Bunaaky npu k #01ib #0 pyukmia y = kx + b He Oy e Hi mapHOIO,
Hi HemapHOoI0, OCKIIbKU f (—x) = k(—x)+b=—kx +b#f (x)iTarkox

f(—x)=—kx+b=—(kx—b)#—f (x).

3pocmanHusa i cnadanHa TiHiHOL QyHKIIIT 3a/IesKuTh B 3HaueHHs KoeditieHTa k.

ITpu k=0 ogepiryemo QYHKITIIO y = b — mOCTiliHY.

IIpu k> 0 dyukuiay = kx + b 3pocrae, a npu k <0 — cnazgae (00rpyHTYBaHHSA
HaBeJleHO B IpHUKJaji 4 Ha c. 13).

¥V Kypcax anredpu i reomerpii 6y10 00r'PYHTOBAHO, 1110 rpadikom JiHiiiHOT
dyHEKuii y = kx + b 3aBKaU € IpsAMa JiHid.

Ockinpku mpu x = 0 GyHKIidg HaOyBae 3HAUEHHA I = b, TO Us npama 3a8xou
nepemunac gicv Oy y mouuyi b.I'padikm ginitinux QyHKIil HaBegeHO B TAbIUIIi 2.

2. Oyukuia y =?kc (B#£0). IIa dpyuKiis Bupakae o0epHeHO MPOMOPIiHY 3a-
JIEYKHICTB.
Obnacmv eudnavenns: x #0. Ile MokHa 3anIucaT TAKOMXK TaK:
D (y) = (=03 0) U (05 +0).
Ob6nacmv 3navens: y#0. Ile MoxHA 3anTCaTH TAKOXK TaK:
E (y) = (=°0; 0) U (0; +0).

. e . _k k .
st o6r'pyHTYBaHHSA 00/1acTi 3HAUeHDb QYHKIII ¥ =— mosHauumo —=a. Toxis
X X
o . k . . .
miei piBHOCTI oflepskuMO X = — s Beix a # 0. TooTo s Beix a # 0 icHye 3HAUeHHA
a

k k . - .
X =—, npu aKkomy y=—=—=a . Orxe, y HabyBae BCcixX qiliCHUX 3HAUYEHb, AKi He
a x

SEESIEN

piBHi HYTIO.
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s L
<Y

Puc. 15 Puc. 16

DyuKyia HenapHa, OCKLIBbKY 11 00/1aCTI0 BUSHAYEHH S € MHOYKUHA, CHMEeTPUYHA

BirHOCHO TOUKMN O, i f(—X) = E__E__ f (x). OTsxe, ii rpadik cumeTpruHU BigHOC-
X X

HO IIOYAaTKy KoopauHat (puc. 15).

3pocmarHsicnadanna QYHKIT 3a1e:KUTh Bi 3HAKY KoeditienTa k.
® dxmo x, > x, (T06TO X, — X, > 0), TO AJIA NOPiBHAHHA 3Ha4YEHb [ (x,) i [ (x,)
POSTJIAHEeMO IXHIO Pi3HUITIO:

kx —kx, —k(x,-x)

1

Ha nmpomiskry (0; +0°) snauenna x, > 01ix,> 0, otoxe, x,x,> 0. Ha npomiskKy
(—o0; 0) sHAUYEHHSA x, < 0i x, < 0, oT:ke, x,x,> 0.

Bpaxosyroun, 1o x, — x, > 0, y KoxxHOMY 3 IpOMiKKiB (—°°; 0) a60 (0; +-°°) mpu
k > 0 3 pisnocri (1) orpumyemo f (x,) — f (x,) <0, a npu k < 0 ogeparyemo
f(x,)—f(x)>0.

IIpu k > 0 Ha KoskHOMY 3 IPOMIKKIB (—°°; 0) Ta (0; +0°°), AKIIO X, > X, TO
f(x,) <f (x,), orsxe, DyHKIIiA cIafiac Ha KOKHOMY 3 IIUX IPOMIiKKiB.

IIpu k < 0 Ha KoskHOMY 3 IPOMIKKIB (—°°; 0) Ta (0; +0°°), AKIIO X, > X, TO
f(x,)> f (x,), oTsxe, GyHKIIiA 3pOCTAE HA KOKHOMY 3 IAX IIPOMIKKiB.

f(xz)—f(x1)=x£—x£= x X x X

2 1 1772

3 Kypcy anre6pu Binomo, o rpadik GyHKI y = k (k # 0) HaBuBaeThLCA 2inep-
X
0os1010 (BOHA CKJIaa€ThCA 3 4BOX BiTOK). IIpu £ > 0 BiTKM rinep6oiu 3HAXOAATHCS
BIiIll KkoopauHaTHUX UBepPTAX, anpu k <0 — yIIiIV uBepTax (puc. 15).

k
3ayBa’KeHHsd. XapaKTepU3yIOUN 3POCTaHHA YU CIIafaHHA QYHKI] y=—
X

(k#0), caig mam’aratu, 110, HAIPUKJIAL, QYHKI[iA y=l (puc. 16) cnagae Ha
X

KOKHOMY 3 MPOoMiKKiB (—2°; 0) Ta (0; +00), ajte Ha Bciit o6acti BusHauenns (x # 0)
ua GyHKIiA He € cmanHomo (i He € 3pocTanyuor). [lificHo, AKIO B3ATHA X, = —1
ix,=1,Tox,>x,anef(x)=7(1)=1if(x)=/(-1)=-1, To6TO GiNBIITOMY
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§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO (YHKLiI0

3HaUeHHIO apryMeHTY He Bif[lloBifae MeHIIle 3HaUeHHA (GyHKIIi1 i Ha Bciit i1 o6acTi

. 1
BU3HAUeHHA QYHKIiA f(X)=— He € CIIaJHOIO.
X

3 miel )X NIPUYMHU He MOKHA CKasaTH, 10 QyHKIia f (x) =1 cIajae mpu
X
x € (—20; 0) U (0; +00).

3. ®dyukuiay =ax?(a#0). Ak Bizomo 3 Kypcy anrebpu, rpadikom 1miei QyHKILII €
napaboaa, BiTKu K0l HanpAMJeHi Bropy npu a > 0 (puc. 17, a) i BHu3 npu a <0
(puc. 17, 6). Ockinbku npu x = 0 3HaueHHA y = 0, To rpadiK 3aBK AU IPOXOJAUTH
yepes II0YaTOK KOOPAMHAT.

Ob6nacmv 8u3Havents: X € R, OCKiIbKY 3HAUEHHS Iy = aX? MOXKHA O0UNCIUTHI
npu OyIb-AKUX 3HAUEHHAX X.

PyuKuyia napra, ockinbku f (—x) = a(—x)? = ax? = f (x). Or:xe, ii rpadik cumer-
puuHUH BigHOCHO 0Ci Oy.

H1s1 XxapaKTepUCTUKH iHIITNX BJIACTUBOCTEN CKopucTaeMocd rpadikom pyHKITiT
y=ax?(puc. 17), a o0rpyHTyBaHHS [[UX BJIACTUBOCTEI HaBeAeMO Ielllo HisHitre.

Obnacmbv 3navensv. IIpu a > 0 rpadik IpoXoauTh Uepes3 IoUaToOK KOOpPAnHAT, a
BCi HI0T0 iHIII TOUKY 3HAXOAATHCS BuUllie oci Ox. SIKIIo 3HaueHHA X 30ibIITyEThCS
JI0 HECKiHUEHHOCTI, TO i 3HAUEHHA I TeK 301JIBITYETHCA 1O HECKiIHUEHHOCTI (+00),
omike, y = 0, To6To E (y) =[0; +00).

Amnajyoriuno npu a < 0 rpadgik TakoK IPOXOAUTH Uepes MOUaTOK KOOPAMHAT,
aJjie BCi oro iHmri Touku 3HaxomATbcA HuMKYe oci Ox. AKIMo 3HaueHHS X
30iJIBITYETHCA 10 HECKIHUEHHOCTi, TO 3HAUEHHS J 3MEHIIIYEThCA OO0 MiHyC He-
cKiHueHHOCTI (—2°), oTiKe, Yy < 0, ToO6TO E (y) = (—°°; 0].

3pocmannsicnadanus. lpua > 0 Ha mpoMizkKY (—°°; 0] hyHKIIis ciagae, a HA
npomixkKy [0; +°0) — 3pocTae.

ITpu a < 0 Ha mpomiskKy (—°°; 0] dyHKIIig 3pocTae, a Ha MPOMisKKy [0; +00) —
crnasmae.

BinnoBinui rpagiku HaBeeHO TaKOK y TA0IUII 2.

Yi i

y = ax?
(a>0)

y = ax?

(a<0)

Puc. 17
23



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

4. Kpanpatuuna ¢yuruia y = ax® + bx + ¢ (a # 0). 3 kypcy anre6pu 9 Kiacy
Bimomo, 110 QyHKIig BuAy y = ax?+ bx + ¢, ne a, b, c — piticHi yncia, mpuuoMy
a # 0, HasuBaeThCA K6adpamuyHoi0. Ii rpadikoM e mapa6oia, BITKK AKOI HAIIPAM-
JeHi Bropy npu a > 0iBaHus npua <0.

AGcnuca BepiuHY i€l mapabonu X, = —21. Harapgaemo, 1110 1 00 pyHTyBAH-
a

HA I[OT0 TOCUTH Y 3alaHiil GOPMYJIi BUIIINTY IOBHUMA KBaIpaT:

2 2
y=ax2+bx+c=a(x2+2x+£)=a(x+i) +4ac—_b, TOOTO
a a 2a 4a

4ac-b> _ D
da _E
(D =0b?—-4ac — qUCKpUMIiHAHT KBaAPaTHOTO TpUdJIeHa ax? + bx + ¢).

Taxo:x Haragaemo, 1110 B 3aJIEsKHOCTI BiJ 3HaKy AuckpuminanTa D nmapaboya
abo meperunae Bick Ox (D > 0), a6o e neperunae (D < 0), ab0 fOTUKAETHC 10 Hel
(D =0).

OcHoBHi BapianTu poaminenus rpadika Gyurii y = ax?+ bx + ¢ (a # 0) 3o6pa-
JKeHOo B TabunIii 3.

2
y:ax2+bx+c:a(x+%) +Y, me Yy, =

Tabnuma 3
D>0 D=0 D<O0
y y
\ c
a>0
\ %o
O X (xO—O) X
Yo Yo
yi y
Yo
a<o0 _ x, (Y, = 0)
O/ X, x 0 x
c
| 7

OxapaKTepusyeMO BIacTUBOCTI QYHKII y = ax? + bx + ¢ (a #0), cuuparoumncs Ha
i Bigzomi HaM rpadiku.

Obaacmov susnavenns: D (y) = R, ockinbku 3HaUeHHA § = ax?+ bx + ¢ (a #0)
MOJKHA O0UMCJINTH OPHU Oy Ab-AKNX 3HAUEHHAX X.

Obnacmo 3nauens. Ilpu a > 0 pyHKIiA HaOyBae BCiX 3HAUEHB Y = Y, TOOTO
E (y) =[y,; +°°).
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§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO (YHKLiI0

ITpu a <0 Qpyurnia HabyBae BCiX 3HaUeHbY < Y , TOOTO E (y) = (—°; y ].

ITapuicmbv i Henapricmo. IIpu b = 0 ogepiryeMo napHy KBaIPpaTUYHy QYHKITIF0
y=0 (x)=ax?+c. Iiticao, @ (—x) = a(-x)®> +c=ax®+c= ¢ (x).

¥V zaranbaomy Bunagky (aximo b # 0) pyukniay = f (x) =ax® +bx +c (a#0) ue
€ Hi IIapHOIO, Hi HeIapHoI0, OCKIIbKY [ (—x) = a(—x)?+ b(—x)+c=ax?—bx+c#f (x)

(iue gopiBuIOE —f (X)).

Spocmannsaicnadarna. lIpu a>0Ha TpoMixKKy (—0°; x | yHKIIiA crIajae, a HA

IPOMIKKY [X,; +°°) — 3pocrae.

IIpn a <0 na mpomMixkKy (—°°; x ] yHKIIisA 3pocTae, a Ha IPOMIMKKY [x; +00) —

crajzae.

Ockinbku npu x = 0 3HaUEHHA Y = ¢, TO 2paik 3a8x0u nepemunac gico Oy

Yy mouuic.

Bigmosigui rpadgiku npu D > 0 HaBeAeHO TAKO0MK ¥ TAOJIUIII 2.

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukaan 1.

Dy=2x+1;

Posp’sasaunsa

1) P I'padik pyrKmil y
y=2x+1— npama.

2) P I'paix QpyHKIil Y
y=—-3x—-1—
npsaMa.

(=]

8

<

3) P I'padik Gpynkrnii y = 4 — npama,
napaJjiesibHa oci Ox, TKa IPOXOAUTh
yepe3 TOuKy 4 Ha oci Oy.

x| 0|1 Yl
4
y| 4| 4
0

ARV
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IToGynyiiTe rpadik QPyHKITII:
2)y=-3x-1;

3)y=4.
KomenTap

VYeci sagani @yHKii gimiiiui, oTixe,
ix rpadikaMu € Ipsami.

11106 mobyayBaTH IpAMi B 3aBIaH-
Hax 1i 2, gocuth mo0yAyBaTH ABi TOU-
KU IuX npaMux. Haopukiam, MoKHA
B3aAT™u x = 01ix =11ismaiiTu BignosigHi
3HaueHHA y. OhopMIATH I1i 06GUHCIeH-
HA 3PYYHO Y BUTJIAAL TAOJIUUKA:

x| 0 1
Yy

VY saBmaHHi 3 PO3TJIALAETHCSA YACT-
KOBUM BUIIAJOK JiHiWHOI QyHKITiT
(y = b). nsa nobymoBu 1poro rpadika
KOPHCHO ITaM’ ATaTH, 110 IpsaMa y =4 —
e mpsama, mapaJjeabHa oci Ox (npu
OyIb-AKOMY 3HAUYEHHi X 3HaAUEHHS Y
IopiBHIOE 4).



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Ipuxaang 2°.

PosB’aszaunusga

P Ilpu x = 0 sHavenHA y = b > 0 — 3a

pucyakom. OckiabKy 300paskeHo rpa-

dik crragmoi giHitHOI QyHKIII, TO B <O.
Bidnogidv: b>0, k< 0.<

IIpuxaan 3.

PosB’aszaunusga

P I'padix saganoi pyuKmii — napabomua
(Buny y = x?%), BITKM IKOI HAIIPAMJICHL
BrOpY.

AGciyca BepIimHm:
X, = U -
2a 2:1
Toniy,=y(2)=2°-4-2+3=-1
i rpadik Mae BUTISAA:
1
N
\ ,
AN
_1 ________
<

3a HaBegeHuM rpadikom GyHKILiI
y=kx +byraxirs 3HaKu k1ib.

[Io6yayiite rpadik QyHKIi y = x2 —

KomenTap

T'padik dysknii y = kx + b — upsa-
Ma, siKa nepetuHae Bicb Oy B Touri b.
Ha pucyHky ma ToukKa JIEXKUTH BUIIE
HYJd, OT3Ke, b > 0.

Jlinitina pyurmiay=kx+bupuk > 0
3pocraioua, a npu k < 0 — conagua. Ha
PUCYHKY 300paskeHo rpadik crmagHoil
dyHKIII, oTike, B <0.

4x+3".

KomenTap

®yukniay = x2 —4x + 3 — KBajgpa-
TuuHa (Mae BUraAn y = ax?+bx +c, ne
a # 0). Omxe, ii rpagixom Oy e mapabdo-
Jna (BUmy Yy = ax?), BITKM AKOI HAIIpsAM-
JaeHi Bropy (a =1 > 0).

AGcriyca BepInHy mapadoJii oourc-

b
JIIOETHCA 34 POPMYJIOI X, =——, a 0p-
a

AWHATA Y, — L€ BiANOBiHE 3HAUEHHA
3ajaHol PyHKIii pu x = X, TOGTO
Y, =Y (x;).

SAKI10 TOTPiOHO yTOUHUTH, K IIPO-
XOAUTh rpadik, To MOKHA B3ATH KiTbKa
KOHTPOJIbHUX TOUOK, HAIIPUKJIA, IPU
x=0oxep:xxyemMoy =c=3.

* Ilo6ymoBa TakuxX rpadikiB 3a JOMOMOro0 reOMETPUUYHUX MEePETBOPEHDb rpadika GyHKIil

y = x? posrasagaruMerbcs B myHKTi 1.3.



§ 1. [oBTOPEHHS | PO3LUMPEHHS BIAOMOCTEN MPO (YHKLiI0

3anuTtaHHsa ansa KOHTpOIJIIO

. fka pyuKIig HasuBaeTheA JiHifiHOIO? HasBiTs BiracTuBoCTi JTiHifHOT PyHKITII.

fAxa nminia e rpadirkom aimifinoil pyuknii? HaseniTe npukiaasy JiHiAHMX
GyHuKIiN Ta iX rpadikis.

. fIxa sinia e rpadikom QyHKIIT Y= k (k # 0)? HaBegits npukaagu rpadikis
X

byHRIiR Yy = k npu k> 0inpu k <0. 3arpadikamu BKaKiTh BJIaCTUBOCTI 1iel
X

¢yuruiinpu k> 0inpu k£ <0. [JoBenits HenapHicTh QyHKIIT y = k (kE#0).
X

. fAxa nimida e rpadikom pyuKIil y = ax? (a # 0)? K posmimeno e rpadik mpu

a >0inpua <0?Haseznits npukiaau rpadikis yukiit y = ax?upu a > 01impu
a < 0. 3arpadikamu BKaKiTh BiacTuBOCTi 1iel pyukiii npua > 0inpua < 0.
IosexniTs mapuicTs GyHKIIT y = ax? (a #0).

. fIka niuig e rpadikom QyuKnii y = ax? + bx + ¢ (a # 0)? A posmiiieno e

rpadik opu a > 0inpua <0 ? Ak 3HaiTu abcrucy Bepuinau rpadika GyHKIil
y =ax?+bx + ¢ (a#0)? HaBexits npukiaaau rpadikis miei pyurmii mpu a > 0
i mpu a < 0. 3arpadikaMu BKaKiTh BJIacTUBOCTI 11iel pyHKII npu a > 0 i npu
a <O0.

Bnpasu

. IToGynyiiTe rpadik QPyHKILiI:

Dy=3x—-2; 2)y=—x+4; 3)y=-2; 4)y=-5x; 5)y=0; 6)y=4x.
Yu € cepen mux QyHKINiH mapHi abo Henapui? Bigmosias oorpyHaTyiiTe.

. 3aHaBegmeHUMHU rpadikamu QyHKIiN y = kx + b (puc. 18) yraxKiTe 3Haku kib

Y KOXKHOMY BUITAAKY.
IToGyayiiTe rpadgik pyHKIii (3—5).

2 1 5
D oy=-2; 2) y=2; 3) y=——; 4) y=".
X X X X
)y =-2x% 2) y = 3x% 3)y =-3x% 4) y = bx>.
y Y4 y

PEEEN /.

\0 x 0/ x

/ 0 3 \ /

Puc. 18
27
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AN

ya Y

[

|

7

T\

1Y)

[=]

T/

2)

Puc. 19

4)

5. D)y=x2-6x+T7; 2)y=—-x2+4x+2; 3)y=2x2—-2x+1; 4)y=-3x2+ 6x.
6°. 3a HaBemenuMu rpadikamu QyHKIII Yy = ax?+ bx + ¢ (a# 0) (puc. 19) yraxiTs
3HAKU @, bicyKOKHOMY BUIIAAKY .

1.3. MOBYAOBA FPA®IKIB ®YHKUIA 3A OMNOMOrolo .
FTEOMETPUYHUX MEPETBOPEHb BIAOMMX N’PA®IKIB ®YHKUIN

Tabnuma 4

IleperBopenHs rpadika dyHKuii y = f (x)
dopmyaa
Ne
3aJI€XKHOCTI Hpuxraz ITeperBopenHs
1 2 3 4
Y
“\ r:‘l;
K 9 CuMeTpis BigHOCHO
1 =-Tx , N P it
y=re Sl oci Ox
/) & X
\
%sa
Yyl
‘9 -
U y f£‘
- CumeTpisa BigHOCHO
= - ’
? y=1t=) s oci Oy
Y
0 x
ITapanensHe nepene-
ceHHdA rpadika
3 y=f(x—a) qJYHKIll.l'y‘=f(x)
y3moB:k oci Ox Ha
a ONVHUIIH
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IIpoxmoBxk. Tabua. 4

4

y=1(x)t+c

ITapanennbHe mepene-
CeHHd B3JJ0BXK oci Oy
Ha ¢ OTUHUILH

y=kf (x)
(k> 0)

PosTsar abo cTuck
y3moB:xk oci Oy
(upu k > 1 posrar,
npu0<k<1l—
CTHCK)

y=1(0x)
(o> 0)

PosTsar abo cTuck
y3m0BsK oci Ox

(oupu o> 1 — CcTHUCK,
npul<oa<1l—
po3TAT)

y=|7)]

Bue oci Ox (i Ha
camiii oci) — Ges
3MiHUt, HUK4Je oci
Ox — cumeTpisa
BimHOCHO oCci Ox

y=r(x)

IIpaBopyu Bix oci Oy
(i Ha camiii oci) — Ges
3MiHH, i Ta cama
yactuHa rpadika —
CUMEeTPis BITHOCHO
ociOy

29
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MosicHeHHs 1 0GIPYHTYBaHHS

Poaraaremo cnocobu mobymoBu rpadikis (OyHKITiN 3a JOIIOMOT'0I0 T€OMETPHU Y-

HUX IIEPEeTBOPEHD BijoMux rpadikiB QyHKITIN.

1. ITo6ymora rpadika y = —f (x). [lopiBHsiemo rpadiku yHKIi# y = x*>Tay = —x2
(nuB. mepmuii pAnok Taba. 4). OueBuano, 110 rpadixk GyHKIIL ¥ = —x? MOKHA
ozepkaTu 3 rpadika GyHKIL y = X% cuMeTPUUYHUM BiZ0OpaKeHHAM HOTr0 BiJHOCHO
oci Ox. ITokaxkemo, 1110 3aB:xAu rpadik pyHKIii y = —f (x) MOKHAa ofep:KaTH 3
rpadika GyaKIiiy = f (x) cumMmeTpuUHUM BigobpakeHHAM BigHOCHO oci Ox.

® [liiicuo, 3a o3HaYeHHAM rpadik GyHKHII y = f (X) CKIagaeThCA 3 yeix Touor M
KOOPAUHATHOI IJIOIITNHY, AKi MatoTh KoopauHaTu (x; y) = (x; f (x)). Toxi rpadik
dbyuKIil y = —f (x) ckIamaeTbedA 3 yeix Touok K KoopAuHATHOI IJIOIIUHY, AKi

MarTh KoopauHaTtu (x; y) = (x; —f (x)).

Touxku M (x; f(x))i K (x; —f (x)) po3miIieHo Ha KOOPAUHATHIH ILJIOIIMHI CMeT-
puuHO BigHOCHO oci Ox (puc. 20). OT:xe, KokHA TouKa K rpadirka GyHKIil
y = —f (x) oep:Ky€eThCS IPU CUMETPUUYHOMY BimoOpaskenHi BigzHOoCHO oci Ox ne-
saroi rouxku M rpadika y = f (x). Tomy
I epadir pynxyiiy = —f (x) mosxcHna odepyicamu 3 zpagdpira pynruyiiy =f (x)

i020 cumempuunum 6ido6paxcennam eidnocro oci Ox. O

I BacTuBiCTh JO3BOJSAE JIETKO OOI'PYHTYBATHU IO0YM0BY rpadika GyHKIT

y=|f (x)|- Maemo:
y=|f(x)|={

Or:xe,

f(x) mpu f(x)=>0 (rpadik He 3MiHIOETHCA);
—f(x) mpu f(x)<0 (cumerpid BimHOCHO OCci Ox).

2pagix pynxyiiy =| f (x) | mosxie 6ymu nobydoseanuii max: ma wacmuna
epagira ¢pynruii y = f (x), axa nercums suwe oci Ox (i Ha camiil oci),
3anuuaemovesa 6e3 3MIHU, @ MA YACMUHA, AKA Lexumsb Huxicwe oci Ox,
6i006padcy embes cumempuino 6i0HOCHO Yi€i oci.

Hanpuknazn, sa pucysry 21 i B rabauri 4 (pAg0K CbOMUIT) 3 BUKOPUCTAHHAM
IILOT'O TpaBuUJIa 306paskeno rpadik pyrkmiiy =| 2x—1 |.

vl
y=1 )
l”‘- .~~~4
‘ M
F @

~f (x) };‘\

y=-1(x)
Puc. 20

30

Yl

y=|2x-1|
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2. IlooynmoBa rpadika pysrnii y =f (—x).

® [InanobynoBu rpadika GyHKIiI y = f (—x) BpaxyeMo, 110 B 03HaUYeHHi rpadika
GyHKIIII mepIra KoopAUHATA AJIA TOUOK rpadika BubmupaeThcs JOBiJIbHO 3 00-
JacTti BusHaueHHs PyHKII. AKIimo BubpaTu AK mepIiry KoopauHary (—x), To
rpadik pyHKII y = f (—x) cKIagaTuMeTbCA 3 yCiX ToUoK T' KOOPAMHATHOI ILJIO-
muHu 3 KoopauHartamu (—x; y) = (—x; f (x)), a rpadik dyariiy = f (x) ckaa-
IaeTbed 3 yeix Touox M (x; f (x)).
Touku M (x; f (x))i T (—x; f (x)) po3millieHo HA KOOPAUHATHIH IIJIOIIUHI CH-
MeTpPUYHO BigHOCHO oci Oy (puc. 22). Otike, KoykHa Touka T rpadika QyHKITIT
Yy = f (—x) olep:KyeTHCS CUMETPUYHUM BioOpaskeHHAM BigHOCHO oci Oy nesikoi
Touru M rpadikay = f (x). Tomy

epadir pyuryiiy =f (—x) moscrna odepyicamu 3 zpagira pynryiiy =f (x)

I i020 cumempuunum 6i006paxcennam 6id0nocro oci Oy. O
IIsa BacTuBiCTh JO3BOJIAE JIETKO OOI'PYHTYBATHU O0YA0BY rpadika GyHKIil

y=T1( x|). Maemo:

v=1 (-

TakuM YUHOM, AJA TOTO 1106 oTpuMaTu rpadik y = f (| x |) npu x < 0 (Tob6TO
JiBopyu Big oci Oy), HeoO6xigHO BimoOpaskaTy CHMeTPUYHO BigHocHO oci Oy Ty yac-
TuHy rpadika Qyukiiiy = f (x), sxKa Je:KuTh npaBopy4 Big oci Oy. TobTo Ta yacTu-
Ha rpadika QyHKIii y = f (x), AKa JeRuUTh JiBOpyY Bix oci Oy, B3araJi He 6epe
yuacTi B mo6yznoBi rpadika dyukmiiy = f (| x ). Orxe,

f(x) mpu x>0 (rpadik He 3MiHIOETHCA);

f(=x) mpu x <0 (cumerpia BigaocHO oci Oy).

epagix pynruyiiy =T (| x |) 6ydyemovca max: ma wacmuna zpapica pynryii
y =1 (x), axa nescums npasopyu 6id oci Oy (i Ha camiil oci), 3anuuLaemovces
6e3 3MiHU i came Y wacmuHa 6i000paicy eEMobcs cumempuLHo 6i0HOCHO
oci Oy.
Hamnpukaan, Ha pucyuky 23 ta B Tabauiii 4 (pAI0K BOCbMUIT) 3 BUKOPUCTAH-
HAM I[bOTO IIPaBUJIa 306paskeno rpadik pyskmiiy = 2| x |- 1.

Yy Yl
y=1(x y=1 @]
I',
T f(x) M, y=2x|-1
Rt 0 .
4,
K _1\ 1 x
; 2y 2
H Y
y=2x-1}
-x 0 x x /
’
I’
Puc. 22 Puc. 23
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3. ITo6ymoBa rpacdika byuruii y =f (x—a).

® [I1s no6ynoBu rpadika GyHKIii y = f (x—a) BubepeMo AK mepury KOOPAUHATY
Touku N 1mporo rpadika sHauenus x + a. Toxai rpadix pyurmii y = f (x — a)
CKJIaJaTUMEThCA 3 YCiX TOUYOK N KOOPAMHATHOI ILIOIUMHYU 3 KOOPAUHATAMU
(x +a;y) = (x+a; f (x+a—a)) = (x+a; f (x)), a rpadix pyukiii y = f (x) criaa-
IaeThed 3 yeix Touok M (x; f (x)).
Axio rouka M mae koopamHaTH (x; ), aTouka N — roopauHaTtu (x + a; y), To
mepeTBOPeHHA TOUOK (X; y) — (x + a; y) — Ile mapaJiesbHe IIepeHEeCeHHA TOU-

Ku M y3poB:k oci Ox Ha a ofUHUIE (TOOTO Ha BEKTOD (a; 0) ).

Ockinbku KoskHa Touka N rpadika GyHKIl y = f (X — a) omep:KyeThbCs mmapa-
JIeJIbHUM ITIepeHeceHHAM AesaKol Touku M rpadika y = f (x) ysmos:xk oci Ox Ha a
onuHUIG (puc. 24), To

epagix pyuryiiy =f (x — a) morcna odepircamu napanerbHum nepeHecen-
I namzpagira pynryiiy =f (x) y3doesxc oci Ox na a odunuys. O
Hanpukaan, y TperboMy panry Tabauili 4 sobparkeno rpadixk GpyHKIii
y= (x—2) (mapasennpHue nepenecenusa rpadixka y = x? Ha +2 oqUHUII B3IOBK
oci Ox) rarpadik GyHKIii y = (x + 3)? (mapasenbHe nepeHeceHus rpadika y = x> Ha
(—3) opmuuIi B310BXK oci Ox).

4. Ilo6ynoBa rpadika bynkuiiy =f (x) +b.

® TI'padix pysrnii y = f (x) + b cKIaZa€THCA 3 YCiX TOYOK A KOOPAMHATHOI ILJIO-
e 3 Koopauuaramu (x; y) = (x; f (x) +b), arpadik pyskiii y = f (x) ckia-
IaeThed 3 yeix Touok M (x; f (x)).
Aute akimo Touka M mae KoopauHatu (x; i), a Touka A —KoopauHaTu (X3 y + b),
TO MEPETBOPEHHA TOYOK (x; y) — (x; y + b) — me mapaJjiesibHe IepeHECEHH

Touku M y310B:K oci Oy Ha b oguHUI (TOOTO Ha BEKTOP (Tb))

Ockinbku KoskHa Touka A rpadika pyaKIii y = f (x) + b omep:KyeTbCs mmapa-
JIeJILHUM ITIepeHeceHHAM Aesakol Touku M rpadika y = f (x) ysmor:k oci Oy Ha
b oguHUNS (puc. 25), To

Yi N Yi
o /
g N A
A / f(x)+b y=7(x)+b
"’ ~~~ A "‘
M,»* S ol
f(x) - - >| f(x) Q =fx)
"', E M \“ "/ Y (
,/ i A /
J E A3
0 x x + a x 0 x x
Puc. 24 Puc. 25
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I epagix pyuryiiy =f (x) +b moscra odeprcamu napanerbHuM nepeHecen-
nam zpagira pynryiiy =f (x) y3doei oci Oy na b odunuys. O

Hanpukiaazn, y uerBepTomMy pAaKy Tadbauii 4 3o6paskeHo rpadik GpyHKIil
y=x?+ 2 (napasnesbHe repeHecenHsa rpadika y = x2 Ha +2 oguHUIL B310BK oci Oy)
Ta rpadik pyuKnii y = x2 — 1 (mapajieabHe neperHecennd rpadika y = x% Ha (—1)
y3moB:k oci Oy).

5. ITooymoBa rpadika pyuruii y = kf (x).

® Tpadik pyskmii y = kf (x) (k> 0) ck1agaeTbes 3 yeix Touok B (x; kf (x)), a rpa-
dik pyurii y = f (x) ckiIagaeTbes 3 ycix Touok M (x; f (x)) (puc. 26).
Hassemo nepemasopernnam posmsey 83008 oci Oy 3 koegpiyienmom k (e k> 0)
Take mepeTBopeHHd Qirypu F, npu sKkoMy KoKHA i Touka (x; i) mIepexoauThb
y TOuRy (x; ky).
ITeperBOopenHs po3TAry B3noB:K oci Oy 3agaeTbes hopmyaamu: x = x; Y = ky.
IIi popmyau BupakaioTs KoopauHatu (x'; y') Touku M', y AKY HePexXOoauTh
Touka M (x; y) Ipu mepeTBOPeHHI Po3TATY B3H0B:K oci Oy (puc. 27). IIpu nmpomy
IepeTBOPEHHI Bifl0yBaeThCsA pOo3TATYBaHHS Binpiska AM y k pasis, i B pe3yJib-
raTi Touka M nmepexoauTsby Touky M’. (3ayBasumo, 1110 iHOA1 BKa3aHe mepe-
TBOPEHHS Ha3WBAaIOTh PO3TATOM TiJibKu npu k> 1, anpu 0 < k <1 fioro Hasusa-

. 1 .

I0OTBb cruckom y3dosac oci Oy y % pasis.)
Ax 6aunmo, koxHa Touka B rpadika GyHKIT y = kf (x) omep:kyeTbes 3 Touku M
IepPeTBOPEHHAM PO3TATY B3H0BK oci Oy. IIpu nromy 3arainbHa hopma rpadika
He 3MiHIOETBCSA: BiH PO3TAryeThCsA ab0 CTUCKAEThCA B3NoBK oci Oy. Hampu-
KJaJ, aKkimo rpadikom @yuKIii y = f (x) 6ysia napabosa, TO Iicjisg po3TATyBaH-
Hs ab0 CTUCKYBaHHA rpadik saauinaerbes napabosoro. Tomy

epagir pynryiiy ==k f (x) (k> 0) o0eprcyemovcesa 3 2pagirva pyuxuiiy = f (x)

tozo posamsazysannam (npu k> 1 poamsaz y k pasie) ab6o cmuckyéannam

(npu0<k<1lcmucky % pasie) y3doexc oci Oy. O

Yy Y
Ry fe - oM (x';y")
A
y M (x; y)
A
0 x x
Puc. 27
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6. ITooynoBa rpadika pyuruii y = f (0x).

® [l1anobynoBu rpadika pyHKIIiy = f (0ux) (0. > 0) BuGepeMo SK IIepITy KOOPIy-
HaTy Touku C 11boro rpad)ika 3HaUeHH S g . Toxi rpadik pyukiii y = f (0x) cKaa-

ITaTuMeThbes 3 ycix Touok C 3 KoOOpAUMHATAMU (é; y) = (%; f(ocg)) = (g; f(x)),
a rpadik pyHrii y = f (x) ckaagaerses 3 yeix Touoxk M (x; f (x)) (puc. 28).
Hassemo nepemeaopernam posmszy 83008 oci Ox 3 koegpivienmom o. (e o.> 0)
Take mepeTBopeHHA Qirypu F, npu sxoMy KoKHa i Touka (x; y) mepexoguTb
y TOUKY (03 Y).

IIepeTBOpeHHSA PO3TArY B3LOBK oci Ox 3amaeTbes hopmyaamu: X' = ox; y =y.
I1i hopmyau BupaskaioTh KOOPAUHATH TOUKH (X5 Y'), V AKY IIePEeXOAUTH TOU-
Ka M(x; y) npu mepeTBOPeHHi po3TAry B3goB:K oci Ox (puc. 29). Ilpu nromy
mepeTBOPEeHHI Bif0yBa€eThCs PO3TATYBaHHA Bigpiska BM B oL pasis, i B pe3yJib-
TaTti Touka M mepexonuTtsby Touky M'. (3ayBaxkumo, 1110 iHO/Ii BKa3aHe 1epe-

1 . .
TBOPEHHA Ha3WBAIOTh PO3TATOM (Y o pasiB) Timpkumnmpu 0 <o <1,anmpuo>1

10r0 Ha3WBAIOTD CTMUCKOM Y3008 oci Ox (y ¢ pasdiB). Ak 6aunmMo, KOKHA TOU-
ka C rpadika pyurmii y = f (0x) omep:ryerbes 3 Touku M rpadika GpyHKII
y = f (x) mepeTBOPEHHAM PO3TATY B3H0BK oci Ox (Ipu 1iboMy 3arajibHa opma
rpadika He amiHIOETHCA). ToMy

epagix pynkryiiy =f (ox) (> 0) odepicyemvea 3zpadira pynxuyiiy = f (x)
020 posmazyeanuam (npu 0 <o <1posmsazy 1 pasie) abo cmuckyean-
o

nam (npuo.> 1 cmuck y o pasie) 63906 oci Ox. )

Ly y
M (x; y) M (x'5y")
—— - »9
YT
0 x ax X
Puc. 28 Puc. 29
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Mpuknapu po3B'a3aHHA 3aBAaHb

Hpukaan 1. IoGyayiire rpadix GysKimii y=— 1 3"

PosB’aszauua KomeunTap
Mu moxxkemo mobyayBatu rpadik
byuruii y=1(x) =1 Toxi rpadik
xX
GyHKITIT

y=—==f @+)=/ (-3

x+

MOJKHA OJlePyKaT IapaJie/IbHUM Iepe-
HeceHHAM rpadirka GyHkriii y= f (x)
y3moB:k oci Ox Ha (—3) oguuuii (To6To
BJIiBO).

Ipukxax 2. IloGymyiirTe rpadik Gynkmiiy=—|2x—2|.

PosB’a3anusga KomenrTap
» IlocninoBHO 6Gymyemo rpadiku: CKJIafeMo ILIaH HOCIiZoBHOI TOOY-
l.y=2x-2; noBu rpadika saganoi pyHKIII.

1. Mu moskemo mobyayBatu rpadik
dyuRIiiy =f (x) = 2x — 2 (upsAMa).

2. y=|2x-2|; v 2. IToTim MoskHa moOyayBaTu rpadik
\ dysrmii y=@(x)=|2x-2|=|f(x)|
2 (Buie oci Ox rpadik y = 2x — 2
3aJuIIaeThcsa 0e3 3MiHM, HUKUE
0] 1 x . .. .
oci Ox — cumetpida BigHOCHO oci Ox).
3. y=-]2x-2]|. vl 3. ITicia mporo MosKHA TOOYyBaTH rpa-
1 bix QyHKHii y=-|2x-2|=-0 (x)
0 x (cuMeTpid rpadika GyHKII y = @ (x)
7 BimHOCHO oCi Ox ).
<

35



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

IIpurxang 3*.
PosB’aszaunusga

P Banuiemo piBHAHHA 3a0aHOI PYyHK-
mii Tak:
y=a-[x]=-(x|-4) .

ITocaimoBHO Oyayemo rpadikm:

Ilo6ynyiire rpadik Gynrnii y=1/4—|x|.

KomenTap

CkJageMo ILJIaH IMOCJIiT0BHOI 100y
noBu rpadika samanoi @yHKii. oa
IIHOTO i1 3pYYHO IIepenurcaTu TakK:

~(|x[-4).

y:

1. y= \/_ 1. Mu moxemo nmobynyBatu rpadik
I/ dynknii y =f(x)=x .
2. = 2. Ilorim moskHa mobyayBaTu rpadik
byuruii y =g (x)=v-x =f(-x)
- (cumerpia rpadika pyuxriii f (x)
x BimHOCHO oci Oy).
3. y= —(x 4); 3. ITicaa mporo mMmoskHa MOOyayBaTH
rpadik QyHKITiL
Yy=0@)=y-(x-4)=g(x-4)
(mapaJjesbHe mepeHeceHHs rpadika
o dyHKIII g (x) ysmoB:xk oci Ox Ha 4 omu-
x HUII).
4. y= —(| x | - 4) 4. TloTim y:Ke MOKHA OOy AyBaTHU I'pa-
y dik 3aganoi pyHKITiT
2 y=\=+1-4) =0( )
(mpaBopyu Big oci Oy — 6es 3minu,
i Ta cama yacTuHA BifoOpaKyeThCA
4 Ol 4 CUMeTPUYIHO BimHOCHO oci Oy).
<
3anuTaHHS AN KOHTPOIO
1. Ha npukiazax mosiCHiTH, AK MOKHA 3 rpadika GpyHKIiI y = f (x) omep:raTu
rpadik QyHKIii:
Dy=-f(x); 2)y=7(x); y=1(x—a)
Hy=1(x)+c; 5)y=~kf(x), nek>0; 6)y=71(ox),nea>0;
Dy=f)}]; 8)y=1(x|.
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2%, OOr'pyHTYITe reOMeTPHUYHI IIePEeTBOPEHHS, 3a JOIIOMOI0I0 AKUX 3 Ipadika PyHK-
il y = f (x) moskHa omep:kaTu rpadiky BKa3aHUX BUIIlE PYHKII.

Bnpasu

IToGyayiiTe rpadiku pyHKITiH Ta Bigmosiguocrei (1—-7):
L Dy=|x-5[  2)y=|x|-5  3y=|[x|-5 49

y|=x-5.

s 3y y=l2’-9; 4

2
5

2. 1) y=x2-9; 2) y=|x2—9 yl=x*-9.

3. 1) y=(x+1)";  2) y=(x|+1)"; 3) y=(x+1)’-3; 4) y=|(x+1)*-3|.

o o1 1, __1 " _ 1
4. 1) y=r2’ 2) y= x+2|’ 3y |x|+2° 4) yl_x+2'
. . 2 2 2
5. 1)y=—%; 2) y=3-_; 3 y=-_"7; 4) y=——|x|-

6. 1) y=vx-3; 2)y=vx-3; 3)y=lx[-3; 4)y=|Vx-3
5% y=|lx]-3].

7. 1) y=—Jx; 2) y=—Jx+4; 3)y=—|x|; 4) y=—Jx-1.
8. ®dyukmia y = f (x) sagana Ha mpomiskKy [0;12] i mae rpadik, 3o0pakenuii Ha
pucyHKy 30, a. ITo0yayiire rpadiku pyHKIii (Ta Bignosiguocreit 971 107):

’

Dy=-fxs  2y=7(x); D y=lf@)  Yy=r(x;
Slu=2f@;  6)y=f@w; T y=if@;  8)y=f(la);
) yl=f @3 109]y|=7(x).

9. Bukomnatite 3aBaanus BupaBu 8 aiid GyHKII y = f (x), 3aaH0l HA MPOMiKKY
[-14; 0], rpadik axoi so6pakeno Ha pucyHKy 30, 0.

Iy Y|

A
=+

Do

No

Puc. 30
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m PAAIAHHA MIPA KYTIB

Tab6uauimab

1. MoHATTA KyTa

Y reomeTpil

Y TprroHomeTpii’

Kym — reomerpuuHa dirypa, yrBope-
Ha IBOMAa IPOMEHSIMU, AKi BUXOAATH

Kym — dirypa, yTBOpEeHa IIpu I0BO-
POTi IpoMeHs Ha IIJIOIIMHI HaBKOJIO

3 OfHi€el TOUKU IIOYaTKOBOI TOUKU
B B / AOB yTBOpPEHU
/ AOB yTBOpEeHuii IIPU IIOBOPOTi
npomensamu OAi OB npomens OA
o) A o) A | HaBkoJo Touku O

2. BvMiptoBaHHS KyTiB

MpapycHa MipakyTa (1°= % 4acT1Ha PO3ropHyTOro KyTa)

KosxkHOMY KyTy cTaBUThCSA Y BiAIo-
BigHicTs rpagycua mipao € [07; 1807].

B
(0] A
ZAOB =90’

KoxxHOoMy KyTy — K Qirypi — cra-
BUTHCS Y BiIMIOBiIHIiCTH KYT IIOBOPO-
Ty, 3a JOIIOMOI'0I0 AKOT'0 YTBOPEHUH
e KyT.

Kyt nmosopoty o € (— 005 + 0),

ZAOB=pB=90°
ZAOB=y=-270°
ZAOB=¢=

= 90"+ 360°= 450°

PagiaHHa Mipa kyTa

1 padian — tleHTpPaJBLHUN KYT, 110 BiAIOBiKae ay3i,
IOB:KWHA IKOI TOPiBHIOE pajJiycy KoJa.

ZAOB =1 pan. Ile o3nauae, mo UAB=0A=R

Z AOC = 180° =t (pazian)

Z AOC — pO3TOpHYTUI.

180

1°=-" pagian

1 pagian= % =57T°

* IloXOq:KeHHA Ta 3MiCT TepMiHa «TpUTOHOMETPiA» AuB. Ha c. 139.



§ 2. PapiaHHa mipa KyTiB

MosicHeHHs i 0GrPYHTYBaHHS

1. ITonarra kyra. ¥ Kypci reomeTpii KyT 03HaYaeThCs AK reomeTpudHa (irypa,
YTBOpPEHAa IBOMAa IPOMEHAMHU, IKi BUXOOATh 3 ogHiel Touku. Hampukian, kyr AOB
300pakeHunil y epIIoMy IIyHKTi TabauIli 5, — 1e KyT, yrBopeHuii npomensamu OA
iOB.

KyT Mo:kHa TaKOK PO3TJIAIATH SIK PE3yJIbTAT IIOBOPOTY IIPOMEHS Ha ILJIOIUHI
HaBKOJIO ITOYaTKOBOI Touku. Hanpukian, mosepratouu npoMiab OA HaBKOJIO TOU-
ku O Big mouaTKoBoro noJoxkenusa OA no kiumeBoro nojo:kenus OB, Tex ozep-
Kumo KyT AOB. 3ayBaskuMo, 110 JOCATHYTHU KiHIIEBOTO HooxKeHHsa OB MoKHa
npu 1moBoporTi mpomeHs OA K 3a TOAMHHUKOBOIO CTPiJIKOIO, TaK i TpoTH Hel.

2. BumiproBauus kytis. HaBeneHi Buiie pisHi o3HaueHHA KyTa IPUBOIATH 10 Pi3HO-
T0 PO3YMiHHS BUMipIOBaHHSA KYTiB.

¥V rypci reomeTpii KO;KHOMY KYTY Bigmosinae fioro epadycra mipa, ika MoKe
3HAXOAUTHCA TLILKK B Mexkax Bix 0°mo 180°, i Tomy, HAIPUKIAL, AJIS IPAMOTO
KyTa AOB (guB. nyHKT 2 TabJ. 5) i10oro Mipa 3anuCye€ThCA OJHO3HAUHO:

o o 1
2/ AOB = 90" (maragaemo, o 1" — 11e Tgo JACTHHA POSTOPHYTOTO KyTa).

IIpu BuMmipioBaHHI KyTiB MOBOPOTY TOMOBUJINCH, 110 HAIIPSIM IIOBOPOTY IIPOTH
TOOMHHUKOBOI CTPiJIKY BBAsKAETHCA JOJATHUM, a4 32 TONMHHNKOBOIO CTPiIIKOI0 —
Bim’eMHHM.

Tomy npu BUMipioBaHHI KyTiB, yTBOPEHHUX IIPHU IIOBOPOTIi ITPOMEHSA HABKOJIO
OYaTKOBOI TOUKHM, MU MOXKEMO OIePrKaTH AK JOJaTHi, Tak i Bix’ eMHi 3HaUeHHS
KyTiB moBopoty. Hampuknaan, aximo KyTr AOB, y akomy mpomeni OA i OB € B3aeM-
HO IepUeHIUKYIAPHUMY, OfeP:KaHo npu moBopoTi npomensa OA na Kyt 90 nporu
FONVHHUKOBOI CTPiJIKK, TO 3HAUEHHS KyTa HOBOPOTY B (quB. BiAmOBiAHMY pucy-
HOK y IyHKTi 2 Ta6xa. 5) mopisaioe +90° (a6o mpocTo 90°). AKio Toil caMuii KyT
AOB ozep:xano rpu mosopoTi mpomensa OA Ha KyT 270° 3a roqMHHIKOBOIO CTPLIKOIO
(8po3ymiiio, 1o mopuwuit 06ept — 11e 360°), TO 3HAUEHHA KyTa IOBOPOTY Y JOPiBHIOE
(—270°). Toii camuii KyT AOB MOXHA TAKOK OfleP:KaTH IIPX HOBOPOTi mpomMens OA
IPOTH TOAMHHMUKOBOI cTpinku Ha 90° i 111e Ha TOBHUM 00epT; y IbOMY BUIALKY
3HAUEHHA KyTa II0BopoTy @ nopisuioe 90°+ 360°, To6To 450°i T. 1.

BubpaBIiiu K 3HaUeHHA KyTa II0OBOPOTY NOBiJIbHE Bifi’€MHE U1 JOLATHE YKCJIO
(rpamyciB), MU 3aB:KAU MOXKEMO IMOBepHYyTH IpoMiHb OA (3a TOZMHHUKOBOIO
CTPLJIKOIO UM IPOTHU Hel) i omepsxkaTu BignmoBiguuii Kyt AOB. Takum unHOM, 3HAa-
YeHHSA KyTa II0BOpoTy (y rpagycax) Mo:ke HaOyBaTHu BCixX AiliCHUX 3HAUEHBD Big —00
oo +00,

3a3HAUYNMO, IT10 JAJIS BUMiPIOBAaHHS KYTiB MOKHA IIPUUHATU IIEBHUH KYT 32 O~
HUITIO BUMipYy i 3a i1 ;J0IIOMOr0¥0 BUMipIOBATH iHIII KYTH.

3a OAMHUII0 BUMiPy MOKHA IPUNHATH Oy Ab-AKUHA KYT.

1 o
Harangaemo, 1o Tgo JACTHUHA POSTOPHYTOTO KyTa — Il O[MH Ipajyc (1).
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

B VY rexHiIli 3a OMHUIIO BUMipIOBaHHSA
KYTiB IpuiiMaroTh IOBHIIT 00epT (3a3HAa-
1

YmMo, 10 1 rpagyc — 1me —— dYacTUHA

1 pan 360

C = A TOBHOTO 00epTy).

0 Y MoperiaBCTBi 3a OJMHUITIO BUMipIO-
BaHHSA KYTiB IpUNMAOTh PyMO, AKUII 10~

. 1 .
PiBHIOE 75 JaCTHHi IIOBHOTO 00epTy.

Pre. 31 Y maremaruiii Ta (pisuiti, Kpim rpamyc-

HOI Mipu KyTiB, BUKOPHCTOBYETHCA Ta-
KOXK padiaHHa Mipa Kymis.
SKI10 pO3TIIAHYTH AesdKe KOJIO, TO
1 padian —ue neHTpPaJIBLHUN KYT, 10 BigmoBimae xysi, J0B:KIMHA TKOI TOPiB-
HIOE pajiycy KoJa.
Or:xe, akmio Kyt AOB nopiBHIOE ogHOMY pagiany (puc. 31), To 11e o3HaUaEe, 110
UAB=0A=R.
BeranoBuMo 3B’ 130K MiK paJiaHHMMUY i rpafyCHIMU MipaMu KYTiB.
ITenrpanbaomy posropayTomy KyTy AOC (puc. 31), axuii nopisuioe 180°, Bimmmo-
BiZiae miBK0JI0, TOOTO Ayra, JOBXKUHA AKOI JOpiBHIOE TR, a OMHOMY pagiaHy — ayra

noBxuHOI R. OTake, pagianuma mipa Kyra 180° topiBHIOE % =7 .Takum unHOM,
180° =7 pagian.

Iz miei piBHOCTI OZTEPIKY€EMO:

. . 180°
1°=-" pagian 1 pagian= — =57°|.
180 pazx pan 1:

-

Mpuknagu po3B'a3aHHA 3aBAaHb

Ipuxknax 1. Bupasits y pagiamax Benuumau KyTis: 30°; 457; 607; 90°; 270°;
360°.

. o 1 o . . o
P Ockinbku 30" — me ¢ JACTHHA KYTa 180, To 3 piBHOCTI 180" =T (paxg) omep:xye-
Mo, 110 30° :% (pax).
AmnaorivyHo MOKHA OTPUMATH i BEJIMUYNHY iHIITUX KYTiB.

VY 3araabHOMY BUIIAAKY BPaXOBY€EMO, IO 1°= % pazmiaH, Tomi:

o__T | :E : O:L' :E 5
45 = 180 45 " (pan); 60 20 60 3 (pam);

90°=7 (pam); 270°= 3—2“ (pan); 360" = 21 (pax). <
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§ 2. PapiaHHa mipa KyTiB

BpaxoByrouun, 1110 pagiaHHUMY MipaMu PO3TJIAHYTUX KYTiB JOBOAUTHCS KOPUC-
TYBaTHUCS JOCUTH YaCTO, 3aIIUIIIEMO OJIePyKaHi pe3yJIibTaTu y BUTJIALL JOBiTKOBOIL
Ta0JIMITi:

Tabnuima6
Kyr o 30° 45° 60° 90" | 180° | 270° | 360°
y rpazycax
Kyr 0 i T n s n 3n on
y pamiaHax 6 4 3 2 2

3ayBaixkeHH s. Haliuacriine npu 3anucy pagianHoi Mipu KyTiB HO3HaAUEHHS

«paxg» (TobTo «paxian») He numryTh. Hampukian, samicTs piBHOCTI 90° :g pani-

aH nuIIyTh 90° :g .
IIpukaax 2. Bupasitsyrpagycax BeJIHMYNHU KYTiB: % ; %ﬂ ; 3n ;5.

. T 1 . . o
P Ockinbku - — 1e 1o 9ACTHHAKYTaT, TO 3 PiBHOCTiT = 180" ozmepikyeMo, 1110

10
T ° . . . 2n ., 3m
0° 18°. AHasoriuHo MOKHA OTPUMATH 1 BEJIMUYNHYA KYTiB 315
. 180° .
V¥ saraipHOMY BUNIAJKYy BPaX0OBYEMO, I110 1 pagian = , TOJIi:

Zn_2n 180" 1900 3% =3T.180 _q350; 5=5.180 900" _9g6°.
3 3 = 4 4 b b

3anuTtaHHsa ansa KOHTpOIJIIO

1. IToscHiTh, AK MOKHA O3HAUUTH KYT 3a JOIIOMOI0I0 IIOBOPOTY ITpoMeHsA. SIK npu
TAaKOMY O3HAUEHH1 BUMipIOIOTHCA KyTH?

2. fIk Bu posymieTe Taki TBepmaKeHHA: « BesmunnHa kyra gopisaioe 450°», « Besu-
ynHa KyTa gopisaioe (—225°)» ? 300pasiTh i KyTH.

. SIK MoXHa 03HAUNTU KyT B 1°?

. HlaiiTe osHauenHa KyTa B 1 pagiaH.

. Yomy mopiBHIOE rpajgycHa Mipa KyTa B Tt pagiaH ?

. IToscuiTh HAa IpPUKJIaLaX, AK 3a paJiaHHOIO MipoI0 KyTa 3HAWTHU OT0 I'PpalyCHY
Mipy i HaBIaku — 3a rpaJlyCHOIO MipOI0 KyTa 3HAWTH HOT0 paJliaHHy Mipy.

S O W

2y



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Bnpasu
. 300pasiTh KyT, 1110 yTBOpeHU# moBopoToM npomersa OA HaBkojo Touku O Ha:
1) 2707 2) =270’ 3) 720 4) -90’;
5) 225% 6) —45%; 7) 5407 8) —180%
9) 360°; 10) -60°.
. YoMy IOpiBHIOIOTH KYTH IIOBOPOTY, 110 ITIOKAa3aHi Ha pUCYHKY 327
BupasiTe y pagianHiii Mipi BeTMYnNHYN KyTiB:
1) 2257 2°) 36°; 3) 100; 4) —-240’;
5) —22,5% 6) —150°.
BupasiTe y rpagycHii Mipi BeIUUnHYN KyTiB:
3n 21 n
1) 3m; 2)7, 3) R 4)?,
T 11n T
) ~1g3 6) 3 0 —gs 8) 3.
. 3a I0IIoMOroIo KaJabKyasaTopa (a0 Tabuilb) SHAWAITh pagiaHHi Mipu KyTiB:
1) 27" 2) 132 3) 43’ 4) 114°.
3a I0IIoMOoro0 KaabKyasaTopa (abo Tabanilb) 3HANIITE IpagyCcHi Mipu KyTiB:
1) 0,5585; 2) 0,8098; 3) 3,1416; 4) 4,4454.
Yl Yy Yy

AW#
AR

0 X

/.
N

1) 2) 3) 4)
Puc. 32
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TPUTOHOMETPUYHI ®YHKLIT KYTA
TA YACNOBOro APFTYMEHTY

1. O3HaYeHHS TPUTOHOMETPUYHUX PYHKLIN

Tabauma 7

Yepes ofmHUYHE KOJIO Yepes moBiabHE KOJIO Yepes IpAMOKYTHUHA
(R=1) (R — paziyc KoJia) TPUKYTHUK
(ms rocTpux KyTiB)
| i B
______ P, (x; y) TP w)
| Y4
o i 1 (3 i -~ ¢ a
X X
0 P0 0 P0
o
A b C
sina=% sina=4%
opauHAaTa TOYKHU P R c
Ccosa=x - ;
cosa == cosa =—
abcmuca TouKu P c
too = y_ sina _y _a
g x cosa tg o x tg a b
ctog =% = £o5%* =x _b
80="= lna ctga y ctga="

2. TpUroHOMeTPpUYHI (DYHKLIT 4CIIOBOrO apryMeHTy

sin (umcia o0 ) = sin (KyTa B 0. pafgiaH )
cos (umesa o) = cos (KyTa B 0. pajgiaH )
tg (uucaa o) = tg (kyra B oL pagiag )

ctg (uuciaa o) = ctg (kyra B 0. pagian )
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

IIpogoBxk. TaGum. 7

3. JIiHiT TaHTeHCIB | KOTAHIEHCIB
Y . ¥
p, 404 c B (x5 1)
1
P
P o
(04 10 - o
0 X 0 ;
AP, — ninia ranrencis (AP, | Oy) CB — ninisa xoraurencis (CB || Ox)
tga=y, — ctga=x,—
opAnHAaTa BiATIOBIHOI TOUKU abciuca BignoBigHOI TOUKU
JIiHiI TaHTEeHCiB JiHil KoTaHTreHCciB

MosicHeHHs Ta OOrpyHTYBaHHS

1. O3HaYeHHS TPUTOHOMETPHUYHUX (PYHKIIiI. 3 Kypcy reoMeTpii Bam BijomMo o3Ha-
YeHHS TPUTOHOMETPUYHUX (PYHKIIi# TOCTPOTO KYyTa B IPAMOKYTHOMY TPUKYTHU-
Ky. Haramaemo ix.

CuHycom TOCTPOTO KyTa O, B IPAMOKYTHOMY TPUKYTHUKY Ha3UBa€ThCA BiZTHO-

. . a
IIeHHA IPOTUJIEIKHOTO KaTeTa 1o rinoreHysu: sina == (puc. 33).
c

Kocunycom rocTporo Kyra O B IpAMOKYTHOMY TPUKYTHUKY Ha3WBAETHCS BiTHO-

. b
HIeHHdA IIPUJIETJIOTO KaTeTa 40 I''lIOTeHYy3U: COSO =—.
c

TaHezercom TOCTPOTO KyTa Ol B IPAMOKYTHOMY TPUKYTHUKY Ha3MBAETHCA BiJHO-

a
IIeHHA IIPOTUJIEXKHOI'O KaTeTa 40 IIPUJIETJIOoro: thC = ; .

Komamnezerncom rocTporo KyTa O B IPAMOKYTHOMY TPUKYTHUKY HAa3UBAETHCS

BiIHOIIIEHHA IPUJIETJIOr0 KaTeTa 0 IPOTUJIeKHOTO: ctgo = L
a

V¥V Kypci reomerpii 6ys10 00T pyHTOBAHO, II[0 CUHYC i KOCHHYC I'OCTPOr'o KyTa 3a-
JIeKaTh TiIbKY BiJl BEIMUMHY KyTa i He 3aJ1eKaTh BiJl JOBXKUH CTOPiH TPUKYTHUKA
i #oro posralryBaHHs, TOOTO CUHYC i KOCMHYC (a OTiKe, i TAaHreHC, i KOTaHT'eHC)
€ QYHKIIIMU KyTa, AKi HA3UBAIOTHCA MPUZOHOMEMPULHUMU PYHKULAMU.

Taxo:k y Kypci reoMmeTrpii 3 BUKOPUCTAHHAM K0JIa 3 IIEHTPOM Y II0YATKY KOOPIH-
HaT 0yJI0 BBeJIeHO O3HAUYECHHA TPUTOHOMETPUUYHNX (PYHKIIN Aaa KyTis Big 0° mo
180°. AJe 11i 0O3HaUECHHA MOXHA BUKOPUCTATH IJIA 3HAXOAKEeHHA TPUIOHOMETPUY-
HUX QyHKIiNA noBinbHuX KyTiB. Haragaemo ix (aje Temep O0ymeMo po3risgaTu
IOBiJBHI KyTH Bij —00 10 + ©0).
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§ 3. TpuroHoMeTpuYHi YHKLIi KyTa Ta YACNOBOroO apryMeHTy

B Yl vl
P, (x; P, (x5 y)
g I tx( Y) Y , o
R/ i
y a a | o \H
o
A b C
Puc. 33 Puc. 34 Puc. 35

BisbmeMmo k010 paziyca R 3 IIeHTPOM y moYaTKy KoopauHat. [losHaumMO TOUKY
KOJIa Ha IoflaTHii miBoci aberuc uepes P (puc. 34). IloTpi6ui Ham KyTu 6ygemo
YTBOPIOBATHU ITOBOpoTOM paxiyca OP HaBroso Touku O. Hexaii y pesynbrati no-
BODPOTY Ha KyT 0. HaBKoJI0 Touku O paniyc OP  zaiime nmonoxenus OP (KamyTs,
110 IIPM TOBOPOTi HAa KYT O pafiyc OP mepexonutsy paaiyc OP , a Touka P mepe-
xonuTk y Toury P ). Haragaemo, mo npu o > 0 pagiyc OP 10BepTa€ThCA IPOTH
TOAUHHUKOBOI CTPiJKH, a mpu oL < 0 — 3a Helo.

Hexaii roura P mae koopaunaru (x; y). Tomi:

CUHYCOM KYyma 0. Ha3UBAETHCA BIIHOLIEHHA OpAuHaTy Touku P_(x; y) Kona o

itoro paxiyca: sino = % ;

KOCUHYCOM KYma 0L HA3UBAETHCA BiHOIIeHH: abcuucy Touku P (x; y) Kosa 1o

o . X
#ioro paziyca: coso =3

MaHzeHCcOM KYma 0. HAa3UBAETHCA BiJHOINEHHA OpAMHATHA TOUKM P (x; y) Kosna

mo ii a6eumen: tga =4 (sBuuaitno, npu x # 0);
x

KOMAaHzeHCOM KYyma 0L Ha3UBAETLCA BifIHOIIeHHA abcnucu Touku P (x; y) Koa

o ii opguHaTH: ctgo = X (mpu y #0).
Y

AK i gy TpuroHOoMeTpUYHNX (PYHKI[INA TOCTPUX KYTiB, BHAUEHHS Sin o, COs O,
tg o, ctg o samexaTh TLIBKY Bif KyTa o i He 3ajeskarh Big R”. 3pyuHo BuOpaTu
R =1, 1110 103BOJIUTH JIEI0 COIPOCTUTH HAaBeIeHi O3HAUEeHHSA TPUTOHOMETPUUHIX
(GYHKILiH.

Koumo paziyca 1 3 ieHTpOM y MOYATKY KOOPAMHAT OYAeMO Ha3UBATU OOUHUYLHUM
KOJLOM.

Hexait mpu mosopoTi Ha KyT o Touka P (1; 0) mepexonuts y Toury P_(x; y)
(To6To mpu moBOpPOTi HAa KyT O pagiyc OP mepexonuts y paaiyc OP ) (puc. 35).

* Ile BUIIIMBAE 3 TOTO, IO ABAa KOHIEHTPUUYHI KOJIAa TOMOTETHUYHI (IeHTp roMoTeTili —
Toyka O, a KoedinieHT £ — BigHOmeHHsS paAiyciB nux Kiua), Toxi i Touxku Pa Ha IIUX KoJax
Texx OynyTh romorernuHi. OTiKe, IpU Imepexoxi Bix oZHOTO KoJia JO iHIIOTO B OBHAUEHHAX
TPUTOHOMETPUUHUX (PYHKIIM YKMCeJbHUK i 3HaMeHHUK BiAmoBimHOr0 Apo0y MOMHOMKAThCS Ha kK,
a 3HaAYeHHs Apo0y He 3MiHUTHCA.
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Cunycom kyma O, HA3UBAETHCA OPANHATA TOUKH Pa(x; Y) ONMHUYHOTO KOJIa:
sina=y.

Kocunycom kyma 0. HazuBaeTbes abcuuca Touku P (x; y) OTMHUIHOTO KOJIa:
€os 0L = X.

Tanzencom kyma O.Ha3UBAETHCA BiTHOLIIEHHA OpAUHATH TOYKH P _(x; y) onu-

sin

HHUYHOTO K0JIa [0 11 a0CcIucH, TOOTO BiTHOIIEHHA ot
cos

Or:xe,

sImao
COSOL

tgo= (me cos o #0) |.

Komanzencom kyma o.Ha3uBa€eThCA BiiHOMEHHA abcuucy Touku P (x; y) omu-

- . coso.
HHUYHOTO KO0JIa 0 11 OpAMHATH, TOOTO BiTHOIIIEHH ST b

Or:xe,

ctgo = 2% (mesina#0) .
sino

IIpuxaan. Kopucryouwnch My 03HAYEHHAMU, 3HANIEMO CUHYC, KOCUHYC, TAH-
TeHC i KoTaHreHC KyTa 23_1': pamiau.
P Posrussmemo oguHUYHE KoJio (puc. 36). IIpu moBopoTi Ha KyT 23_1': paziyc OP
nepexoauts y pagiyc OP,, (a Touka P nepexoauts y TouKky P, ). Koopaunaru
3 3
TOYKHU P,, MOXHA 3HANTHU, BAKOPUCTOBYIOUH BIACTUBOCTI IPAMOKYTHOTO TPUKYT-
3
V3

Huka OAP,, (3xyramu 60°i 30" rarinorenysoro 1): x=-0A = —%; y=AP, = 5
3 3

.. 21
. .2 2 1 2 sin 2 1
Toxi: sin“E=y :ﬁ; cosT=x=-=; tg=f= 3 =—/8; ctg-=——F. <
3 2 3 2 3 cos? 3 3
AmnaoriuHo 3HaXO4ATHCS 3BHAUEHHS CUHYCa, KOCUHYCa, TAaHTeHca i KOTaHTeH-

ca KyTiB, YyKasaHuX y BEPXHbOMY PAAKY HACTYIIHOI Ta0aMILi 8.

3a3HAuYUMO, 1110 TAKUM YMHOM MOYKHA

3HAUTU TPUTOHOMETPUYHI PYHKITII Ti/Ih-

KU JesIKUX KyTiB. TpUroHoMeTpuaHi PyHK-

mii JOBiJIBHOTO KyTa 3BUYAHO 3HAXO-

\23—“ P, IATH 3a JOIOMOTOI0 KaJbKyJIATOPa abo
1

w

|

|

.
vl

Ta0IUILb.

<Y

2. TpuronomerpuuHi PyHKIIT ynCI0BO-
ro aprymeHty. Beeneni osHaueHHA 103~
BOJIAIOTH PO3TJIANATH He TiIBKU TPUTO-
Puc. 36 HOMeTPHUYHi PyHKIii KyTiB, a i TPUTOHO-
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§ 3. TpuroHoMeTpu4Hi yHKLIT KyTa Ta YXCNOBOro aprymMeHTy

Tabauma 8

rpagycu (0} 30° 45 60° 90" 180° | 270" | 360°
o
pamiaHm; 0 i 2n
sin o 0 1 V2| Vsl 0 -1 0
2 2 2
cos O 1 é ﬁ 1 0 -1 0 1
2 2 2
J3 He He
tg o 0 3 1 V3 icuye 0 icuye 0
He J3 He He
ctg o icuye ‘/g 1 3 0 icmye 0 icuye

MeTpPpUYHi QYHKIiI YMCI0BUX apryMeHTiB, SKIIO PO3TJIAAATHA TPUTOHOMETPUUHI
¢pyHKIIT yncaa o Ak BigmoBigHi TpuronoMerpuuHi GyHKII KyTa B oL pagiam. TobTo:

CuHycC Hucna O — ye cunyc kyma 6 0. padian;
I KOCUHYC Hucna o — ye KOCuHYyc Kyma 6 0. padian.
Hanpuxaan: sin% = sin(% pazxiaH) =sin30° =% (ouB. TaKOMK IYHKT 2 Taba. 7).
3. JIiuii TanreHncis i koranrencis. {15 po3B’A3yBaHHA AeAKUX 34024 KOPUCHO
MaTH YABJIEHHS PO JiHil TaHTeHCiB Ta KOTAHTeHCiB.
@ IIposememo uepes TOUKY P opunmunoro xosanpamy AP, mapanenbHy oci Oy
(puc. 37). IIa npaMa HABUBAETHCA JiHI€I0 MAH2EHCIB.
Hexaii oo — moBinabHe uncso (uu KyT), 4d skoro coso # 0. Toxi Touxa P wue ne-
sKuTh Ha oci Oy i npama OP mnepeTuHaE JiHil0 TAHT€HCIB y TOULi A.
Ockinbku npama OP TPOXOAUTH Yepes MOYaTOK KOOPAWHAT, TO Ii PiBHAHHS
Y = kx. Ae us IpsMa IPOXOAUTE Uyepe3 TOUKy P 3 KoopauHaramu (cos 0; sin o),
OTsKe, KOOPAMHATY TOUKM P 3a/0BOJIBHAIOTE PIBHAHHIO IPAMOI y = kx, TOOTO

. . ina
sin o, = k cos a. Beigcu k=22% =tgo.
COos Ol

Taxkwum unaOM, mpsima OP mMae piBHAH- P, A (1;y,)
HAY = (tg A)x.
IIpama AP wmae piBuannasa x = 1. 11106
3HAUTHU OPAMHATY TOUYKHU A, TOCUTH o
y piBHAHHA npamoi OP nincrasutu 0
x =1.Ogepaxyemo y, = tg .. Orsxe, /
manzenc kyma (wucaa) o — ye
opdunama 6i0no6i0HOi moiKu Ha

ninii manzencie. Puc. 37
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

yi AHaIoriuHO BBOOUTHCS i MOHATTS JiHIT
C B (xg; 1) Komaneencia: npama CB (puc. 38), axa
npoxoauTh yepe3 TouKy C (0; 1) omuHMIY-
o HOTI'0 KoJia ImapaJjiejibHo oci Ox.
o Sx1o o0 — moBinbHE umcIo (YU KYT),
0 x as axoro sina#0 (1060 TouKa P He
JeKUTh Ha oci Ox), To npsima OP  mepe-
TUHAE JIiHiI0 KOTAHTeHCiB y MedAKiii Tou-
ui B (x,; 1).
Puc. 38 AmnasioriuHo nonepesHbOMY 00T DYHTO-
By€TbCH, 1110 X, = ctg o, oToxe,

[y

KomaHzenc kyma (1ucna) 0. — ye abcyuca 6i0n06i0HOL MouKu Ha NiHil
KOMAaH2eHCiE.

3anuTtaHHs g KOHTpOIJIIO

1. ChopmyioliTe O3HAUEHHSA TPUTOHOMETPUYHUX (PYHKIIil TOCTPOro KyTa B IIPs-
MOKYTHOMY TPUKYTHUKY.

2. ChopmyrroiiTe 0O3HAUCHHSA TPUTOHOMETPUYHUX (DYHKITi I JOBiJIBHOTO KyTa:
a) BUKOPHCTOBYIOUM KOJIO pajgiyca R 3 IeHTPOM y IIOYaTKy KOOPAMHAT;
0) BUKOPUCTOBYIOUY OJUHUYUHE KOJIO.

3. IITo maroTh HA yBa3i, KOJIM TOBOPATH ITPO CUHYC, KOCUHYC, TAHT'€HC i KOTAHTEHC
yucaa o ?

Bnpasu

1". IloGyayiiTe Ha OMMHUYHOMY KOJIi TOUKY P,y AKY epexoauTs Touka P (1; 0)
OJIMHUYHOTO KOJIa TP II0OBOPOTi HA KYT O.. ¥ AKill KOOpAMHATHIN YBepPTi 3HAX0-
AUTHCA TOUKA P B 3aBIaHHAX 3—6?

1) o= 3m; 2) o= —4m; 3)a:%;
__3m, _4m, _n
4) o= 1 5) a 3’ 6) o 1
2. 3HaWIiTh 3HAUEeHHJ Sin o, cos o, tg o, ctg o (AKI0 BOHU iCHYIOTH) IIPU:
1) o= 3m; 2) o=—4m; 3) (x:—g;
_5_1'5. * :_5_7'6. * :3_7T
4)0(—2, 5% o o 6% o R

3°. Kopucrymounch 03HaUYeHHIM CUHYCA 1 KOCHMHYCAa, 3 JOIIOMOT0I0 OJUHAYHOTO
KO0JIa BKaKiTh 3HAKHU sin o/ i cos o, AKII10:

=on, ==, _5m,
1)a—5, 2) o 5 3) o Py
=_2z, -
4) o= 3 5) o 0
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§ 4. BnactmBOCTi TPUrOHOMETPUYHUX YHKLLIN

4", KopucTyOUnCh JIiHI€I0 TAHTEHCIB, YKAMKITh 3HAK tg O, AKIIO:

1) (x_437'[ 2) OL——%TE 3) OL_l(lirt
4) o=-1 5) o=2r.

5°. KopucTyiouncs JIiHi€I0 KOTAHTEeHCiB, YKaMKITh 3HAK ctg o, AKIIO:
1)&——4?“ 2)0(-31 3)%—%
4) 0="5 5) a=-2F,

m BJIACTUBOCTI TPUTOHOMETPUYHUX DYHKLIN

Tabauma 9

1. 3HaKM TPUFOHOMETPUHHMX DYHKLLIN

sina cos o tg o, ctg a

2. [MapHICTb i HEMapHICTb

Kocunyc — napua pynruyia Cunyc, maHzenc i kKomaHzeHe —
HenapHi QYHKUYIL

sin (—o) = —sin o

’ cos (—a) = cos oc‘

tg(-a)=—-tga
ctg (—o)=—ctga
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IIpogoB:x. Tabuam. 9

3. MNepioamyHIcTb

®Dyukiia f(x) HazuBaeTsea nepioduunor 3 nepiogom T # 0, AKuO A
Oynb-sIKOTO X i3 00JiacTi Bu3sHaueHHA pyHKLii uncaa (x + T)i (x — T) Takox
HAJIeKATh 00/1aCTi BUBHAUEHHS i BHKOHYETHCSA PiBHICTH

fx+T)=f(x—T)=f(x).

y = {x} — npoboBa uactuHa yucIa x

v
L,

sin (x + 27) =sin x

Yepes NpOMiKKY TOBKUHOIO T’
(Ha oci Ox) Bua rpadika nepiognunoi
(GYHKIIII TOBTOPIOETHCS

Axmro T — nepion pyHKIIIT,
To+T,+2T,+3T,..., t kT —
TaKoK mepionu miei pyuriii(k € N)

Dynryiisin xicosx

T=2n—
cos (x +21) =cos x marmo nepiod T'= 27 CIHiMBHU Tepiof A1 Beix
tg(x+m)=tgx Dynruiitg xictg x PymHri:

ctg (x +m)=ctg x maiomov nepiod T=n sin x, cos x, tg x, ctg x

MosicHeHHs 1 0GIPYHTYBaHHS

1. 3HAKH TPUTOHOMETPUYHUX (PYHKIiH JTeTKO BUSHAUNTH, BUXOAAYN 3 03HAUEH-

HA MUX QYHKITIN.

® Hampukiaz, sin oo — me opanHAaTA BigmoBigHOI TOUKK P opuHMUYHOrO KOJa.
Toxi sHauenHs sin o 6ye [ogaTHUM, AKIIO TOUKA P Mae [onaTHY OPAUHATY,
a 1e Oye Tofi, KOJI TOUKa P sumaxomuthes B1abo Il usepri (puc. 39). dxmio
Touka P smaxomureca B Il a6o IV usepri, To ii opaunara Big’eMHa, i TomMy sin o
TeXK BiJ’ e MHUIA.
Amnanoriumo, BpaxoByIOUH, III0 COS O, — IIe abCIca BiAIOBifHOI TOUKM P ,onep-
JKyeMo, 1m0 cos 0. > 0 B 11 IV usepTax (abcuuca Touku P nogaTHa) i cos o < 0
B ITiIIl uBeprax (abcuuca Touku P Bin’emua) (puc. 40).

Ly Yi

sin a cos o tg o, ctg a
II| I II|I II|I
aF aF = aF — Sl
0 g g 0 g
. _ x _ |0 " x " _ x
III| IV III | IV III| IV
Puc. 39 Puc. 40 Puc. 41
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§ 4. BnactmBOCTi TPUrOHOMETPUYHUX YHKLLIN

COos O

Ockinpknu tgo="22% i ctga =
C

0S O sina’
MaloTh OMHAKOBi 3HaKu, ToOTO BIiIIl uBepTax, tg a<0ictg o <0 ram, ge sin o

i cos o MaroTk pisHi 3HAKH, T06TO B I1i 1V uBepTAX (pHC. 41). ()

Totg o> 0ictg o> 0ram, ge sin oticos a

ITapHicTh i HETApPHiCTH TPUTOHOMETPUYHUX (PYHKITIHA.

1106 mocaiguTu TpUroHOMETPUYHI PYHKI[IT HA TapHICTH 1 HemapHicTh, 3a3Ha-
YMMO, 10 HA ONUHUIHOMY KOJii Touku P i P_ PO3MiIlleHO CUMETPUYHO BiHOC-
Ho oci Ox (puc. 42). OriKe, IIi TOUKKX MAIOTh OJHAKOBI a0CITMCH i MPOTUJIEKHI

or

opaunaru. Toai cos(—a)=x, =x, =cosa, sin(-a)=y, =-y, =-sino.
—o o —o o
Tarum unHOM, €cOS X — nmapHa GYHKIIis, a Sin x — HemapHa.

Toxi tg(-a) =M _sino _ —tgoy ctg(-o) = cos (-c.) —_cos&

— =—ctga.
cos(-0.) cosal sin(-o) —sino

Orxe, tg x i ctg x — HenapHi pyHRIIT. ()

ITapuicTh i HemapHicTh TPUTOHOMETPUYHUX (PYHKILiiT MOKHA BUKOPUCTOBY-
BaTU AJIA O0UMCIeHHS 3HAUEHb TPUTOHOMETPUUYHUX (PYHKILIH Bil e MHUX KYTiB

(uucemn).
V2

Hanpuxaaz, P sin(—ﬁ) =—sint= —1, cos(—f) =cosZ="2
6 6 2 4 4 2

3. IlepioguunicTs TPpUrOHOMEeTPUUYHUX (PyHKI[iN. BaraTo mpoiecis i aBui, 110
BiZIOYBaIOTHCS B IIPUPO/I i TEXHUITi, MAIOTh IIOBTOPIOBAHUN XapaKTep (HAIIPHUKJIA,
pyx 3emuri HaBKoJ0 COHIA, pPyX MaxoBuKa). Iy ommcy TaKoro poay IIporecis
BUKOPHCTOBYIOTh TaK 3BaHi IepiognuHi QyHKILiI.
dynkuia y = f (x) HasuBaeTbea nepioduinoiro 3 nepiogom T # 0, AKIIO O
Oyab-sIKOTO X i3 o01acTi Bu3HaueHHA pyHKLil uncaa (x + T) i (x — T) Takox
HaJIeKaTh 00/1aCTi BUBHAUEHHS i BHKOHYETHCSA PiBHICTH
fx+T)=f(x—T)=f(x).
@® BpaxoByoun, 10 HA OUHUYHOMY KoJIi unciaam (kyram) aio + 2nk, nek € Z,
BigmoBimae Ta cama Touka (puc. 43), omep:kyemo sin (o + 2nk) = sin a,
cos (o + 2mk) = cos a. Toxi 2ntk (k # 0) e mepiogom GyHKILiM sin x i cos x.

Yi

Pa+2nk

—OL/+ 2n

Puc. 42 Puc. 43
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ITpu k=1 oxmep:kyemo, 1m0 T = 21 — 11e mepioa QPyHKILiH sin x i cos x.
HoBenemo, 1110 11i GYHKIIIT He MOKYTh MaTH MEHIIIOT0 JofgaTHoro mepioxy. 11106
IIOBECTH, 1110 T = 21 — HalMeHIIIUH JoJaTHUH IIepio] KOCUHYyca, IPUITYCTUMO,
mo T > 0 — mepiox pyukIii cos x. Toxai gna OyaAbL-AKOro sHAYEHHS X BUKO-
HYETBhCS PiBHICTB cos (x + T') = cos x. Baasimu x = 0, ogep:kyemocos T'= 1. Ane
Ie 03HAYAE, 1110 HA OJUHUIHOMY KOJIi Ipu oBopoTi Ha KyT T TouKa P 3HOBY
noTpanise B Touky P, o6ro T' = 21k, ne k € Z. Orxxe, Oyab-AKuUI epios Kocu-
Hyca IOBUHEH OyTU KPaTHUM 27, a4 3HAUNTD, 27T — HAMMEeHIIN JOJaTHUH I1e-
piox Kocunyca.

11106 o6r'pyHTYBaTH, 1110 T' = 27T — HAWMEHIIUH OJaTHUH Iepio GyHKITI sin x,
IocuTh y piBHOCTI sin (x + T') = sin x, iKa BUKOHYETHCA AJA Oy Ab-AKUX 3HA-

YeHb X, BBATH X = % Omepsryemo sin(T + g) =1. AJje e o3Hauae, 1110 IIPH IIOBO-
poTi Ha KyT T+g rouka P, morpaniuse B Toury A (0; 1) (puc. 43), To6TO

T o .
T +% =5 +2mnk, omixe, T = 2nk. Takum YnHOM, Oy Ib-AKNI II€Piof CUHYyCA [IOBU-
HeH O0yTu KpaTHUM 27, 8 3HAYNTh, 27T — HallMeHIIHN T0HATHUII IIePio/] cuHyca.

Slxkmio Bpaxysaru, 110 Ha OMUHUYHOMY KoJi Touku P i P . € giaMeTpasbHO
MPOTHUJIEKHUMHU, TO UM TOUKAM BiAIIOBifae Ta cama TouKa Ha JiHii TaHTeHCiB
(puc. 44) abo Ha siuii KoraureHncis (puc. 45).

Tomitg (o +m) =tg o, ctg (ot + 1) = ctg 0, a TakoXK

tg (o +mk)=tg o, ctg (a0 + k) =ctg a.

To6To nepiogom pyuKIit tg xictg xenk (k#0, ke Z).

Haiimenmum qogatauM nepiogom aiasa pysknin tgxictgx e T =m.

11106 moBecTu 11€, OocuTh y piBHOCTI tg (x + T) = tg x B3aTu x = 0. Toxi oxmep:xye-
motg T'=0.0mxe, T=nk, nek € Z. Takum unHOM, Oy Ib-AKUH II€Pi0J TAHTEHCA
MOBUHEH OyTH KPATHUM T, a 3HAUNTD, T — HAWMEHIINH JOAATHUIH mepios TaH-

. . AP . T
reHca. AHaJIOTiUHO y BiAIOBiHil piBHOCTI IJist ctg X TOCUTDH B3ATU X = P

11106 MmaTu ysABJIE€HHS IIPO MMOBEeAIHKY epairka nepiodudHol pyuruii y = f (x),
3raJjaemo, 110 3a o3HaueHHAM rpadik GyHKiii y = f (x) cKJIamgaeThes 3 ycix To-

Ly
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§ 4. BnactmBOCTi TPUrOHOMETPUYHUX YHKLLIN

Ly
£ (x) M ANM
Y T y 0 x T =xiT 2T 3T T %
Puc. 46

vyoK M KOOpAMHATHOI IJIOIINHY, AKi MaoTh KoopauHatu (x; y) = (x; f (x)).
Ilepira KoopauHATA A TOUOK rpadika BubMpaeThes JOBLIBLHO 3 001aCTi BU-
3HaueHHs (pyHKIlii. Bubepemo Ak mepiny KoopauHaTy 3HaueHHA X + T (abo
B y3araJbHEHOMY BUTJISAAI — 3HaueHHs X + BT mipu nijomy 3HaueHHi k) i Bpa-
Xy€eMO, 110 A1 nepioguunol Gpyurmii f (x + T)=f (x — T) = f (x) (y 3aranbHOMY
Bunagaky f (x + kT) = f (x)). Toxi go rpadika pyuriii y = f (x) 6yae Bxoguru
TaKO TouKa M, KOODAMHATHOI IJIOITHY 3 KOODAWHATAMM:
@+T;y)=@+T;f(x+T)=(x+T;f(x)).

Toury M, (x + T f (x)) moxxHa ofepskaTu 3 Touku M (x; f (x)) mapasenbHuM
nepeHeceHHAM y310B:K oci Ox Ha T oquHUIE (puc. 46). Y 3araibHOMY BUIAIKY
Touky M, (x + ET; [ (x)) moxxkHa onepsxaru 3 Touku M (x; f (X)) mapajerbHuM
nepeHeceHHAM y340BK oci Ox Ha kT oguHHuNs. OTiKE, yepes npomikok T Bu-
ran rpadika nepiogumunoi GyHKINI Oyae moBTopoBaTucd. ToMy a1 modyaoBu
rpadika nepioguunoi pyHkKIii 3 mepiogom T mocuth modymxyBaTtu rpacdik Ha
Oyab-AKOMY IPOMisKKY HoB:kHHOIO T (Hanpukaam, Ha mpoMiskky [0; T']), a moTim
oJlepsKaHy JiHiI0 IapaJjiesIibHO IIePEeHeCTH MPaBopyd i JiBopyu y3moB:xk oci Ox
Ha Bimcrani kT, ne k — Oyap-AiKe HaTypaJbHE YUCJIO.

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukaaxg 1. Kopucryounch 1epioquyHiCTIO, TAPHiCTIO i HEIaPHiCTIO TPUTOHO-
MeTPUYHUX PYHKITil, 3SHATAITh:

21n

1) sin®";  2)cos (~405°); 3) tg %",

= 4)ctg (-570).

PosB’a3anusga KomenrTap
.21 .
1) > smTE = s1n(10n + g) = 1) Bpaxosyroun, 110 3HaUEHHI QPYHKITI
sin x MOBTOPIOIOTHCSA Yepes Iepio 21,
— sin(5 .91 +£) —sin®=1. < BUJIJIMMO B 3aJlaHOMY apryMeHTi
2

4ucJ0, KpaTHe nepioay (TooTo 10m),
a IOTiM CKOPUCTAEMOCS PiBHICTIO
sin (a0 + 2nk) =sin o (k € Z).

2) P cos(—405°)=cos405° = 2) CrnouaTKy BpaxoBye€MO IIapHicThb KO-
cuHYyca: cos (—0) = cos 0, a IOoTiM
fioro mepioauuHicTh i3 mepiomom
2m = 360": cos (o0 + 360°) = cos o.

g
A

=cos(360° +45°) = cos45° =
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3) > tg% =tg (511: + %) = tg% =3. < 3) DyHKIIig TaHreHC IepiouyHa 3 1Ie-
piosoMm T, TOMY BUAILJIAEMO B 3a]aHO-
MYy apryMeHTi 4ncJjo, KpaTHe Iepio-
ny (TobTo 5T), a MoTiM BUKOPHUCTO-
ByeMO piBHicTh tg (a0 + k) =tg o

4) P ctg (-5707) = —ctg 570" = 4) CnoyaTKy BpaxoBy€MO HellapHiCThb
= —ctg (540" +30°) = KoTaHreHca: ctg (—a) = —ctg o,
=—ctg (180°-3+30) = a moTiM oro mepioguuHicTh i3 me-
=—ctg 30°= /3. < piogomt=180":

ctg (00+180° - k) =ctg a.
IIpuxnanx 2°. {oBexiTh TBepAKeHHA: AKINO (PYHKIiA y = f (x) mepiognuHa 3 mme-
pionom T, To bynruis y = Af (kx + b) Tako:x nepioguyHa 3 epio-
T
JTOM m (A, k,b— neakiuucnaik#0).

PosB’asanusga Komenrap

> Hexait ¢ (x) = Af (kx + b) i 7;:%.

Tomi ¢ (x + T)) =Af (k(x + T,) + b) =

3a odHaueHHAM (QyHKIia ¢ (x) =
= Af (kx + b) 6y1e nepioguuHoIO 3 IIepi-

ogom T, = %, AKIIO AJIS Oy Ib-AKOTO0 X

_ T _ _

= Af( k(x + MJ"' b)_ Af(kx+T+b)= | ;o6nacti BusHaUeHHS ( 3HAUYeHHA miei
GyuKnii B Toukax xix + T, piBHi, TO6TO

= Af (kx +b+T)=Af (kx+b)=0(x), ¢ (x +T,)=0¢ (x). Y npoueci o6rpyHTy-

a 1e if 03HAYAE, U0 PYHKILiA BaHHA OCTAHHBOI PiBHOCTi BpaxoBaHo,
¢ (x)=Af (kx + b) mae mepiox T, =ﬁ- <'| mo Bupas k% upu k > 0 nopiBHIOE

k-%=T, a npu kB < 0 pgopiBHIOE

k 'lk =-T. Tako:x BpaxoBaHo, 1110 (hyH-
KIisa f (x) 3a yMOBOIO mepioguuHa 3 1me-
piogom T', i romy f (x, £ T) = [ (x,), ne
x, =kx+b.

Buxkopucraemo pesyabTaT, ofepsKaHUNA y IPUKJIAAL 2, I8 3HAXOKEeHHS I1e-
pioaiB QPyHKITiA.
Hanpurnan,
1) P axmo @pyHKmisa sin x mae mepiox T = 27, To GyHKIiA sin 4x Mae mepiox
T, =2 _T. g
4 2
2) P axmo QpyuKnia tg x mae nepiog T = T, To QyHKIiA tg% Mae mepion
T, = % =41 <
4
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3anuTtaHHsa ansa KOHTpOIJIIO

. a) HasBiTh 3HaKU TPUTOHOMETPUYHUX PYHKIIIN Y KOKHIN 3 KOOPAMHATHUX

UBepTe.
6") OGr'pyHTy#iTe 3HAKY TPUTOHOMETPUYHNX PYHKIIN V KOYKHINA 3 KOOPAUHAT-
HUX UBEPTEeN.

. a) ki3 TpuroHoMmeTpuuHNX PYHKI[IN € MApHUMU, a AKi Hemapaumu? HaseniTs

MPUKJIAAY BUKOPUCTAHHA IIaPHOCTI i HemapHOCTi 1JIs 00UMCIeHHA 3HAUeHb
TPUTOHOMETPUUHUX (PYHKITIHA.

6") OGrpyHTYHTE MapHiCTh UM HENAPHICTh BiAIIOBIAHUX TPUTOHOMETPUUHUX
(GYHKILiH.

. a) fArapyukiis masuBaeThca nepioguuno? HaBeniTs npukaamgm.

6") OGr'pyHTyIiTe IePioOAMYHICTh TPUTOHOMETPUYHNX PYHKIIIA. YKaXKIiTh Hal-
MEeHIInI JoJaTHU IIepiof AJisd CuHyca, KOCUHYyCca, TaHTeHca i KoTaHreHca
Ta OOI'PYHTYIHTE, 1110 B KOKHOMY BUIIAAKY Iel mepioa AificHO € HaliMeHIIINM
IOJaTHUM IIePiO0M.

Bnpasu

. Kopucryounch nepioquuHicTio, IapHiCTIO i HEIAPHiCTIO TPUTOHOMETPUYHOL

GYHKII, BHAWTITH:

1) cos 12 2) sin (-750°);  3) tg(—%); 4) ctg 945°;
5) sinzfi“; 6) cos (—3630°); 7) ctg(—%); 8) tg 600°.

. Cepen 3ajanux pyHKI[iH 3HAAAITH IePioAUYHI i BKAXKITh HAWMEHIIIUN 104aT-
HUH Iepiof AJid KOKHOI 3 HUX:
Df(x)=x% 2)f(x)=sin2x; 3)f(x)=|x|; 4)f(x)=tg3x; 5)f(x)=3.

. S3HAUAITh Mepios KOXKHOI 3 3aJaHnX PYHKITI:

1)y=cos2x; 2)y=tgbx; 3) y=sin§; 4)y=ctg3x; 95) y=c0s2?x.

. Ha kosxHOMY 3 pucyHKiB 47—50 HaBemeHa yacTuHa rpad)ika gesaKoi nmepioguu-

HOl QyHKIIiI 3 mepiogom T'. IlpogoB:kiTh rpadik Ha Bigpisok [-2T; 3T1.

Yl Yl Yl iy
Tl __
Tl 2 A
2 1 |
| A T ____ i
i 2 2 ! i
i \ : = o
| . ! . | . 4
0 T T x 0 T T x 0 T T x
2 2 2 rl N
2

Puc. 47 Puc. 48 Puc. 49
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’PADIKN CDYHKLI,IIZI CNHYCA, KOCUHYCA, TAHFEHCA
| KOTAHTEHCA TA IX BJIACTUBOCTI

5.1.TPA®IK ®YHKUII y = sin x TATIBJIACTUBOCTI
Taoauma 10

Mpadik dyHKLUIT y = sin x (cuHycoina)

BnactmBocTi hyHKUIT y = sin x

1. O6racmov 8usHnauenus: x € R (x — 0yab-ake gificae yucio). | D (sinx)=R

2. O6nacmv 3Havenwv: y € [-1;1]. ’ E (sinx)=[—1;1] ‘

3. @yrruyianenapua: sin (—x)=-sinx
(epagix cumempuunuil 6i0HOCHO nOYamMKy Koopduram).

4. Pyukryisa nepioduina 3 nepiogom : sin (x + 2n) = sin x.

X = 0’ y = 0’
5. Touku nepemuny 3 ocamu koopounam: Oy {y -0 Ox {x —nk ke Z

6. IIpomixcku sHaxocmaJnocmi:

sin x>0 npux € (2nk;n+ 2nk), ke Z
sinx <O npux € (n+ 2nk; 2n+ 2nk), ke Z

7. IIpomisxcKu 3pocMaHHA L CNAOAHH:

(yHKIIid Sin x 3pocTae B KOKHOMY 3 TPOMiKKiB [—g + 27k; g+ 2ﬂk}, ke Z,

: . . T 3n
i cmajiae B KOXKHOMY 3 IPOMiKKiB |:E + 2mk; =+ ZTFk} , ke Z.

8. |Hatibinvure 3navenna Gynxyii nopisHioe 1 mpu x = g +2nk, ke Z.

Hailimenwe 3navenna ¢pynkyii mopisuioe —1 mpu x = _% +2nk, ke Z.
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MosicHeHHs1 11 0GI'PYHTYBaHHS

XapaKTepu3yun BJIaCTUBOCTI DYHKITilT, MU OyAeMo HaifuacTilne BUSiIATHA TaKi
ix xapakTrepucTuku: 1) o6iacTh BU3HaUeHHsA; 2) 00J1aCTh 3HAUEHbD; 3) HapHIiCTh Ul
HeIlapHicTh; 4) mepioAUYHICTDb; 5) TOUKHU MepeTUHY 3 OCAMU KoopAuHAT; 6) Impo-
MIXKM 3HAKOCTAJIOCTi; 7) IPOMIMKHN 3POCTAHHS i cuaganas’; 8) Haibiablie Ta
HaliMeHIIle 3BHaYeHHA (PYHKILi].

3ayBaxeHH g. AOCIIICH TOUOK IIepeTuHy rpadika pyukIii 3 siccro Ox (To6-
TO Ti 3HAUEHHA apTyYMEHTY, IPU AKUX QYHKI[iA JOPiBHIOE HYJII0) HA3UBAIOTD HY. -
MU QYHKUIL.

Harapgaewmo, 1110 3HaueHHS cCUHyca — IIe OpJinHAaTa BiIIOBi JHOI TOUKY OAUHMIY-
HOTrO KoJjia (puc. 51). OckinbKu OpAMHATY MOYKHA 3HAUTHU AJIS OYyAb-AKOI TOUKHU
ONUHUYHOTO KOJIa, TO 00.1acmb 8u3HaveHHa GyHKIII y = sin x — yci gificHi yucJa.
ITe mosxkHa 3anucaru Tak: D (sin x) = R.

151 TOUOK OMMHUYHOTO KOJIa OPAUHATYA Ha0yBalOTh yCcix 3HaueHb Big—1 101,
oTiKe, 001acmb 3HaveHb QYyHKIII y =sin x: y € [-1; 1]. Ile moskHa 3ammucaTu Tak:

E (sin x) =[—1; 1].
Ax 6aunmo, Hailbinvwe 3HaveHHA GYHKINII sin x topiBHIOE oxmHUIT. I1e 3HaUEH-
HA JOCATAETHCA TIMIBKY TO1, KOJIX BiAIIOBIJHOIO TOUKOIO OJMHIYHOI'0 KOJIA € TOY-

KaA, To0TO Ipu x=g+2nk, ke Z.

Hatimenwe 3navenna GyHKII sin x topiBHioe minyc oquauIi. Ile sHaueHHA
IOCATAETHCS TLILKY TOMI, KOJH BiIIIOBiJHOIO TOYUKO0IO OJMHIYHOIO K0JIa € TouKa B,

TOGTO IPH X = —g +2nk, ke Z.

fAx 6ys0 mokasauno B § 4, cuHyc — HenapHa pyHKYiaL: sin (—x) = —sin x, oTiKe,
ii rpadik cuMeTpUYHMNN BiTHOCHO ITOYATKY KOOPAWHAT.

B § 4 6y10 06I'PyHTOBAHO TAKOK, 1110 CUHYC — nepioduiuHa QyHKIiA 3 HaliMeH-
muM goxatHuM mnepiogom T = 27: sin (x + 21) = sin x, oT:Ke, yepes3 IPOMiKKH
ITOBYKMHOIO 21 BUTIA rpadika PyHKII sin x moBToproeThesa. Tomy mpu modymosi
rpadika iiei pyHKIiI focuTh MOy AyBaTU rpadik Ha Oy Ab-IKOMY IPOMiKKY J0B-
JKUHOIO 2T, a IIOTiM OJlep:KaHy JIiHifo ma- Y,
paJjieIbHO IIePEeHEeCTH TPaBOPyY i IiBopyu 1
y3moB:k oci Ox ua Bincraui BT = 2nk,
ne k — Oyab-sKe HaTypaJbHe YKUCJIO.

1106 suatiTu mouku nepemury zpagi- D
Ka QyHKUiL 3 ocamu KoopOuHam, sragae-

Mo, 110 Ha oci Oy suauenHs x = 0. Toxi
BigmoBigHe sHaueHHA y = sin 0 = 0, To6TO
rpadik QyHKIII y = sin x mIpoxoauTs de- -1|B
pes IIoYaToK KOOPAMHAT.

sin x|

Puc. 51

* IIpOMiKKM 3POCTAHHSA 1 cmajaHusa (PYHKIII iHKOJIX Ile HA3WBAIOTh MPOMIiKKAMU MOHOTOH-
HOCTi QyHKIiI.
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Ha oci Ox snauennsa y = 0. Orke, HaM OTPiOHI TaKi 3BHAYEHHA X, IPU AKUX
sin x, To6TO OpAMHATA BiAIIOBiAHOI TOUKM OJMHUYHOTO K0Ja, Oy/a1e JopiBHIOBATHU
HyJio. Ile Oyae TiabKY TOMi, KOJHU BiAIIOBiAHOIO TOUKOIO ONMHUYHOT'O KoJIa Oy e
Touka C abo D, Tobroupu x =nk, ke Z.

ITpomixcrku 3narxocmanocmi. Ak 6yyio o6rpyHTOBaHO B § 4, 3HaUeHHA PYHKITIT
cuHyc gomaTHi (To6TO opAMHATA BiAIIOBiHOI TOUKM OQUHNYHOTO KOJIa JOJaTHA)
y I i Il uBeprax (puc. 52). Orxe, sin x > 0 mpu x € (0; ), a TaKOK, BDaXOBYIOUH
nepion, mpu Bcix x € (2nk; m+ 2nk), ke Z.

3HaueHHA PYHKINI cuHyc Bix’eMHi (TOOTO opArHATA BiIIIOBiAHOI TOUK Y OAHMIY-
Horo KoJia Big’emua) y II1i IV uBeprax, oT:ke, sin x <0 npu x € (1 + 2nk; 21 + 2nk),
ke Z.

ITpomincku 3pocmanHs i cnadants.

@® Bpaxosyrounu nepiognuHicTs GyHKIII sin x 3 mepiogom T = 27T, ZOCKHTH FOCTiAT-

TH i1 Ha 3POCTaHH4 1 CIIafaHH Ha Oy Ab-AKOMY IIPOMisKKY JOBXKUHOIO 27T, HAIIPU-

KJIaJ], Ha IPOMIKKY [—g; %}

Axmio xe [—%; g} (puc. 53, a), To IpH 30iJbIIEHH] aPIyMeHTY X (X,> X,) OpJu-

HATA BiAIOBiAHOI TOUKY OAMHUYHOTO K0JIa 301IbIIyeThCA (TOOTO sin x,>sinx)),
OTKe, y IIbOMY IPOMisKKY (DYHKIIidA sin x 3pocTae. BpaxoByouu IepioguyHiCTD,
po6uMMO BHCHOBOK, IO BOHA TaKOK 3POCTAa€E B KOKHOMY 3 MPOMIiKKiB

[—£+ onk; X+ an}, ke Z.
2 2

Ao xe [g, %} (puc. 53, 0), To Ipu 36i/IbIIIEHH] apryMeHTy X (X,> X,) OpAu-

HaTa BiAMOBIIHOI TOUKY ONMHUYHOIO KOJIA 3MEHIIIYeThCA (To0TO sin x, <sin x),
OT}Ke, Y IbOMY IPOMiKKY (QYHKIIiA sin x cmagae. BpaxoByiouu mepiofndHicTh,
pobuMO BHCHOBOK, IO BOHA TAKOJK CIIAJa€ B KOJKHOMY 3 IIPOMIiKKiB

[ng onk; %nJr an}, keZ.0O

IIpoBenene mocitimKkeHHSA JO3BOJISAE 00T PYHTOBAHO OOy AyBaTu rpadik GyHKITIT

Yy = sin x. BpaxoByrouu nepioguunicTs 1iei pyHKIIii (3 mepiogom 27), JOCUTH CIIO-
y
Yi sin x,
| I .
sin x
af T \e . 1
_ %2 /Bt
III| IV
a
Puc. 52
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P Yl
1.3 P 1
P, ¥
1 B
4
PE
8
P T _|3 n T 3 T -
0 0 g Z lgng 2 Tff 3n x
_1-_
Puc. 54

yaTKy mooyayBaTu rpadik Ha Oy Ab-AKOMY IIPOMiKKY JOBXKUHOIO 27, HalIPUKJIAI,
Ha TpoMiKKY [-7; ]. s 6inb11 TouHOI oGy 10BY TOUOK rpadika KOPUCTyEMOCS
TUM, 1110 3HAYEHHSA CUHYyCa — Ile OPAUHATAa BiIIIOBiTHOI TOUK Y OZUHUYHOT'O KOJIa.
Ha pucynkry 54 norkasana modyosa rpadika pyHKIii y = sin x Ha mpomixkky [0; ).
Bpaxosyroun HermapaicTh GyHKIT sin x (i rpadik cuMeTpuyHMI BiTHOCHO IIOYATKY
KOOpAMHAT), NJisd 100ynoBu rpadika Ha nmpoMizkKy [—7; 0] BimoGpaskyemo omep:ka-
HY KPUBY CUMETPUYHO BiTHOCHO ITOYATKY KOOpPAMHAT (puc. 55).
Ockinbku Mmu mo0yayBaiu rpadik Ha

IPOMiKKY TOBKHUHOIO 2T, TO, BDaXOBYIO- Yl

Yy IIepioAnUHiCTb cuHyca (3 mepiogom 2m), 1 .
TOBTOPIOEMO BH/J rpadika Ha KOXKHOMY -3 /,/"

MPOMIMKKY TOBKUHOIO 27 (TOGTO IIepeHo- _T‘E 1o + M
CUMO IIapaJiesibHO rpadik y3aoB:k oci Ox \ o 2

Ha 271k, ne k — Iiije 4YucJIo). -1

Opnepsxyemo rpadik, HaBeJeHU Ha PU-

. .. Puc. 55
CYHKY 56, AKUI1 HA3UBAETHCA CUHYCOI0010.

3ayBaeHH d. TpuronomerpuuHi QYHKI[II IIHPOKO 3aCTOCOBYIOTHCS B Ma-
TemMaTuili, pisuii ta rexuuii. Hanpukaazm, 6araTo mpoiiecisB, TaKnX AK KOJINBAH-
HSA CTPYHU, MASITHUKA, HAIIPYTH B KOJIi 3MiHHOT'O CTPYMY i T. II., OIIMCYIOThCA (DYHK-
miero, ika 3agaeTbesa opmyaow y =A sin (wx + ). Tari mporiecu Ha3UBAIOTH 2ap-
MOHIUHUMU KOLUBAHHAMU .

|
|co
g
|
a
|
[SIE N o
rola
a
W
3
DN
a
=\




PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

TI'padir pyurrmnii y = A sin (0x + @) MoKHa oflepsKaTHU i3 cuHyCcoifAM i = sin x
CTHUCKYBaHHAM a00 PO3TATYBAHHAM Ii B3J0BK KOOPAMHATHUX OCeH i mapaelbHIM
nepeHeceHHAM y3m0oB:K oci Ox. Hatiuacrinie rapMoHifiHe KOJUBaHHA € PYHKI[I€I0
vacy t. Toxni Bono 3amaersca ¢popmysioio y = A sin (ot + @), fe A — ammriTyga

2n .
KOJIMBaHHA, () — 4YacToTa, () — moyaTkoBa dasa, ~, — [epiof KONMBaHHA.

5.2.TPA®DIK ®YHKUII y = cos x TATIBAACTUBOCTI
Tabnuma 11

Mpadik dyHKLITy = cos x (kocuHycoina)

Ly
1 y=cosx
2 _sN\_ -n Sz 0 i no S gp X
2 2 2
71__

BnactmBocTi yHKLUIT y = cos x

. O6racmov 8usnauenns: x € R (x — Oynb-sike giticue umcio). | D (cos x)=R

. O6aacmbv 3navenwv: y € [-1; 1]. ’E (cosx)=[—1;1] ‘

. Pynryianapna: cos (—x) = cos x (rpadix cumerpuuHUl BifHOCHO 0oCi OY).
. D®ynkyis nepioduyrna 3 nepiogom : cos (x + 2m) = cos x.

B W N =

{x=0, y=09

5. Touku nepemuny 3 ocamu koopduram: Oy Ox |, =g+ nk, ke Z

y=1

6. IIpomixcku sHaxocmanocmi:

cos x> 0 npu X€ (—g+21l:k;g+21l:k), ke Z

cos x <0 mpu X€ (g+21l:k;%+2ﬂ:k), ke Z

7. IIpomixcKu 3pocmMaHHA i cCnadaAHHsL:

(byHKLis cos x 3pocTa€E B KOKHOMY 3 IpOMiKKiB [Tt + 27tk; 21 + 2nk), k € Z,
icnagae B KOKHOMY 3 IPOMiKKiB [21tk; T+ 21k], k€ Z.

8.  Hailibinvure 3navenna pynryii xopisuioe 1 npu x =2nk, ke Z.
Haiimenwe snavenna gynryii nopisuioe —1upux=xn+2nk,kec Z.
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MosicHeHHs1 11 0GI'PYHTYBaHHS

Haranmaewmo, 1110 3Ha4eHHS KOCUHYyca — Iie abcIirca BiIIoBiJHOI TOUK Y OTMHI Y-
HOro KoJia (puc. 57). OckiJIbKku adcIycy MOXKHA 3SHANTH IJ1s1 Oy Ib-sIKOI TOUKM O~
HUYHOTO KO0JIa, TO 001acMb 8Uu3HaAYeHHA QYHKIII] y = cos x — yci giticHi uncaa. e
MOJKHA 3aIIMCATH TaK:

D (cosx)=R.

HJ1g TOYOK OMMHUYHOTO KoJia adciucy Ha0yBaloTh ycix 3HaveHsb Big —1 mo 1,
oTiKe, 00acmb 3HaveHb PYHKINI y =cos x: y € [—1; 1]. ITle moskHa 3anucaTu Tak:

E (cos x) =[—1; 1].

Ak 6aunmo, rHailbinvuie 3HaveHHa QYHKILT cos x nopiBHIoe oguHuIli. Ile 3Ha-
YeHHHA JOCATAETHCA TiIbKU TOMLi, KOJU BiAIIOBiZHOIO TOUKOIO OZUHUYHOIO KOJa
€ Touxka A, TooTo npu x = 2nk, ke Z.

Haiimenuwe 3navenHsa GQyHKIII cos x mopiBHIOE MiHyc oguHuIli. Ile s3HaueHHA
IOCATAETHCSA TIIBKYU TOAi, KOJHM BiAIIOBiIHOIO TOUYKOIO OGMHUYHOIO KOJIA € TOY-
Ka B, robronpux =mn+2nk, ke Z.

fAx 6ysio moxkasano B § 4, KocUHYC — napHa QYHKUisL: cos (— x) = cos x, Tomy Ii
rpadik cuMeTpUYHUH BigHOCHO oci Oy.

VY § 4 6y10 0O PYHTOBAHO TAKOMK, 1[0 KOCUHYC — nepioduiHa QYHKIA 3 HA-
MEeHIIIUM JogaTHUM mnepiogom T' = 27: cos (x + 2m) = cos x. OT:Ke, Uepes IPOMiKKHI
TOB:KUHOIO 27 Bu rpadika PyHKILII COS X IIOBTOPIOETHCA.

1106 sHaiiT mouku nepemuny epagira QyYHKYii 3 0camMU KOOpOUHAM, 3Tafae-
Mo, 110 Ha oci Oy 3HauenHd x = 0. Toxi BignoBigue sHaueHHA y =cos 0 =1.

Ha oci Ox smauenns y = 0. Otke, HaM IOTPiOHI Taki 3HAUYEHHA X, IPU AKUX
cos X, ToOOTO abciyca BiAIOBiAHOI TOUKY OAMHUYHOIO KOJia, Oyae JopiBHIOBATHU
uyao. Ile Oyzae TiibKY TOII, KOJIU BiAIOBI THOIO TOYKOO OAMHUYHOTO KoJia € Touka C

a6o D, To6To pu x =%+7‘Ck, ke Z.
ITpomincru 3narxocmanocmi. Sk 6yyio o6rpyHTOBaHO B § 4, 3HaUeHHA QYHKITIT

KOCHUHYC noaaTHi (To6To abcIica BiIIIoBifHOI TOUKY OZMHUYHOTO KOJIa T0JATHA)

B IiIV uBeprax (puc. 58). OTxe, cos x >0 npu xe (—%; g), a TaK0K, BpaXOBYIOUH

mepion, Ipu BCix X€ (—%+21'ck; % +21'ck), ke Z.

y
Yy
o ol
II| I
- | +
-1 1 -
B O cosxJA t I v t
- | +
D
D Py| By
Puc. 57 Puc. 58
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3HaueHHA GyHKIII KocuHyc Big’emHi (TOOTO abcruca BigmoBigHol ToOUuKHU
oaxmHNYHOro KoJia Bix’emua) y I1i ITI usBeprax, otike, cos x < 0 mpu

xe <g+ 2nk;3—2”+ an), ke Z.

ITpomircku 3apocmanns i cnadanHs.

@® Bpaxosyroun nepioguunicts yurnii cos x (T = 27), focuThb focainuru ii Ha
3POCTaHHA i clIafaHHA Ha Oy Ab-AKOMY IIPOMIMKKY JOBMKUHOIO 27T, HAIIPUKJIAI,

Ha IpoMiKKYy [0; 27].

SAxmro x € [0; ] (puc. 59, a), To pu 36iabIIeHH] apryMenTy X (x,> x,) abcuuca

BiITOBiHOI TOYKM OAMHUYHOTO KOJIa 3MEHIIYEThCA (TOOTO COs X, < €OS X, ),

OT3Ke, Y IIbOMY IIPOMisKKY DYHKIIis CcOS X criafae. BpaxoByounu nepioguyuHicTs

dbyHKIiI cos x, poOMMO BUCHOBOK, II[0 BOHA TAKOK CIIAJA€ B KOXKHOMY 3 IIPO-

MUXKKIB([2nk; T+ 2nk], ke Z.

SAxmro x € [n; 2] (puc. 59, 6), To Ipu 361/bIIIEHH] apTyMeHTY X (X,> X ) abciu-

ca BiAmOBiAHOI TOUKY OMMHUYHOTO K0J1a 301IbIIyEeThC (TOOTO COS X,>Cosx,),

OTIKe, Y I[bOMY IIPOMLKKY (PYHKITisI cOS X 3pocTae. BpaxoByiouu repioguuHicTh

b yHKIII cos x, poOMO BUCHOBOK, 1110 BOHA TAKOK 3POCTA€E B KOJKHOMY 3 IIPO-

MikKiB[1+ 2nk; 2+ 2nk], ke Z. )

IIpoBenene mocrimKeHHs 103BOJIsI€ TOOyyBaTu rpadik GyHKIIIT y = cos x aHa-
JIOTiIYHO JI0 TOT0, K 0yJ10 100y moBaHo rpadik GyHKIL y = sin x. Aue rpadik GyHKITI
Y = COS X MOKHA TAKOK OZIePyKaTH 3a JOIIOMOT0I0 TeOMEeTPUYHUX IIePEeTBOPEHD I'pa-
dika pyHKIIi y = sin x, BUKOPUCTOBYIOUH (DOPMYITY

. T
sm(5+ x) =COSX |.

@ Il0 hopmysry MOKHA OGIPYHTYBATH, HAIIPUKJIA/, TaK. PO3riIgHEMO OfUHIYHE

KoJio (puc. 60) i BigmiTumo Ha HboMy ToukKu A = P i B=P, Ta abcuucu

Tix

2

i opguHaTH X TOYOK. BpaxoByioun, o LZAOB = %, 0JIePIKYEMO, 110 IIPHU I10-

Yl yi

mb I
=)
0
—
~

Puc. 59 Puc. 60
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y=sinx

INIE]
[\

%NH \H <
S

y=cosx

Puc. 61

BopoTi npaAMOKyTHUKA OC AD, HaBK0sI0 TouKHu O HA KYT g IIPOTHU TOAUHHUKO-
BOI CTpinKwM, Bin mepeine B npamorkyTHuk OC,BD,. Ane toxi OD, = OD,
. . T

ioc,=0cC,.Orxe, s1n(5+x) =y,=0C,=0C, =t, =cosx.

3a3HAYNMO TAKO0K (DOPMYJIHN, AKi HaM 3HAL00IATHCS JaJi:

cos(g + x) =t, =-0D,=-0D, =-y, =—sinx. Toni,

n sin(E+x) x
tg(—+x)= 2 =% —_ctgx. Orsxe,
2 T —sinx
cos(5+x)

tg(g + x) =-ctgx|.

Bpaxosyrouu, 1o cosx = sin(x +§), rpadik GyHKIII y = cos X MOKHAa onep-

sKaTu i3 rpadika GyHKIIT y = sin x #ioro mapaJieJJbHUM IIepeHEeCeHHAM Y3J0BIK

oci Ox Ha (—g) (puc. 61). Onep:xyemo rpadik, AKMit HABUBAETHCA KOCUHYCOI0010

(puc. 62).

Yl
1 y=-cosx
—2;1: _3n 7ITE /' 0 ud 7:17 3n 21 x
2 2 2
71__
Puc. 62
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5.3.TPA®IK ®YHKUII y =tg x TATIBJIACTUBOCTI
Tabnuma 12

Mpadik dyHKUiT y =tg x (TaHreHcoina)
y

y=tgx

|
|
a
|
[SIE]
(=]
ola
a
=

BnactmsocTi hyHKLUjTy =tg x

1. O6nacmv 6usnavenns: | D (tg x): x¢g+1|:k, ke Z|.

2. Obanacmv snavenv:yc R. |E (tg x)=R

3. @yrruianenapua:tg (—x)=-tgx
(epaghix cumempuunuil 6i0HOCHO noYamKy KoopouHam).
4. PyuKyis nepioduuHa 3 mepiogom : tg(x+mn)=tgx.

X = 0’ y = O’
5. Touku nepemuny 3 ocamu koopdurnam: Oy {y -0 Ox {x —nk ke Z

6. IIpomixcku sHaxocmaJnocmi:

tg x>0 npu xe (nk;g+ﬂ:k), ke Z

tg x <O mpu xe€ (—gntk;nk), keZ

7. IIpomixcKu 3pOcCMaHHA L CNA0AHH:

(pyHELia tg X 3pocTae B KOKHOMY 3 IPOMisKKiB CBO€ET 00/1aCTi BU3HAUEHHS,

TOOTO B KOKHOMY 3 TPOMIsKKiB (—g +7k; g+ ﬂk), ke Z.

8.| Hatibinvwozo i Hatimenutozo 3navendb GyHKIisI He Mae.

MosicHeHHs 1 0GIPYHTYBaHHS

Harapgaemo, 1o tgx = S
C

. OT:xe, ob6aacmio 8u3HAYeHHA TaHTeHca Oy Ay Th BCi
0S X

3HAUEeHHS apryMeHTy, IIpu AKux cos x # 0, To6to x ;ﬁg-f-ﬂ?k, k € Z. Onep:xyeMo
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T

D (tg x): x#z

YeHHs TaHreHCa — Ile OpauHaTa Biamosiguoi rouku T’ Ha sinii ranrencis (puc. 63).
Ockinbku Touku A i B oqMHUYHOrO KoJa jJe:kaTh Ha npaMmux OA i OB, napaJjeib-

+mk, k€ Z.1leii peayabTaT MOKHA OIEP/KATH i reOMeTPUYHO. 3Ha-

e . o T
HUX JI1H11l TAHT'€HC1B, M1 HE SMOXXEMO 3HAUTH 3HAYEeHHA TaHI'eHca OJId X = E + TCk,

k € Z. 114 BCcixX iHIINX 3HAUEHDb apT'yMEHTY MU MOYKeMO 3HAWTU BiIIOBITHY TOUKY

o _eee . o sene . T
HaJIiHii TanreHciBiii opguHaTy — TanreHnc. OTiKe, BCi BHAUEHHA X # 5 + 1k BXOAATH

1o obJacTi BusHaueHHA PyHKIHI y = tg x.

7151 TOUOK OAMHUIHOTO KoJia (AKi He 36irarorbes 3 Toukamu A i B) opauHaTu
BiAMOBIAHMX TOYOK Ha JiHIiI TaHTeHCiB HaOyBaIOTh YCiX 3HAUEHD Big —00 110 +00,
Takum unHOM, 00.1acMb 3HAYEeHb GYHKIIT y = tg x — Bci pificHi uncsa, TodTo y € R.
ITe mosxkua 3anmcartu Tak: E (tg x) = R. 3 HaBeJeHUX MipKyBaHb TAaKOK BUILJINBAE,
110 Hall0iNibUL020 i HallmeHUL020 3HAYeHb PYHKIIA tg X He Mae.

fAx 6ysi0 moxkasano B § 4, TaHreHC — HenapHa QyHKIiS: tg (—x) = —tg x, oTiKe,
ii rpadik cuMeTpUYHMNN BiTHOCHO ITOYATKY KOOPAWHAT.

Taurenc — nepioduyna GyHKIiA 3 HAXMeHIIUM gofgaTHUM nepiogom T = m:
tg (x + ) =tg x (qus. § 4). Tomy npu 106y moBi rpadika miei pyHKIii focuTs 100y-
nyBaTu rpadik Ha OyAb-IKOMY IPOMIiKKY JOBXKHUHOIO T, a IIOTiM OJleprKaHy JIiHiio
IepeHeCcTHU HapaJjesIbHO IPaBopyy i JiBopyu y3mos:k oci Ox ua Bifgcraui kT = 1k,
e k — Oyab-sKe HaTypaJibHe YKCJIO.

1106 sHaiiT mouku nepemuny epagira QYHKYii 3 0caAMU KOOPOUHAM, 3Tafae-
Mo, 110 Ha oci Oy 3uauenud x = 0. Toxi Binmosigwme suauenusa y = tg 0 = 0, To6TO
rpadik GyHKII y = tg X TPOXOAUTH Yepes M0YaTOK KOOPAMHAT.

Ha oci Ox snauenusa y = 0. Orike, HaM TOTPiOHI TaKki 3BHAUEHHSA X, IPU AKUX
tg x, ToOTO OpAMHATA BiAIOBIAHOI TOUKM JiHil TAHTEHCIB, JOPiBHIOBATHME HYJIIO.
ITe Oyme TinbKu TOAi, KO BiAMMOBIHOIO TOUYKOIO OAUHUYHOTO KoJia € Touka C
a6o D (puc. 63), Tobronpu x =nk, ke Z.

IIpomincku snakocmanocmi. Ax 6yio
00r'pyHTOBaHO B § 4, 3HAUEeHHS QYHKILIT
TaHTeHC gomaTHi (ToO6To opamHaTa Bifgmo- vi
BigHOI TOUKM JIiHiI TaHTreHCiB momaTHA) tg x T
y IiIII uBeprax. Orxe, tg x > 0 npu P

xe (0; %), a TaKO0K, BpaxoByIouu mepiof,

Q-
~

IIpH BCixX x€ (nk;%ﬂtk), ke Z. D 0

3HaueHHs PYHKIII TaHreHc Bix eMHi
(To6TO OpAMHATA BiAIOBiAHOI TOUKM JTiHil P
. .y . x+n B
TaHreHciB Bix emua) y I1i IV uBeprax. Ot-

T .
Ke, tgx <0mpu xe (—E+nk, ﬂk), ke Z. Puc. 63
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Yy T,
i Y 3 i
tg x,
TE
tgx, P6
7\ X2 - . : =
1 - -3 /10 X
0 1 ¢ 7 ) 2
ki
T, /
3
Puc. 64 Puc. 65

ITpomincku 3pocmanHs i cnadants.

@ Bpaxosyioun nepioguunicts Gynruii tg x (mepiox T = 1), ZOCUTH ocaiznTy i
Ha 3POCTaHHs i crlaflaHHA Ha Oy Ib-AKOMY IIPOMIKKY JOBXKUHOIO T, HATIPUKJIAT,

. T . T . .

Ha IPOMIXKKY (_E’ E)' Aximo xe (—%; g) (puc. 64), To mpu 36inbIIeHH] apry-
MeHTy X (X,> X,) OpJuHaTa BiiNIOBiAHOI TOUK M JIiHii TaHT€HCiB 301IbITy€EThCA
(To6ro tg x,> tgx,). Orske, y nbOMy IPOMiKKY OYHKIiA tg x 3pocTae. Bpaxo-
BYIOUH NMepiognuHicTh PyHKILI tg X, poOMMO BUCHOBOK, II[0 BOHA 3POCTAE Ta-

x x -~
KOK Y KOXKHOMY 3 IPOMIKKiB (_E +k; re T‘k)’ keZ.

IIpoBenene mocitiKeHHSA JO3BOJISAE 00T PYHTOBAHO MO0y AyBaTH rpadik GyHKITIT
y=tg x. BpaxoByiouu nepioguuHicTs 11iel QyHKIII (3 mepiooM 1), cmouaTKy mody-
IyeMo rpadik HA Oy Ab-IKOMY IPOMIMKKY JOBIKUHOIO T, HAIIPUKJIA, HA IPOMIMKKY

T T . . .
(_E; E)' 15 6inb1 TouHOT 106y 10BY TOUOK I'padika CKOPUCTAEMOCS TAKOMK TUM,
110 3HAYEeHHS TaHTeHca — Ile OpAWHAaTa BiAmoBimHOl TouKuy JiiHii TaHreHciB. Ha

pucyHky 65 morkaszana modyznosa rpadika GyHKIii y = tg x Ha TpOMiKKY (—g; g)

yi y=tgx

|
|
a
|
[SIE]
(=}
IME]
a
xR

Puc. 66
66
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Hani, BpaxoByOUM IIePioANUHICTh TAaHTeH A (3 IIepPiooM ), IOBTOPIOEMO BU-
A rpadika Ha KOKHOMY ITPOMIiMKKY JOBXKUHOIO T (TOOTO IMapaJieIbHO IepeHoCH-
Mo rpadik y3moB:k oci Ox Ha Tk, Ae B — Iiije 4ucJIo).

Ognepsxyemo rpadik, HaBeIeHU HA PUCYHKY 66, AKNI HAa3UBAETHCA MAH2ZCH-
coidoro.

5.4.TPA®IK ®YHKUII y = ctg x TATIBIACTUBOCTI
Tabanumsa 13

Mpadik dyHKLIT y = ctg x (koTaHreHcoiaa)

Uy

y=ctgx

-2n

\IE]

ro|a

2n

BnactmBocTi hyHKUITy =ctg x

1. O6racmv 6u3HAYEHHA: ’D (ctgx):x#mk, ke Z‘

2. Ooracmo 3Hauenv:ye R. | E (ctgx)=R

3. @ynkuyianenapna: ctg (—x)=—ctg x
(rpagik cuMeTpUYHUN BiTHOCHO ITIOUYATKY KOOPAUHAT).

4. dynkuyisa nepioduura 3 mepiogom : ctg (x + m)=ctg x.
y=0,

5. Touku nepemuny 3 ocamu koopdurnam: Oy Ox

x=§+nk, ke Z

6. IIpomixcku sHaxocmaJnocmi:

ctgx>0mpu xe (nk;§+ﬂ:k), ke Z

ctgx <Ompu x€ (§+nk;1|:+1tk), ke Z

7. IIpomisxcku 3pocmaHHA i cnadants:

(pyHEIia ctg x caae B KOKHOMY 3 IPOMiSKKiB CBO€T 00JI1acTi BUBHAUEHHS,
TOOTO B KOKHOMY 3 IPOMisKKiB (Tk; T+ k), k€ Z.

8 ’ Haii6invwozo i natimeHuL020 3Ha1eHb GYHKIIsI He mae.
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MosicHeHHs 1 0GIPYHTYBaHHS

COos X
. Omxe, o61acmio 6U3HAUEHHA KOTAHTeHCA Oy Iy Th
X

Haragaewmo, 1o ctgx =

BCi 3BHAUEHHSA apTryMeHTY, IpHu AKuX sin x # 0, To6To x # nk, k€ Z. TakuM ynHOM,
D(ctgx):x#nk, ke Z.

Toii cammii pe3yIbTaT MOKHA OJEPKaTU I BUKOPUCTOBYIOUY T€OMETPUYHY 1JTFOCT-
parriro. 3HaUeHHS KOTaHreHca — Iie abciiyca BiagmosigHol Touky Ha JiHii KoTaH-
reHciB (puc. 67). Ockinbku Touku A i B OqMHUYHOTO KoJia JekaTh Ha npamux OA
i OB, napaJjieJJbHUX JIiHII KOTaHTEHCiB, MU He 3MOKeMO 3HAWTH 3HAaUeHHS KOTaH-
reHca Aida x =nk, k € Z. JIy1d Bcix iHIIUX 3HaUYEHb apryMeHTy MU MOKeMO 3HAUTH
BIAITIOBiAHY TOUKY Ha JIiHil KOTaHTeHciBiii abciiucy — KotanreHnc. TakuM YHOM, yci
3HAUEHHSA X # Tk BXOAATH 0 obJiacTi BusHaueHHA GYHKILI Yy = ctg x.

st TOUOK OMMHUYHOTO KoJia (sKi He 36irarorhes 3 Toukamu A i B) aberucu
BiIMOBiAHMX TOUOK Ha JIiHiI KOTaHTeHCiB HA0yBalOTh yCiX 3HaUEHb BiJ —0 10 + 00,
oTiKe, 00s1acmb 3HaveHb GYHKIII y = ctg x — yci piticHi uuciaa, roéroy € R. Ile
moskHa 3anucatu Tak: E (etg x) = R. 3 HaBeleHUX MipKyBaHb TAKOK BUILJIUBAE,
110 HallbilbUL020 i HAllMeHUL020 3HAYeHb PYHKIiA ctg x He Mae.

fx O6y0 moxasano B § 4, KOTaHTeHC — HenapHa PyHKIig: ctg (—x) = —ctg x,
ToMmy 1i rpadik cuMeTPUUYHMUH BiJHOCHO ITOYATKY KOOPIAWHAT.

Taxo:x B § 4 6yJ10 0GI'PYHTOBAHO, 1110 KOTAHT€HC — nepioduyHa PyHKIiA 3 Hali-
MeHIuM gonaTHuM nepiogom T = m: ctg (x + 1) = ctg x, ToMy Uepes IPOMiKKHT
TOB:KUHOIO TT BUTJIAL rpadika PyHKILII ctg X MOBTOPIOETHCA.

1106 3HaiiT; mouku nepemuHry zpaika QYHKYIi 3 ocamu Koopournam, sragae-
MO, 110 Ha oci Oy 3HaueHHA X = 0. Ase ctg 0 He icHye, 3HAUUTH, rpadik GyHKIIT
Yy = ctg x He mepeTuHae Bick Oy.

Ha oci Ox snauennsa y = 0. Orke, HaM IOTPiOHI TaKi 3BHAYEHHA X, IPU AKUX
ctg x, To6TO abcIrca BiAIOBiAHOI TOUK Y JIiHiI KOTAHTeHCiB, JOPIBHIOBATHIME HYJIIO.
ITe 6y e TisbKYM TOMi, KOJIU BiAIIOBiJHOIO TOUKOI0 OAUHUYHOTO KoJia € Touka C abo D,

TOOTO IpH x=g+nk, ke Z.

ITpomixncku snaxocmanocmi. Ik 6yJsio o6rpyHTOBAHO B § 4, 3HaUeHHA QYHKIIT
KOTaHT'eHC JomaTHi (To6To abciirca BiAIIoBiAHOI TOUKM JIiHi1 KOTAHTEeHCIB J04aTHA)

y y I i IIT uBeprax (puc. 68). Toxi ctg x >0
C Q. mpu Xe€ (0; g), a TaKO0’K, BPaXxOBYIOUH IIe-
Px
) piox, mpu Bcix xe (nk;gﬂtk), ke Z.
x
B 0 A ctgx ¢ 3HaueHHA QYHKI[I] KOTaHTeHC Bix eMHi
(TobTo abciyca BiAmOBiAHOI TOUKM JIiHil
Peia KoraHrencis Big’emua)y I1iIV useprax, or-
D
e, ctg x < Ompu x€ <£+nk; n+nk), ke Z.
Puc. 67 2
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P
2
I

+

U

IV

Puc. 68

-+

ITpomircku 3spocmannsa i cnadanHs.

® Bpaxosyroun nepioguuHicTs QyHKIII ctg x (HaiiMermmil nogaTHUI nepiox T = T),
JOCHUTH JOCJiANTH i1 HA 3POCTAHHA 1 cIaJaHHA HA Oy Ab-AKOMY IIPOMiKKY JOB-

Yyl
1 ng Qxl
Xy
X, t
0 ctgx, ctgx;
Puc. 69

SKMHOIO T, HAIIPUKJaL, Ha TpoMikKRYy (0; 7).

Sxmro x € (0; 7) ( puc. 69), To mpu 36inbIIeHH] aprymMenTy x (x,> x,) abcruca
BiZIMOBiIHOI TOUKH JIiHil KOTAaHTeHCiB 3MeHIIyeThCs (To0TO ctg x, <ctgx ), oTsxe,
y IIbOMY IIPOMIMKKY PYHKIIis ctg x criagae. BpaxoByroun mepioguuHicTs, poouMo
BHCHOBOK, 1110 BOHA TAKOK CIIAJA€ B KOKHOMY 3 IPOMIMKKIB (Tk; T+ k), ke Z. D
IIpoBenene qocurinKeHHS N03BOJIAE MOOyAyBaTU rpadik GyHKII y = ctg x ana-
JIOTIYHO JI0 TOTO, AK 6yJ10 mo6ynoBaHo rpadik GyHKIii y = tg x. Ase rpadik pyHKITil
y = ctg x MoKHA OepPKaTH TAKOK 34 TOIIOMOT0I0 FTeOMETPUYHIX [I€PETBOPEHD r'pa-

dika pyurnii y = tg x. 3a popmynow, HaBexeHOIO HA ¢. 63, tg(%+x)= —ctgx,

T0OTO ctgx =—tg (x +%) Tomy rpadik GyHKIii y = ctg x MOKHAa olep)KaTH 3 Irpa-

. oo . T .
dika pyuKIil y = tg x mapaseabHUM IepeHeceHHAM B30BK oci Ox Ha (_E) icwm-

MEeTPUYHUM BifoOparkeHHAM ofeprkaHoro rpadika siguocuo oci Ox. OTpuMmyemMo

rpadik, AKUI HA3UBAETLCA KomaHzeHncoidorw (puc. 70).

Uy

y=ctgx

-2n

noa

Puc. 70
69

IME]

2n x
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Mpuknagu po3B'a3aHHA 3aBAaHb

Ipuknaxg 1. ITo6yayiiTe rpadik QyHKIT Ta BRAKITh HYIi QyHKINT i mpoMisKKu
3HaKocTangocTi: 1) y = 2 sin x; 2) y = sin 2x.

KomenTap

I'padiku Bcix 3amanux QyHKIIM MOKHA 0/Iep:KaTU 3a TOIIOMOT0I0 TeOMeTPU Y-
HUX mepeTBopeHs rpadika pyHKIii f (x) = sin x (Tabu. 4). OT:xe, rpadikomM KOMKHOI
i3 mux GpyHKIIiN Oy e cuHycoiza.
1) y=2sinx =2 f (x) — posraryBanHsa rpadika y = sin x yaBiui B310BK oci Oy;
2) y=sin 2x = f (2x) — cruckyBauHsa rpadika y = sin x yasiui B3moB:k oci Ox.

Hyuni pyukiii — e aberucu TOUOK mepeTury rpadika 3 Biccio Ox.

1106 sanucaTy IPOMiMKKY 3HAKOCTAJIOCTI PYHKILIT, 3a3HAUNMO, 1110 PYHKI[id
Yy = 2sin x nepioguuna 3 nepiogom T = 27, a GyHKIiA y = sin 2x nepioguyHa 3 1Ie-

piogom T = 2—2” =1. Tomy A5t KOsKHOI PYHKIIII 1OCUTH 3’ siCyBaTH Ha OLHOMY I1epio-

Ii, me sHaueHHA PyHKIII qomaTHi (rpadik sHaxoauThes Bulile oci Ox) i ge Bix’emui
(rpadik sHaxoguUThHCA HUMKUE oci Ox), a IOTiM oflep:KaHi IPOMisKKM IIOBTOPUTH
yepes Iepio.
PosB’asanusga
1) P I'padik Gpyurmii y = 2 sin x ogepsxkyeMo i3 rpadika QyHKIIII y = sin x pos-
TATYBaHHAM HOT0 BJBiUi B3IOBK oci Oy.
Yyl

2.

y=2sinx

Hyuni pysrnii: x=nk, ke Z.
IIpomiskku 3HaKocranocti: 2 sin x> 0npux e (2nk; n+ 2nk), ke Z;
2sinx <0mnpu x € (n+ 2nk; 2n+ 2nk), ke Z. <
2) P I'padik pyurnii y = sin 2x oxepsxyemo i3 rpadika GyHKII y = sin x cTuc-
KYBaHHAM HOro BABiUi B3IOBK oci Ox.

y
1
0
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Hyuri pysKIii: x=n—2k, ke Z.

ITpomiskku sHarkocTasocTi: sin 2x > 0 mpu xe (Tck; %+ nk), ke Z;
sin 2x <0 mpu x€ (%+nk;n+nk), ke Z.<

IIpukxax 2. PosTaiyiiTe B IOPAAKY 3POCTAHHS YKCIA:
sin1,9; sin3; sin(-1); sin(—1,5).
KomenTap

st po3MillieHHA 3afaHUX YKUCEJI ¥ MOPAIKY IX 3pOCTAHHS 3’ ICYEMO, K 3 HUX
IoJaTHi, a AKi Big’eMHi, a ToTiM MOpiBHAEMO MixK cOO0I0 OKPEMO I0JATHI UrcIa
i okpeMo Bif’€MHi, KOPHUCTYIOUNCH BiJOMUMY IPOMIMKKAMU 3POCTAHHS i CIIafaHHA
GyHKIIII sin x.

Posp’ssaunusa

P Yucnasin 1,91 sin 3 — goxarui (Touxku P1,9 i P, suaxoparbca B I usepri), a

umcaa sin (—1)isin (-1,5) — Big’emui (P_ i P_,  3naxoxaTbea B IV uBepri).

BpaxoByioun, 1o %< 1,9<m, %< 3<m ire, oo PYHKIIA Sin x HA IPOMIKKY
[%; TC:| cranae, 3 HepiBuocti 1,9 < 3 omepsxyemo sin 1,9 > sin 3.

Takox —% <-1<0, —g <-1,5<0. ®dyakmnia sin x Ha TPOMiKKY [—%; 0] 3poc-

Tae. BpaxoBymouu, o —1 > —1,5, ogep:kyemo sin (—1) > sin (-1,5).
OT:xe, y TOPAAKY 3POCTAaHHA ITi UMCJIA PO3TAIIIOBYIOTHCA TaK:
sin (—1,5); sin (—1); sin 3; sin 1,9. <

Ipuknan 3. Ilo6ynyiite rpadik dyrkmii: 1)y =|sinx|;2)y=sin|x]|.

KomenTap

I'padikm 3amanmux QyHKIi MOKHA Oflep:KaTH 3a JOIIOMOT0I0 TeOMEeTPUUHUX
neperBopenb rpadika GyHkKIrii f (x) = sin x. 3ragaemMo BiAIOBiHI IepeTBOPEHHS:
1) y=|sinx|=|f (x) | — Bumie oci Ox (i Ha camiii oci) rpadik y = sin x sanuIIaeTsL-

cs 6e3 3MiHMT, HUKYE oci Ox — cuMeTPUYHO BijoOpakyeThea BigHOCHO oci Ox;
2) y=sin|x |=f(| x |) — npaBopyu Biz oci Oy (i Ha camiii oci) rpadik y = sin x — 6e3

3MiHM, i Ta cama yacTuHa rpadika CHMeTPUYHO BimoopaKkyeThes BigHocHO oci Oy.

Posp’sasaunusa

P IloGyayemo ciouaTky rpadik pysrmii y = f (x) = sin x:

vi
y=sinx
1__
,27/\ /\ /
/ ,ﬁ -7 ,IE ﬂl T 3_I“ 2n x
2 2 2 2
-1+

Al
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1) y=[sinx| =|f(x)]

Ly
y=|sin x|
1__
/\/\/
—2m I\ =z x ™N, 3 S ¥
2 2 2 2
-7 y=sinx <
2) y=sin|x|=f(x]
Ly
y=sinx ) y=sin| x|
0 /
27 ﬁ - ,Iﬂ EI T 3_I“ 2n *
2 2 2 2
-1+ <

IIpuxknag 4. IloGyxayiiTe rpadik QyHKIIT Ta BKaKiTh IpoMisKkKY 11 cnaganus
i 83pocranHA:
1) y=cos(x—%); 2)y=—tgx.

KomenTap
I'padikm 3aganux GyHKIiM MOKHA Oflep:KaTH 3a JOIIOMOT'0I0 TeOMeTPUIHUX
nepeTBOpPeHb rpadikiB QyHKITIH:
1) f(x)=cos x;
2) ¢ (x)=tg x. Toxi onep:rkyemo:

1) y= cos(x —%) =f (x - %) — napaJjieJIbHUM IlepeHeceHHAM rpadika GyHKII f (x)
. T
300BK oci Ox Ha 5 OAMHUILL;
2) y=—-tgx=—-0 (x) — cumerpieto rpadika pynrmnii ¢ (x) BizaocHo oci Ox.
11106 sanucaTy OPOMiMKKM CHaJaHHs i 3pocTaHHA GYHKIIi#, BigMiTMO, 1110
dyHKRIig y= cos(x - %) nepioguuna 3 mepiogom T = 21, a pyHKIiA y = —tg x Iepio-

nuuHa 3 mepiogom T = 7. Tomy A5 KOMKHOI PYyHKIIT JOCUTE 3’ AcyBaTH HA OJHOMY
nepiozi, me BoHa cmajzae i ;e 3pocTae, a IMoTiM oflep:KaHi IPOMisKKU IIOBTOPUTHU
yepes Iepio.

PosB’sasauusga
1) P I'padix dysruii y= cos(x—%) onep:xkyeMo 3 rpadirka GyHKIII y = cos x
napaJjieIbHUM IepeHeceHHAM Y3I0B:K oci Ox Ha % OJIMHUITD.
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. . . 7 .
DYHKITiA cliafae Ha KOAKHOMY 3 IPOMIisKKiB [% +2nk; Eﬂ + 2757‘3} » ke Z,ispocrae

5n
Ha KOKHOMY 3 IIPOMiKKiB [_E +2nk; %+ 27'57‘3}, ke Z.<

2) P I'padir QyHKIII y = —tg x OLePKYEMO CUMETPUUYHUM BifoOpaskeHHAM
rpadika pysKIIil y = tg x BimHOCHO OCi OX.
'y y=-tgx

DyHKIIA cIIafae Ha KOXKHOMY 3 IIPOMisKKiB (—% + 1k; g + nk), ke Z.<

3anuTtaHHsa ansa KOHTpPOIJIIO

1. a) ITobynyiire rpadik pyuKiiiy = sin x. Kopucryouucs rpadikom, oxapaxkTe-
pusyiiTe BJIACTUBOCTI i€l QyHKITI.
0") O6rpyHTyiiTe BIacTuBOCTI PyHKIII y = sin x.
2. a) Ilobynyiite rpadik dyaKIiiy = cos x. Kopucrymouncs rpadikom, oxapakTre-
pusyiiTe BJIacTUBOCTI ITiel PyHKITI.
6") OOrpyHTYyiiTe BIacTUBOCTI QYHKIIII I = COS X.
3. a) IloGynayiire rpadik pyukrmii y =tg x. Kopucryrouucs rpadikom, oxaparre-
pusyiiTe BJIacTUBOCTI ITiel PyHKITI.
6%) OOrpyHTyiiTe BaacTuBoCTi PyHKINI Y = tg x.
4. a) Ilo6ynyiite rpadik pyukmii y = ctg x. Kopucrymouncs rpadikom, oxapakre-
pusyiiTe BJIacTUBOCTI ITiel PyHKITI.
6") O0rpyuTyiiTe BaiacTuBocTi QyHKINI Y = ctg x.

73



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

1.

10.

11.
12.

13.

Bnpasu

Kopucryrouncs BractuBoctamu GyHKIII y = sin x, mopiBHANTE yncaa:

19)sin 100" isin 130°;  2)sin 1°isin 1; 3) sin% i sin %

Kopucryrouncs BractuBocTamu GyHKILI y = oS X, IOPiBHANTE Yyncaa:

1) cos 10°i cos 407; 2) cos (—2)icos (—3); 3°) cos % i cos 677[.

Kopucryiouncs BractuBoctamu GyHKIII y = tg x, mopiBHANTE yncaa:

1) tg 15°i tg 140°; 2 tg%” i tg %; 3) tg (-1,2m) i tg (0, 1m).
Kopucryrouuncs BnactuBoctamu GyHKILil y = ctg x, mopiBHANTE ynca:

1) ctg 3°ictg 5% 2) ctg 1 i ctg %; 3) ctg (1) i ctg (-1,2).
PoaramryiiTe uncsia B MOpAAKY iX 3pocTaHHS:

1) sin 3,3, sin 3,9, sin 1,2; 2) cos 0,3, cos 1,9, cos 1,2;

3)tg 0,7, tg (-1,3), tg 1,5; 4) ctg 0,5, ctg 2,9, ctg 1,1.

IToGyayiiTe rpadik pyHKINI Ta BKAKITE HYyIi PYHKINT i mpoMisKKM 3HaKOCTA-
Jgocti (6—9).

1) y= sin(x—%); 2y =sin§; 3)y=sin(-x); 4°)y=-sinx;
5)y =3 sin x; 6)y=—|sinx|; 7))y =sinx +|sin x|.
Dy= cos<x+%); 2°) y = cos 3x; 3)y = cos (—x); 4’)y = —cos x;
5)y =2 cosx; 6)y =|cos x|; 7))y =cos x—|cos x]|.

D y=te(x-2) 2y=tg2e BHy=te(x; Hy=telxk 5Hy=|tgx]

1) y=ctg<x+%); 2)y=ctg(-x); 3)y=-ctgx; 4)y=3ctgx.
ITo6ynyiiTe rpadik GpyHKIII Ta BKaKiTh TPOMIisKKHU 3pOCTAaHHSA i cIaJaHHsA
dyukrmii (10—13).

1Yy=sin8x; 2)y=38sinx; 3)y=sinx+1; 49)y= sin(2x+§).

19 y=cos§; 2)y=cosx—1; 38)y=coslx|; 4 y=3005<2x—§).
)y=tgdx; 2)y=tgx+3; 3)y=-2tgx; 4)y=tgx+|tgx|.

1)y=ctg§; 2)y = —2ctg x; 3)y=|ctgx|; 4)y=ctgx+ctg|x|.
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cnisBiAHOLUEHHA MK TPUTOHOMETPUYHNMUA
OYHKUIAMN OOHOIoO APTYMEHTY

Tabnuma 14

2 2 — .
ty=1 OCHOBHa TPUIrOHOMETPUNYHA TOTOXHICTb
A
1 sin?o + cos?o =1
Py (x5 ) b b
y ------ 1
o i 1 tga: sina 1
: = 1+tg2a=
0 X PO cosa g cosza
COoSs O
ctgo =
g sino
l+ctg?a=—=
_ sin“ o
cosoL=2x tgo-ctga=1
sina=y

MosicHeHHs1 11 OGI'PYHTYBaHHS

® Ha pucysky B Tabaumi 14 306paskeHe OZHHIYIHE K0JI0, TOOTO K0JI0 pagiyea 1
3 IEHTPOM B IIOUATKY KoopauHaT. PiBHAHHSA 1{boro Kosa: x2 + y2=1.

Hexait mpu nosopori Ha KyT 0. Touka P (1; 0) ofuHUYHOTrO KOJIa TePeXO0UTh
y Toury P_(x; y) (To6TO Ipu moBOPOTi HAa KYT 0. pagiyc OP mepexoauTs y paaiyc
OP ). Haranaemo, 1110 CHHYCOM Ol HA3UBAE€THCA OpAnHAaTa Touku P (x; y) onuHuY-
HOT0 K0JI1a, TOOTO Sin 0. =y, a KOCUHYCOM O HA3MBaEThHCA abcIuca 1iei TouKku, To6To
cos o. = x. Koopaunaru Touku P 3a[10BOJIbHAIOTE PIBHAHHIO KOJa, Tomi y? + x*=1,
oTIKe,

sin® o + cos? o = 1.
ITe crriBBimHOIIIEHHA HABUBAIOTH OCHOBHOK MPUZOHOMEMPUYHOI MOMONCHICMIO.
Haragaemo Takosx, 1110:

sino cosa .
=— 5 Ct a= .
tgo p—— (me cos a # 0); ctg e (sin o # 0)
Tozi tg o.-ctg oo=2%.£95% -1 10610
CcosOl sIno

tga- ctga=1(sina#0icosa=0).
3a I0IIOMOTroI0 ITMX CIIiBBiTHOIIIEHD i OCHOBHOI TPUTOHOMETPUYHOI TOTOKHOCTI
OIIEPIKYEMO:

2 2

sin?a _ cos? o+ sin

1+tglo=1+"1= R 12 , TOOTO
Ccos“ o Ccos“ o Ccos“ o
1
1+tg20c=coSzoc (cos o #0)
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Amnasoriuno orpumyemo: 1+ctgZzoa=1+ -

1
2=
1+ctg2o sn

Mpuknagu po3B'a3aHHA 3aBAaHb

Ipuxaan 1.

0082 o

_sinfo+cos?o 1

in% o sin o sin? o

2 7> TOOTO

g (sin a = 0).

3Haou1 3HAaUeHHA OHiel 3 TPUTOHOMETPUYHUX (QDYHKITil Ta iHTep-

BaJl, y AKOMY 3HAXOAUTHCSA O, 3HAUAITH 3HAUEHHS iHIIIUX TPHOX
TPUTOHOMETPUUHUX (PYHKITITi:

1)sin oc=§, 90" < 0, < 180°;

PosB’sasauus«a
1) » 3 piBrocti sin?o + cos?o =1
ozmeps:xyemo: cos? o= 1—sin? o. 3Biz-

. Ockinbpku
5 25

90" < o0 < 180°, To cos a0 < 0, a 3Ha-

2
cu coszoc=1—(é) -9

9 3
YUTb, COS Ol =—4[— = ——.
25 5
4
Toni tgo=30%=5 -2
cos o 3 3
5
ctga=8%__3
sina 4

2) P 3 pisnocri tg o - ctg o = 1 orpu-
MyeMo ctg o= L -3 ITigcraBise-
tgo

MO B PiBHicTh 1+tg2a= 3Ha-

. Ccos“ o
yeHHd tg oLi omeprKryeMo:

. 9
3Bifgcu cos?o=—.
9 cos‘a 10

. 3n
OcKigpru T<O<—, Tocos o <0,

2
Toxi cosoc:—,}i =_i
sino=tgo- coso =13 |=——L
s\ Vo) o
<

2)

1 3n
= <o<—.
2)tg o 3’ n<o >

KomenTap

1) Pisuictb sin? o+ cos? o= 1 moB’A3ye

sin o Ta cos o i 103BOJISAE BUPA3UTHU
onHYy 3 TuX (QPYHKITi# uepes inmry. Ha-
npuriaazg, cos? oo = 1 — sin? o. Toxi

=++/1-sin?o. Bpaxosyioumn,y

AKi¥ YBepPTi 3HAXOAUTHCSA O, MU MO-
JKeMO BU3HAUUTHU 3HAK, AKHUI II0-
TpiOHO B3ATHU B IpaBiii uacTuHi Ghop-
myJiu (e 3HaK KocuHyca B [T uBepri).
3Hamuu sin o i cos o, 3HAXOIMMO

COos O

sina

tgo=
Cos O

. Ccos o
i ctg oo =——. 3azHauu-
s o

MO, IO MicJIs 3HAXOMMKeHHS tg o
3HaueHHA ctg o MOKHA 3HAWUTHU i3
cuiBBigHomeHHA tg o s ctga=1.
PiBuicTe tg o0 ctg oo = 1 mos’aA3ye
tg o i ctg o i mo3BoJIsie BUpasuTu
oIHYy 3 X PYHKIIil uepes iHITy AK
o0epHeHy BeJINUYLHY.

P 1
Pigmicts 1+tg?o=——;— mos’sasye
Ccos“ o

tg o Ta cos O i 703BOJIAE BUPASUTHU
oJIHY 3 X PYHKIIii uepes iHIITy.

Hanpuxaaz, cos?o = Toxi

1+tg2a

cosaL =+, |—1 3Hawun, y AKin
1+tg2a

depTi 3HaAXOAUTHCA O, MM MOMKEMO



§ 6. CniBBIAHOWEHHS MiXX TPUTOHOMETPUYHUMW DYHKLIMU OJHOTO apryMeHTy

BUBHAUNUTHU 3HAK, AKUI IMOTPiOHO
B3ATH B IpaBili yacTuHi opmyiu (e
3HaK KocuHyca B III uBepri).

J1s1 3SHAXOPKEeHHA Sin a MOYKHA CKO-
pucTaTucs CIIiBBiJHOIIIEHHAM

sin o .
tgo-cosot=——-cosO =sina.
COos Ol

2

. 1-cos“a
IIpukxax 2. CuopocriTh Bupas o
PosB’a3anusga KomenrTap
\ s 151 mepeTBOPEeHHS YNCceIbHUKA Ja-
1-cos o _ sin o 2 -
> ———=———=co0s 0. <] HOI'0O BUpPa3y 3 OCHOBHOI TPUTOHOMET-
tgoa  sin o pUYHOI ToTOKHOCTI sin? oL + cos? o =1
2 . .
cos o sHaxoxumo: 1— cos? o = sin? o. ITorim

BHUKOPHCTOBYEMO O3HAUEHHA TAHI'€HCa:

sina

tg o= S0
cos o
Ipio.

i crpoIyemMo oxepsKaHUMN

Ipurkaax 3. CupocriTs Bupassin? o —cos* o+ cos? a.

KomenTap

Ils1s1 mepeTBOPEeHHS TPUIOHOMETPUYHUX BUPA3iB HOPSAL 3 TPUTOHOMETPUYHU MU
dopmMyIaMu BUKOPHCTOBYIOTH TAK0XK ajaredpaiuni ¢oopmyin i, 3oxpema, Gopmyiu
CKOpOYeHOro MHOkeHHs. Tak, Bupas sin o — cos* ol MosKHAa pO3rIALaATA AK Pi3HA-
mro kBazparis: (sin? a)? — (cos? a)?. Toxi oro MOKHA PO3KIACTH HA MHOMKHUKY
(ax mobyTok cymu i pisHui sin? oo Ta cos? o), a miciA bOTO BXKe BUKOPUCTATH
OCHOBHY TPUTI'OHOMETPHUYHY TOTOMKHICTE: sin® o + cos? o = 1.

Posp’ssaunsa
P sin* ot — cos* o0+ cos? o= (sin? o + cos? a)(sin? o — cos?al) + cos? oL =
=1-(sin? 0. — cos?) + cos? oo = sin? ot — cos? o, +cos? o = sin? o, <

% . ctgo T
[ —=— —<O<T.
IIpuxkxag 4°. CupocriTh Bupas tgo + et Ipu

KomenTap

sina

CmouaTKy BUKOPHCTAEMO O3HAUEHHS TaHreHca i KoraHreHca: tg o= ,
cos o

COos O

ctgo= , Ilica mepeTBOPeHHA 3HAMEHHUKA JPO0Y — OCHOBHY TPUTOHOMET-

sina
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

PUYHY TOTOKHICTE: sin? ot + cos? o0 = 1, gai cupolnyemMo ogepkannii pi6. ¥ Kimmi
BPAXOBYEMO, 10 v/a2 =| a|. [l POBKPUTTA 3HAKY MOJY 1A 3HAXOJMMO 3HAK KOCH-
Hyca B 33laHOMY IPOMiKKY i BpaxoByeMo, 110 npu a < 0 3HaueHHS | a |=—a.

PosB’aszaunusga

cos oL cos oL cos 0L
f ctga  _ sino — sino — sino.  _
P \tgo +ctga sina. | cosa sin? o + cos2 . 1
coso.  sino, cos oL - sino coso - sina

. P
=+/cos?o = | cosol|=—cosa, ockinbku B I uepTi (E << n) cos o <0. <

(sino + cosar)’ -1
2

IIpuknax 5. HoBeniTs TOTOKHICTH =2.

tg olcos® o

KomenTap

HoBenemo, 110 JriBa yacTHA PiBHOCTI fopiBHIOE ITpaBiii. g boro B 3HAMEH-

sino .
HUKY BUKOPHUCTAeMO OPMYJIy tg 0 = ——, a BUUCEJIbHUKY IIiJHECEMO BUPa3 y YK~
cosa

Kax Jo KBaapara i Bukopucraemo popmyay sin? oo + cos? o = 1. Haragaemo, 1110
MOMONCHICMI0 HA3UBAEMBCA PIBHICMb, NPABUJLHA NPU 8CiX 0ONYCMUMUX 3HAUCH-
HaXx OYK8, aKi 6xo0samb 00 Hel. Tomy 3asaHa piBHICTh € TOTOKHICTIO TiIBKU 3a
ymoBu tg a0 #0icos a#0.

PosB’sasauusga
(sino + cosa)’ ~1 _ sin?
2

2 : . .
a+cos®o+2singcoso—1 1+ 2sinocosa—1 _ 2sinacoso

o sina. 5 sino.cosal sinocosa
cos o

>

tg a.cos

2=2.0mxe, 3agaHa piBHICT € TOTOxRHiCTIO. <|

3ayBaixkeHH da. [Ipu foBeileHH] TOTOKHOCTEH HaiuacTilie BUKOPUCTOBYIOTH

TaKi IpUoOMU:

1) 3a 1OIIOMOr0I0 TOTOKHUX IIEPETBOPEHD JOBOIATH, IO OTHA YaCTUHA PiBHOCTIL
JIOPiBHIOE 1HIITiI1;

2) posraAmaloTh PiSHUIO JIiBOI 1 IpaBOi YaCTUH TOTOYKHOCTI i TOBOAATH, IIT0 I
pisHUIA JOPiBHIOE HYJIIO (I[eli IPUIIOM BUKOPUCTOBYIOTH Y TUX BUNAAKAX , KOJIT
MJIAHYETHCS IePEeTBOPIOBATY OOMABI YACTUHU TOTOMKHOCTI).

3anuTtaHHs gs KOHTpOIJIIO

1. 3anuniiTs CIIiBBiIHOIIIEHHSA MisK TPUTOHOMETPUUYHUMU (DYHKI[IIMU OTHOTO ap-
TYMEHTY.

2%, ToBeAiTh CIIiBBIAHOIIIEHHA Mi)K TPUIOHOMETPUUYHUMU (PYHKIIIMU OHOI0 ap-
TYMEHTY.
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§ 6. CniBBIAHOWEHHS MiXX TPUTOHOMETPUYHUMW DYHKLIMU OJHOTO apryMeHTy

Bnpasu

1. Yuicuye umco o, AKe 0JJHOYACHO 3aJ0BOJIbHAE YMOBi:

o 1 1 o 3 4 o
1)s1n0c=§, cosOc=§; 2)sm0c=g, COSO€=E; 3)sina=0,7, cosa=0,3;

o 3 5 o 4 7
4) tga=1, ctga=25 5) tga=—, ctga=_; 6) tga=2+3, ctgo=2-+32

2. 3HauM 3HAUEHHA OAHiel 3 TPUNOHOMETPUYHNX (DYHKIIIH i iHTepBa, Y AKOMY
MiCTUTBCS O, 00UHMCIIITh 3HAUEHHS 1HIITUX TPHOX TPUTOHOMETPUYHUX (DYHKITIT:

o 12 3n . n
') sina=—1o, ?<oc<2n; 2)cos=-0,8, S <A<

3) tga =2, m<a< 4) ctga=-0,2, S<a<m
3. CmpocriTs Bupas:
2

. . . .. ctgZasina
1°) 1-sin? ot — cos? a3 2°) (1= cos ) - (1 + cos a); 39 isﬁ'
4)sin?a —tg actg o; 5)sin* o +2 sin? o, cos? oL + cos? o

tgo ctgo cosa -tgal
- ———— —ctgocoso
6) 1+tg2o  1+ctgZa’ ) sin? o g ’
8) (—1 +ctg0c)(—1 —ctgoc)' gy Sno+costo -1,
sino sino ’ sin® o0+ cos® o -1’
) e .
10)\/1 sing —\/1 e o m< o< 3E,
1-sina 1+sina 2
4. JToBemiTh TOTOXKHICTD:

o 1 o 1
1) coszoc_lztgza; 2) sin?'(x_1=Ctg2a;

o . . ctga 2

2 - 2=9. —=—= =cos?0;
37) (sin o0 + cos a)? + (sin o0 — cos )? = 2; 1) otgo + gt 3
1+tg2a 1 coso. |, 1+sino 2
= M + =
5) 1-tg20  cos?a—sinZa’ 6) l+sino.  coso  cosa’
2 2 2 2 2 2 2
7) ctg? o.— cos? o = ctg? oL cos? o 8) (1+tga) +(1-tga) T osla’
3 «ind . Cwind o enad
9*) cos (.x sin a=cosoc—s1noc; 10*) 1-sin oc4 cos a=2tg20c.
1+sinacosa cos” o

5%. 1) Bigomo, 1110 sino+coso = % 3HalgiTE sin o - cos OL.
2) Bigomo, 110 tg oo + ctg oo = 2. Smaiigite: a) tg? oo + ctg? o; 06) tg® o + ctgd a.
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m dOPMYNN AOAABAHHS TA iX HACNIOKN

7.1. DPOPMYJIN OOAABAHHSA
Tabanuma 15

1. KocrHyc pisHuLi i cymmn

cos (o —P) = cos o cos B + sin o sin

cos (o +P) = cos o cos B — sin o sin B

2. CUHYC CyMW | pi3HWL

sin (o + B) = sin o cos f + cos o sin

sin (0. — B) = sin o cos ff — cos o sin

3. TaHreHc cymu i pi3HULI

= tga+igh _p)=tex-teB
tg(o+B) == iep te (0 =B)= 1 ratep

MosicHeHHs 1 0GIPYHTYBaHHS

1. Kocunyc pisauiiicymm.

@ 11106 omeprxaru popmyry A1 cos (0. — B), COUATKY POSTIIAHEMO BULIALO0K , KOJIX
oif suaxogarsesa B mpomMizkky [0; m]i o> . Ha omuHIYHOMY KOJIi TO3HAUNMO
Touku P i PB Ta 300pasumo Bexkropu OP, i OF, (puc. 71). I1i BekTopu MaoTh Ti
cami KoopJuHaTH, 10 i Touku P i Pﬁ, TOOTO:

yl OP, (cos a;sin &), OF, (cos f;sin ).

Py HoB:KuHY (MOIYJIi) X BEKTOPiB 10~

OB, |=1,

a KyT MisK HUMU JopiBHIOE O — [ (TOGTO

ZPOP;=0~— B).
3HaAeMO CKaIAPHUI JOOYTOK BEK-

PiBHIOIOTH OJTMHUITI: | OP, |= 1,

Q
=
S
=Y

Topis OP, iOF, nBoma cmocobamu:

1) AK cyMy DOOYTKiB OMHOMMEHHUX KO-
Puc. 71 opauHAaT:
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§ 7. Dopmynu fofaBaHHA Ta ix HaCNigku

OP, - OB, =cosa.-cos B +sina-sin f;
2) AK 10OYTOK JOBYKUH (MO/YJIiB) BEKTOPiB HA KOCUHYC KyTa MisK HUMM:

o7, 07, ~[OF|

O_PB| -cos ZP,0F, =1-1-cos(0.—B)=cos(0.—B).

Or:xe,

‘cos(oc—[3)=cosoccos[3+sinocsin[3‘. (1)

Opepsxany GOpPMYJTy Ha3UBAIOTh (POPMYL010 KOcuRYyca pisnuyi. CiioBecHO ii MOXK-
Ha c(popMyTIOBATHU TAK:
KocuHnyc pidnuyi déox kymieé (uucen) dopiénioe 006ymry Kocunyca nep-
wozo kyma (4ucna) Ha KocuHryc 0pYz020 nitoc 006YymoK cunyca nepuLozo
Ha CuHyc 0pyz020.

11106 o6rpyuTyBaTH 110 OPMYJIY B 3arajibHOMY BUIIAAKY, 3TafaeMo, 10 3a
O3HAUEHHSIM KYT MisK BeKTopamu (£ PaOPﬁ) MO:Ke OyTHU TiJIbKHY B MesKkax Big 0
10 T, TOMY IPH 0. > 3 KyT MisK BeKTOpaMu O_Pa iOF, mosxe nopisHioBatu 0. — 3
(puc. 71), abo mosxe qopiBuoBaTH 21 — (00— B) (puc. 72), abo MOsKe BiApisHATH-
cs Bi X 3HaUYeHb Ha ITijie 41cJyio 00epris (TobTo Ha 2Tk, ne k € Z).
BpaxoByrouu nmepioguuHicTs (3 repiogoM 27) Ta MapHicTh PYHKITIT KOCUHYC, Oep-
2KYEMO, II10 B Oy Ib-IKOMY BUIIAAKY COS £ P(XOPﬁ =cos (ot — ), orke, HaBegeHe
OOI'PYHTYBAHHSA 3AJIUIIAETHCA IPABUILHUM IJI5 Oy Ib-IKMX 3HAUEHD O 1 3.

3a goromoroio hopmyau (1) 1erko BUBECTH OPMYAY KOCUHYCA CYMU:
cos (o + ) = cos (a0 — (—P)) = cos a cos (—P) + sin asin (—B) =
=coso.cos B —sin asin . Omxe,

‘cos(oc+[3)=cosoccos[3—sinasinﬁ‘. (2)

Kocunyc cymu 06ox kymis (wucen) 0opienioe 000ymxy Kocunyca nepuLo-
20 kyma (1ucna) Ha KOCUHYC 0pY2020 MiHYc 00OYMOK CUHYCA NLepuL0zZo
Ha cuHyc dpyzo2o0.

2. Cunyc cymu i pisHuiri.
Bugenemo Temep ¢popMyJiu CHHYyCa CyMHU i CMHYyCa Pi3HUIIL.
CmouaTry 3a popmy.ioro (1) ogep:ru-

MO [Ba KOPHUCHiI CHiBBiJHOIIIEHHS. 17y
A came: Py
T Y . T .
cos|=—@|=cos = cos @+sin = sin @ =
(2 (p) 2 98¢ g S P f B P,
=0-cos @+1-sin @ =sin . Q 1 x
3anuriemo ofep:Kany GopMyJIy cipa- o
Ba HAJIBO: P,
i = T _
sin@ = cos (2 (p). 3) Puc. 72
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Axiro migcrasutu y hopmyary (3) @ = g —0, Mmaemo:
sin(g—oc)= COSCL. 4)
BuxkopucroByiounu popmyau (3), (1)i(4), onep:ryemo:

sin(o+p) = COS(%—(OHB)) = cos((g—a) —B) =

= cos(%— oc)cos B+ sin(%— oc)sin B =sin a.cos P+ cos asin B. OTaxe,

‘sin((x.+B)=sin(xcosB+cos(xsinB‘. (5)

Cunyc cymu 060ox kymié (wucen) dopiénioe 006ymKy cuHyca nepuLozo
kyma (Yucna) Ha KocuHryc 0pY2020 nitoc 006YymMoK KOCUHYCA LepuL0zo Ha
cunyc dpyzozo.
s curyca pisHuIli MmaeMo:
sin (o — B) = sin (a0 + (—f)) = sin o cos (—P) + cos o sin (—p) =
= sin o cos  — cos a sin f. OTxe,

‘sin((x.—B)=sin(xcosB—cos(xsinB‘.

Cunyc pisnuyi 060x kymie dopienioe 000ymry cuHyca nepulozo kyma (1uc-
ia) Ha KOCUHYC OpY2020 MiHYyc 00OYMOK KOCUHYCA NepuLozo Ha CUHYC
dpyzozo.O

3. Taurenc cymmu i pizHuiri.
® 3a gonomoroio hopMyI foAaBaHHSA Aad cuHyca (2) i kocuryca (5) Ierko ogep-
sKatu GOPMYJIN JOJaBaHHA AJIA TaHTeHca Ui KoTaHTeHca. HanpukJia,

tg(a+p)=

Tlopinumo uKCeNbHUK i 3SHAMEHHUK OCTAHHBOTO P00y Ha 0OYTOK COS O cos [3
(3BuuaiiHoO, 32 yMOBH, 1110 cos o # 0 i cos B # 0 ) i omeprxumo:

sin (ot +B) _ sinocosP + cosasinp

cos(a+p) a cosacosf —sinosinf ’

sinacosf + cosasinf sino.  sinf

coso.cosfp  cosacosf coso.  cosf tgo + tgph
T : = . OT:xe,

cosocosf  sinasinf _sino sinf  1-tgotgf

coso.cosfp  cosacosP coso. cosf

t t
tg(a+B)= 1 fttxgtxtggﬁﬁ )

s TaHTeHCA PIBHUILI MaeMO:

_R)= _R))= tgo + tg(—P) =tgoc—th 0
tg(or~B)=te(cu+ (-p))= {ELECH, = ELEL, O,

—_R)= tga—tgf
tg(-p) 1+tgotgp |
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Mpuknapu po3B'a3aHHA 3aBAaHb

Hpurknag 1. OGuwmciaite: 1) sin 15%; 2) cosl5s’; 3) tg 15°.

PosB’as3anusga KomenrTap
1) P sin 15" =sin (45— 30") = ITomamo 15° ak pisauIzo:
=sin 45" cos 30" —cos 45" sin 30" = 15"=45"- 30,
a 3HAUYEHHSA TPUTOHOMETPUYHUX PYHK-
=%'§—%%=@- < it Kyris 45° 1 30° mu 3Haemo. Tomy,
3anncaBIiy cuuyc 15° aK cunyc pisHuii,
2) P cos 15" =cos (45" - 30") = oZlep;KUMO 3HAUeHHd sin 15°. Anaso-
= cos 45" cos 30" +sin 45" sin 30°= | riymo snaiizemo cos 15°itg 15°.
\/5 \/g \/5 1 \/E + \/5 3ayBasKuMO, IO JJId 3HAX O KeHH A
Ty o "’? 5T 4 < tg 15" mosxHA OyJI0 TAKOYK BUKOPHUCTA-
3) > tg 15 =1tg(45°-30") = T opMyIy tgo = ::;Z
1- ﬁ VY 3aBmanui 3 B ofep:kaHOMY BUpasi
 tg45 -tg30° _ 3 3-+/3
T 1+tg45°tg30° J3 3443 343 3PYYHO H036yTHCS ippalioHaIb-
14177 3++/3

J3 2 HOCTi B 3HAMEHHUKY APo0Y, 1110 3HAUHO
(3-V3) 12-6V3 O

= = =9-.4/3. | cupormye BigmoBins.

6

(3+\/§)(3—\/§) 4

IIpukxax 2. CuopocriTh Bupas cos(ou+p) + sinasinf

cos(o.—B)-sinosinf’
KomenTap

VYV uncenbHUKY i 3HaAMEHHUKY AP00Y BUKOPHCTAEMO (DOPMYJIN KOCHUHYCA CYMU
i KocuHYyca pisHUIIi Ta 3BeIeMO MOAi0HI UIeH’.

PosB’aszauusga

cos(o+B)+sinosinB _ cosocosp —sinosinf +sinasinf _ coso.cosp -1. 4

cos(o—P)-sinasinp " cosacosP +sinasinp - sinosinp coso.cosf3

Ipuknax 3. 3HaigiTh 3HaUeHHA BUpPa3y cos 37 cos 23" —sin 37 sin 23°.

PosB’as3anusga KomenrTap
P cos 37°cos 23° —sin 837°cos 23° = Buxkopucraemo Gpopmyiry KocuHyca
CYMH cIIpaBa HaJiBO:
=cos(37°+23°) =cos 60° =%. <] cos o cos B —sin asin f = cos (o + p).
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Ipuxkaax4. JloBeniTh TOTOXKHICTH:

1) sino+coso = \/§sin<oc + %);

2) sino—coso = ﬁsin(oc —%).

KomenTap
s o6rpyHTYBaHHSA IIUX TOTOXKHOCTEH T10BEeIeMO, 110 IXHi mpaBi yacTuHU 10~

PiBHIOIOTH JiBUM, BUKOPUCTOBYIOUM (POPMYJIM CUHYCA CYMHU i CMHyCA Pi3HUILi:
sin (o0 = B) = sin oe cos B £ cos asin .

1) » \/Esin(owr%): \/E(sinoccongrcosocsing) =\/§(sinoc-%+cosoc-

PosB’aszauusga

v | &
N—
I

=sino + cosoy <

2) b ﬁsin(oc—%)= Jé(sinoccos%—cosocsing)= ﬁ(sina-%—cosa-%):

=sino.— coso. <

3anuTtaHHs gs KOHTpOIJIIO

3anuniiTs hopMy v JOAABAHHS: a) KOCUHYC CYMHU i KOCUHYC PisHUILi; 0) CUHYC
CYMH i CHHYC Pi3HUIIi; B) TAHTEHC CYMH 1 TAaHTEHC Pi3HUIII.

“. MoBeiTs hopMyJiu fOJaBAHHS: a) KOCUHYC CyMU i KOCUHYC PisHUILi; 0) CHHYC

CYMH i CHHYC Pi3HUIIi; B) TAHTEHC CYMH 1 TAaHTEHC Pi3HUIILI.

Bnpasu

O0uMCIiTh:
1)sin 13°cos 17"+ cos 13°sin 17°; 2)sin 16° cos 29° + sin 29° cos 16°;

3)sin 78’ cos 18" —sin 18° cos 78°; 4)sin 63" cos 33" —sin 33" cos 63°;
5) cos 66° cos 6° + sin 66°sin 6°; 6) cos 71° cos 26° + sin 71" sin 26°;
7) cos 20° cos 25" —sin 20°sin 25°; 8)cos 18° cos 12°—sin 18" sin 12°

9 tg10° + tg 35° 10 tg 73° - tg 13° 1+ tg 67°tg 7°
) 1-tg10°tg 35°° ) 1-tg 73°tg 13°’ tg67°—tg
CrpocTiTh:

1) sin 5o cos 3ot — cos Hasin 3ot 2) cos 40 . cos 20 + sin 40 sin 2a;

3) sin (a0 —P) cos f+cos (ot —P) sin B;  4) cos acos (o + P) + sin asin (o + P);

5% cos7o.cos4a +sin7osin 4o 6% sin8o cos 20 — cos8ausin 20t

. . ’ . . ’
sinocos 20 + cosasin 20 cos 20.cos 40 — sin 200 sin 4o

tg 4o+ tg 3o | g tg To—tg 200 |
1—tg4octg3oc’ )1+tg7octg20c’
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sin(a+B) +sin(a-B), sin (o +B) - 2sino.cosP
sin(o+p)-sin(a-p)’ cos(a+p)—2cosacosp’
3. 3a momomMoror (opPMYJI I0JaBaAHHSA O0UMCIiTh:
1)sin 75°; 2)cos 75%; 3)tg 75°; 4)sin 105°; 5)cos 1057 6)tg 105°.
4. ToBemiTh TOTOXKHICTD:
1) sin (o + P) +sin (a0 — B) = 2 sin o cos PB;
2)cos (00— P)—cos (o + B) =2 sin o sin P;

sin(o +p) —tg o+ te B 4 sin(o.—B)

coso.cosf sinosinf3

=ctgpP-ctga.
5)sin(30° — o) —cos(60° —a)= —J/3sino; 6)sin (30°— o) + sin (30° — &) = cos 0;;
7 tg(%"—oc)ﬂg oc=tg(%—oc)tg o-1; 8% tg(oc+§)—tgoc =1+tg(oc+§)tg o

\/Ecosoc— 2cos(45° + )
2sin (45 + o) - /2 sinol

. \/3sino+2cos(60° + )
9%
2sin (60° + o) — /3 cosar

=ctgo; 107 =tgao.

7.2. DOPMYININ I'IO.D,BIVIHOFO APIFYMEHTY
Tabnumsa 16

‘sin2a=25inacosa

cos 20, = cos?0 — sina=1—-2sin?a0=2cos?a -1

MosicHeHHs1 11 OGI'PYHTYBaHHS

® 11106 omepsxaTu GOPMY.IH IIOABIHHOTO apTYMEHTY, JOCUTh y (GOPMYJIax H04a-
BaHHS
sin (o + ) =sin o cos B+ cos o sin f3,
cos (o + ) =cos a cos p— sin o sin f3,

t t
O

B3ATH § = .. OmepsK1UMO TOTOMKHOCTI:
sin 200=sin o cos oL+ cos o sin oL = 2 sin oL cos o, TOOTO
sin 200 = 2 sin o cos Q.
cos 20, = cos 0. ¢os 0. — sin o sin o0 = cos? oL — sin? o, TOOTO
cos 20, = cos?a — sin?a.
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tgo+tgo _ 2tgo

tg 200 = = )
g 1-tgo-tgo 1-tg2a To6TO
2tga
tg200=—"-2—. O
g 1-tg2a

3 popmy.iu cos 20, = cos? ol — sin® 0L, KOPUCTYIOUNCH OCHOBHOIO TPUT'OHOMETPUY-
HOIO TOTOXKHICTIO cos? 0, + sin?0. = 1, MoKHA ofieps:KaTu (POPMYJIN, AKi J03BOJIAIOTH
BUPAa3UTHU cOS 20! TLIBKY Uepes sin o, a00 TiJIbKHU uepes cos .

® [liiicHO, 3 0CHOBHOI TPUTOHOMETPHYHOI TOTOKHOCTI 0ZIePIKYEMO
sin?a = 1—- cos?a, cos?a =1 —sin?a. Toxi
cos 200 = cos?o — sin?o = cos?o — (1— cos?a) = 2 cos?a — 1, ToOTO
cos 20 = 2 cos?a — 1. 1)
cos 200 =cos?a —sin?o=1—sin?o —sin?a=1 — 2 sin?o, To6TO
cos 20.=1 -2 sin2o. O (2)

3 popmya (1)i(2) moskHa ofeps:KaTH HACHIAKN, AK1 KOPUCHO 3amaM’ sTaTn:
pMy. aep AKH, D

- 1-cos 20 2 1+ cos 200
sin 0(=T y cos 0(=T .

I1i hbopmysint HABUBAIOTH POPMYLAMU SHUNCEHHA CTEeNneH .

. X
Axio B ocTanHixX (hopMysnax mosHaunTH 20, = X, TOOTO O = 3 TO MOKHA 3aIIN-
caTH Taki opmysm:
. X X
1—cosx=251n25, 1+cosx=200525. (3)
3asHaunMo, 1110 (POPMYJIM CUHYCA i KOCMHYCA IIOABITHOTO apryMeHTY CIIpaBe/I-

JIUBI 1151 Oy Ob-IKUX 3HAUEHb apryMeHTY, TO/i AK (popMyJia TaHTeHca IO IBilTHOTO
apryMeHTy CIIpaBeJIiNBa TiIbKY JJId TUX 3HAUEeHb apT'yMEeHTY O, A5 AKUX 03HAa-

yeHi tg oui tg 201, TOOTO TiNIBKY IPU (Xi%-f-ﬂ?k i Zoc;t%ﬂtk, neke Z.

3a3HaYMMO TaKO0K, 1110, AK 3aBIKIU, OJep:KaHi GopMyIr MOKHA BUKOPUCTOBY-
BaTU SAK 3JIiBa HampaBo, TakK i ciupaBa HajdiBo. Hampukiaza, saMicTs Bupasy
2 sin 3a cos 3o moskHa 3anucaTtu sin (2 3a) = sin 60, a 3amicTh BUpasy
cos?1,50.—sin?1,50 3anucaru cos 30L.

Mpuknagun po3B'a3aHHA 3aBAaHb

Ipuxxagl. OGuucxiTs: 1) coszg—sinzg; 2) sin 15°cos 15°.

B ’si3aHHA MEHT
PosB’asa Komenra
VY mepimomy 3aBAaHHI JOCUTH «yIIi-
3HATU» IIPABY YACTUHY (hOPMYIU KOCH-
N5 Hyca MOABiIIHOr0 apryMeHTY i 3aIrcaTu
2
2

ZE_ 1 2£= E =
1) P cos g~ Sin’g cos(2 8)

.<| | pesyxabTar. ¥ apyromy 3aBIaHHi cif

T
=CoS— =
4 3BEPHYTH yBary Ha Te, 1110 3alaHUH BU-
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2) P sin 15°cos 15°==-2sin 15°cos 15° = Pas3 B1AP13HAETHECA Bl,[['IipaBOl JaCTuHU
2 (opMyJii CUHyCa IOABIMMHOTO apryMeH-
1. 1. 1 i i i ifKkm.
- —s1n(2 . 150) =Lsing0°o=1.4 Ty TlJII;KI:I BIACYTHICTIO ,ZIBII/IR.I/I Tny,
2 4 AKIIO I1el BUpa3 IOMHOMKUTH 1 IIOA1JIN-
THU Ha 2, TO BiH He 3MiHUTbHCH, ajie TeIep
3a (hopMYyJIOI0 OZIEPIKYEMO:

2sin15°cos15° =sin(2-15°)=sin30° =%.

. . 1+ cos4a
Ipukaax 2. oBegiTh TOTOXKHICTE ——
S

P ctg 20.

KomenTap

HoBenemo, 1110 J1iBa YaCTUHA TOTOKHOCTI JOPiBHIOE MpaBii. 3a3HAYUMO, 110 B
YHCeJbHUKY APO0Y 3BHAXOAUTHCA BUPAa3, AKMUI MOKHAa Oe3rrocepeHbO IIePeTBOPU-
Tu 3a (popmyioro (3). Aje 3BacTocyBanHA ITiel popMyIu 3MEHIITy€e apryMeHT yABiui:
1 + cos 40, = 2 cos? 20.. BaskaHo i B 3HaMeHHUKY Apo0y IepeiiTh 40 TOTO CaMOI'o
aprymenTy 20, AKUI 3’ ABUBCS B UUCEJBHUKY. [[JId [[HOT0 PO3TJISHEMO Sin 40 K
CHUHYC IIOABIMHOTO apryMeHTy (BifHOCHO aprymMeHTy 20): sin 400 = sin (2 - 2a) =
= 2 sin 2a cos 20.

Posp’ssaunsa

1+cosdo _ 2cos?20 _ cos2

> =ctg2o <]

sin 4o 2 sin20cos200  sin2o

. .. 1+sin2
Ipukaag 3°. CxopoTiThb aApiod Rt

cos2a.

KomenTap

ITepeTBOpIOIOYY TPUTOHOMETPUYHI BUPA3HU, CJIiJ mamM’ ATaTH He TLIBKY (popMy-
JIX TPUTOHOMETPII, a i1 anrebpaiuni popmyan. 30Kpema, AKI0 BUKOPUCTATH B 3HA-
MEeHHUKY APo0y (PopMyIy KOCHHYCA IIOABIAHOI0 apryMeHTy: cos 20, = cos?o —sin? o,
0IeP;KYEMO BUPAs, AKUII € PiBHUIEI0 KBAaApaTiB cos o Ta sin o. Moro MoskHa pos-
KJIACTH HA MHOMKHUKM AK JOOYTOK CYMH Ta PisHUII IUX BUpPas3iB. 3 OTIALy Ha
BUpAas, Ofiep;KaHnil y 3HAMEHHUKY, Yy UYHNCEJbHUKY PO3TJISHEeMO BuUpas sin 20 =
= 2 sin o cos O K ITOABOEHME [OOYTOK sin ot Ha cos o. Tozi 1 orpuMaHHA KBaj-
paTa cyMu X BUpasiB HaMm moTpidHa mie cyma sin?o + cos? o, ajie 3a 0CHOBHOIO
TPUTOHOMETPUUHOIO TOTOMKHICTIO 110 CYMY Ta€ OAUHUILS, SKa CTOITh y UNCEJIb-
HUKY.

PosB’aszauusga

1+sin 200 _ sin® o +cos® o+ 2 sincicosol (sin o + cos ar)? _ sino +cosa

cos 20 cos®o —sin® o (coso+ sina)(coso —sino)  coso—sino
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IIpuknag 4. 3uHaiouu, 10 COSO =§ imo oe (3?71’ 211:), 00UYMCIiTE:

1) sin 2a;  2) cos 20

PosB’aszaunusga

. 9
| 2 sm20c=1—coszoc=1—g, TO6TO
. 16 .
sinfa==—. Orxe, sina=2 a6o
25 5
. 4
smoc=—g. Bpaxosymouu, 110

€ (3—;, 211:), olep:Ky€eMo Sinol = —%.
Topni:

1) sin20=2sinocoso =

=2.<_é).§=_%;
5/ 5 25

2) cos20.=cos?a—sin?a =

9 16 7

T25 25 25’<j
_24
3) tg2o =2t __25 24,
cos 20 _l 7
25
4) ctg20=S082_T 4
sin20. 24

3anuTtaHHs gs KOHTpOIJIIO

3)tg 2a; 4)ctg 20.

KomenTap

11106 sHaiiTu 3HaueHHA sin 20 3a
dopmyJIol0 cuHyCca IIOJABiAHOTO apry-
MeHTy sin 2o = 2 sin o, cos o, moTpibHO,
KpiM 3a1aHOT0 3BHAUEHHS COS O, MATH II1e
1 3HaUEHHA Sin o, gKe JIerKo 3HaXo-
IUTHCS 3 BUKOPUCTAHHSIM OCHOBHOI
TPUTOHOMETPUYHOI TOTOMKHOCTI:

sin?a =1 - cos2a.

Haramgaemo, 110 A1 3HAXOAKEeHHS
sin o caig TaKOMK BpaxyBaTHU 3HAK CU-
Hyca B 3aJJaHOMY IIPOMiKKY (3a yMo-
BOIO O 3HaxonuThes B IV uBepri, e cu-
HyC Bix’eMHMiT).

3a3HAUYNMO, II10 COS 20, MOXKHA TAKOMK
3HAUTH 3a (POPMYJIOIO

cos 200=2cos?o— 1,
He obumcaUn sin o, a ctg 200 — 3a

dopmynoro ctg 20 = L, migcTaBUB-
tg 200

11 3HAWIeHe 3HaYeHHd tg 20,

1. 3anuniits popmMyIu CUHyCa, KOCHHYCA i TaHTeHca IIOABITHOTO apryMeHTY .
2%, ToBeaiTh (hopMyJi CHHYCA, KOCUHYCA i TaHTeHCca OB IHOr0 apryMeHTy.

Bnpasu

1°. O6uncaiTn:
1) cos?15’ — sin?15%;

4) (cos 75° — sin 75°)?; 5)

2) 2 sinZ cos E;
8 8

2tg15°
1-tg215°’

3) (cos 15° + sin 15°)?;
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HoBeniTh ToTOMKHiICTD (2—3).

2°. 1) coszg - sinzg =cos X; 2) sin 5x cos 5x =%sin 10x;
3) (sin x + cos x)2 =1 + sin 2x; 4) (sinx —cos x)?2=1 —sin 2x.
3. 1) M=cosoccos20c; 2) M=sinoccos20c;
4coso 4coso
. 2
3) (ctg oo — tg o) sin 200 =2 cos 20;; 4) tgo+ctgo= e
5) ctg 20 =%_
2ctg o
4. CmopocriTh Bupas:
oy Sin2 . o
1) % _sinog 2°) cos?a — cos 20;
cos o
sin 200 — 2sin o « C€Os 20— sin 20
) —— 4y ————.

coso—1 cos 4o

. 4 . b .
5. 3maroumu, 1110 Sino == imo ae (E; n), 00YUCIITD:

1) sin 20 2) cos 20 3) tg 20 4) ctg 2a.

5 . 3 .
6. 3maruu, 110 COS OL = T imo o€ (TC; ?n), 00YUCIITD:

1) sin 20 2) cos 20 3) tg 20 4) ctg 2a.

. 3 .
7. 3Harouu, 110 tg o =% imo ae (n;?n), 00YUCIITD:

1) sin 20 2) cos 20 3) tg 20 4) ctg 2a.

8. 3marouu, 1o ctgo =§ imo oe (3?“, 2n), 00YUCIITD:

1) sin 20 2) cos 20 3) tg 20 4) ctg 2a.

G . sino + 3cosa
9°. 3HaiigiTe cos 20, AKIO0 ——————— =3
SInol— coso

10*. BuaiiziTs HaiibinbIIe i HaliMeHIIIe 3HAUEHHSA BUpAasy cos 20— | cos o |.
11. ITo6ynyiiTe rpadik GyHKII:
1) y=sin x cos x; 2)y=sin4x—cos4 X; 3y =tg x sin 2x.
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7.3. POPMYJIN 3BEAEHHA

Tabnuma 17

diopmyﬂamu 36e0eHHA Ha3UBAIOTh dopmysin, 3a JOIOMOTOI0 AKUX TPUTO-

HOMeTpPUYHi QyHKIII Bif aprymenTiB tuny kn t oi (2k + l)g to (ke Z)3BogaTs
10 TPUTOHOMETPUUYHUX (PYHKIIIN BiJ apryMeHTy L.

ANroputMm

Mpuknagm

1. dKmo mo uucaa O go-
JAETHCA YUCIO0 kT, k € Z (TOOTO
YHCJIO0, AKe 300PaKyEThCSI HA
TOPU30HTAJbHOMY OiameTpi
OIMHUYHOTO K0JIa), TO Ha3Ba 3a-
JaHol (DyHKIIi1 He 3BMiHIOETHC,
a fAKIIO0 TOJAETHCS YMCJIO

(2k+1)g (To6TO UHCIO, AKE

300paKy€ETHCS HA BEPTHUKAJb-
HOMY diaMeTpi OIMHUYHOTO
KO0JIa), TO Ha3Ba 3a7aHol (QyHK-
1[ii 3MiHIOETHCA HA BiIIOBiTHY
(cMHyC Ha KOCUHYC, KOCHHYC Ha
CHHYC, TAHT€HC Ha KOTAHI€HC
i KOTaHTreHC HA TAHTEHC).

2. 3HaK oiep:KkaHOTro BUpa-
3y BU3HAYAETHCA 3HAKOM II0-
YaTKOBOI'O BUPa3y, AKII0 yMOB-
HO BBAKATHU KYT O, TOCTPUM.

1. CopocTiTh 3a (popMy.iamMu 3BeIeHHA
tg(3n — o). v,
P,

3n—o
P tg(Bn—o)=—tga.<
P 0 x

3n

KomenTap. HasBa 3amanoi pyHKIiI He
3MiHIOETBCS, OCKIJIbKY 3T 300paKy€eThCA HA
TOPU30HTAJILHOMY AiaMeTpi (371iBa) oquHMNY-
HOTO KoJia. SIKIIo 0L — rocTpuii KyT, TO 31— O
suaxoauTthed B IT uBepri, me Tanrewnc Bigx’em-
HUI, TOMY B IIpaBiii yacTuHi GopMyIu B3ATO
3HAK «—».

. 3
2. CmpocTiTh COS (?n+ oc).

p cos (%+ oc)= sino. <]

KowmenrTap. Hassasaganol pyHKIIiI 3MiHIO-

3n
2
KaJbHOMY AiaMeTpi (BHU3Y) OUHUYIHOTO KO-

€ThCs, OCKLIBKY —- 300paskyeThbCs HA BEPTH-

o 3
sa. SIKIII0 oL — rocTpuii KyT, TO ?n + 0 3HAXO-

nuThbes BIV uBepri, e KOCUHYC IONATHU, TOMY
B IpaBili YacTUHi (POPMYJIN B3ATO BHAK «+».
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MosicHeHHs1 11 0GI'PYHTYBaHHS

Dopmyau fogaBaHHSA JO3BOJIAIOTH OO PYHTYBATU (DOPMYJIU 3BEIeHHS, 3a AKMU-

MU TPUTOHOMETPUYHI PYHKINI Bix aprymenTis tumy kntoi(2k + 1) g Ta (ke Z)

3BOJSATH IO TPUTOHOMETPUYHUX (DYHKI[IH BiJ apryMeHTy O.

PoarasaHemo neKkinbKa MPpUKJIAIIB.
sin(m—a)=sinmcosa—cosmsinaa=0-coso—(—1)sinoa=sino;

cos(mt+a)=cosmcosa—sinmsina=(-1)-cosa—0-sino=—cosa;

ctg(6n-o)=

cos(61‘r—oc) _ cosbrmcoso +sinbmsina _ cosol _

sin(6n-o) sin6rcoso —cos6r sino,

—sina

ctga

(3BUUaiiHO, B OCTAHHBOMY BUNAIKy TOM caMUIi pe3yJIbTaT MOKHA OJlep:KaTu,
BUKOPHCTOBYIOUHU IIEPiOANUHICTD i HemmapHicTh QyHKII1 KoTaHreHnc);

. . s m . .
s1n(g— oc) =sin=coso — cosEsmoa =1-coso.—0-sino = coso;

cos(7—2n+0c) =cos 7—2ncosoc—sin 7—2nsin0L =0-coso.—(~1)-sin . =sin oy

3n

. (3n ) . 3m 3m .
sin|—+ o SIn——COSOL+Ccos——sInd
te( 7 +)- -— :

(311 ) 3n . 3m .
cos|—+a cos—cos 0, —sin—sino
2 2 2

st aHaIi3y olep:KaHuX Pe3yIbTaTiB CKJIAAeMO TaKy TaOJIUILIO:

Tabnumsa 18

3mina YUgepTh (AKIIO | 3HAK 3aJaHOI
Bupg Opep:xaHa Ha3BU YMOBHO BBa- byHKIil
apryMeHTy dopmysa 3aaHol JKaTH 0L TOCT- | y BiATIOBigHiN
GYHKITIT pPUM KyTOM) yBepTi
sin(n—a)=sina HEMae I +
kLo cos(n+o)=-cosa HEMa€e II1 -
(ke Z)
ctg(6n—o)=—-ctgo | HEMae I\Y -
sin(%—oc)=cosoc € I +
2k + 1)E to .
2 cos(ﬁﬂx):smoc € v +
(ke Z) 2
tg(3—2”+oc)=—ctgoc € v -
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Awnanoriuso MosKHa OOT'PYHTYBATH, IO Y BCiX BUIIaJAKaX TPUTOHOMETPUYHI

¢yHKII Big aprymenTiB tumy k= oi (28 + 1) %i o (k€ Z) mo:kHa 3BOJIUTH IO
TPUTOHOMETPUUHUX PYHKIIIN BiJl apryMeHTy O 38 TAKUM aJITOPUTMOM :

axku,o 0o wucana & dodaemuvea wucno kn, k€ Z (mob6mo wucno, axe 306pa-
HCY EMBCA HA 20PUIOHMANLbHOMY diamempi 00UHUYHO20 KOLA), MO HA36A

3a0anoi pynryii He 3minIOEMbCA, @ AKUW,0 0odaembea wucao (2k + 1) g

(mo6mo uucno, ake 306paiy emovca Ha epMUKALbHOMY Jiamempi 00UHU Y-
HO20 KOA@), MO HA368a PYHKYIL 3MIHIOEMbCA HA 8i0N0610HY (CUHYC HA KOCU-
HYC, KOCUHYC HA CUHYC, MAHZEHC HA KOMAH2eHC i KOMaHzeHe Ha MaH2zene).

3nak 00epianozo 6upady 6U3HALAEMBLCA 3HAKOM NOLAMKOE020 6UPa-
3y, AKW0 Y MOBHO 66adcamu kym o.zocmpum.

VY rabauii 19 HaBeneHo 0cHOBHI popmyau 36edenns. Bei inmni Bunagku Mo-
JKYThb OyTH 3BEJeHMMI 0 HIX 34 JOIIOMOT0I0 BUKOPUCTAHHS IIePioAMYHOCTI Bigmo-
BIJHUX TPUTOHOMETPUYHUX (PYHKITIMH.

Tabnuma 19

x T+o | n-o | 2n-o §+a g—(x %+0c %—a
sin x —sin o sin o —sin o cos o, cos o, —Ccos 0L | —cos o
cos x —Ccos 0. | —cos o cos o —sin o sin o sin —sin o
tg x tg o —tg a —tg a —ctg o ctg o —ctg o ctg o
ctg x ctg o —ctg o | —ctga —tg a tg o —tg a tg o

T . .
3asHauuMo, 1110 3a (GOPMYJIaMU 3BeIeHHS COS (E - oc) =sin q, sm(% - oc) =cos 0,

ctg(% - oc) =tga, tg(% - oc) = ctg o. Ko ocTanHi hOpPMYIIH 3aIIMCATH CIIPABA Ha-

JIiBO, TO OJIEPXKMMO KOPUCHI CIiBBiTHOIIIEHHA, IKi YaCTO HA3UBAIOTH YOPMYLAMU

. . T
00N0BHANVHUX apeyMeHmi6 (ApTyMeHTH 0.1 = — ¢ JOIIOBHIOIOTH OMH OJHOTO 70 — | :
2 2

sinoc=cos(g—oc), cosoc=sin(g—oc),

tgoc=ctg<%—oc), ctgoc=tg(%—oc).

Hanpuxaaz, sin 60° = cos (90°—60°) = cos 30°; cos 89" = sin (90°—89") = sin 1°.
92
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Mpuknapu po3B'a3aHHA 3aBAaHb

IIpuxxan 1.
1) cos 210%;

PosB’aszauusga

1) P cos 210°=cos(180°+30°) =

=—cos 30°= —é; <

3n

O06uMCIIiTh 3a JOITOMOT00 (DOPMY.JI 3BeIeHH:

KomenTap

ITomamo 3asjaHi aprymMeHnTu TaK, 1ob
MOJKHA 0yJI0 BUKOPUCTATU (DOPMYJIU
3BefleHHA (TOOTO BUAIJINMO B apryMeHTi
TakKiyacTUHU, AKi300pasKaroThCs HA I'0-
PUBOHTAJIBLHOMY a00 BEePTUKAJIbHOMY
niameTpi ogumHMYHOrO KoJia). Hampu-
Kaazn, 210° = 180° + 30°. 3suuaiino,

MOXKHA O0YJI0 [TOJaTH Ilel apryMeHT IIfe
nrak: 210°=270" - 60°i Te;x BUKOpHC-
TaTu (hopMyJIu 3BEIeHHA.

Ipukaag 2°. I[oBeniTh TOTOKHICTH

. (m
31— sm(*+oc)
cos(3n-a), 2 —cos?(3™ — o) = cos 20..
(n ) tg(n+o) 2
tg E+oc

KomenTap

HoBenemo, 110 JIiBa YaCTHHA TOTOXKHOCTI TOpiBHIOE paBiii. CriouaTKy BUKOPH-
craeMo (hopMyJiu 3BeIeHHs, a IIOTiM CIIPOCTUMO OJlePiKaHi BUpas3u, BUKOPUCTOBY-
oun popmyin: tg o - ctg oo =1 ra cos? o — sin? o. = cos 20. IIpu cupoiresHi Bupasis
cos (3n— o) Tatg (m + o) MOsKHA 3aCTOCYBATH AK Oe3ImocepesHb0 (POPMYJIU 3BEIeH-
HdA, TAK i mepioguuHicTh BignmoBiguux GyHKHii. Hanmpukiaan, BpaxoByooun, 1110
nepiogom (PyHKITII cos x € 21, ofiep:KyeMo: cos (3n— o) =cos (2n+mn—o)=cos (T—a) =
=—Co0s 0.

Posp’ssaunsa

>

cos(sn—oc).sm(g”‘)_ OSZ(&T )_ (~cosct)- cosat

. \2
Z o= ~—~———(-sina) =
tg(g+oc) tg(n+a) 2 (~ctga)-tgo ( )

2
—COos“ o . .
=—1—s1n20c =cos?20,—sin?o =cos2a. <]

3anuTtaHHsa ansa KOHTpOIJIIO

1. IlpoinfocTpyi#iTe Ha IpUKJIaJLax BUKOPUCTAaHHA (QOPMYJI 3BeJleHHA. [ToscHITH
oJlep;KaHUI Pe3yJIbTaT.
2%, ToBemiTs nexinbka GopMyJI 3BeIeHHA.
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Bnpasu
1. OGuwucIIiTh 3a JOTTOMOT0I0 (POPMYJI 3BEIeHH:
1) sin 240°; 2) tg 3007 3) cos 330°; 4) ctg 315
in, (- 1x). Tx, _sn
5)cos 3 6) sm( 5 ), 7 tg P 8) ctg( . )

2. O0uncIiTh:
1) cos 8 cos 37 —cos 82°cos 53°;  2) sin 68" sin 38" —sin 52° cos 112°.
3. CmpocriTh Bupas: s
. (3m b1 . . [om
31n(?—(x)cos(5+o()‘ . sm(37'c+oc)sm( 9 OC)‘
H 39
tg(n-oa)

sin(n+o)cos(n-o)

3n ’
ct (——oc)
€ 2

tg(g—;T - oc)— cos (1 —o)sin(3n + o)

1)

2) sin (- 2a) ’

s 5)tg 1 tg2 - tg3 ...  tg87 - tg 88 - tg 89",

(cos(3,5m— o) +sin(1,5m+a))’ -1
4. JToBeniTb TOTOMKHICTB:
1) 2 sin (90° + o) sin (180° + o) = —sin 2a;; 27 ctg 20°-ctg 70" =1;
sin(n—2a)—2sin(£—a> sinz(ﬁﬂx)—cosz(oc—ﬁ) 1
2 - _2ctgoy 4%) 2 2/ - - sin? 20

b1 b1
t 2(7+0c)—ct 2(0(—7)
€ 2 € 2

7.4. ®OPMYJIN CYMW | PI3HMLII OAHOWMEHHUX TPUTOHOMETPUYHUX
®YHKUIN TA ®OPMYJIN MEPETBOPEHHSA [JOBYTKY
TPUTOHOMETPUYHUX DOYHKUIN Y CYMY

3)

n -
Cos E—OC —sm- o

Taoanuma 20

1. DopMynM CyMU | PIBHNL TPUTOHOMETPUHHIX (DYHKLLIN

sin o +sin =2 sianJrB cos“T_ﬁ sin o.—sin =2 sin“‘T_'3 cosmTJrB
cos o+ cos =2 cos("Tﬂ3 cos("T_B cos a.—cos p=—2sin aTJrB sin “T_B
_ sin(a+B) _ _ sin(a-B)
tgOH_tgﬁ_coseccos[?) tga tgp}_cosmcosB

2. MepeTBOPEHHS AOOYTKY TPUFOHOMETPUYHIX (DYHKLLIM Y CyMY

sina sin g = %(cos(a—ﬂ)—cos(oHB))
cosa cos B =%(cos(a—[3)+cos(a+|3))

sina cos p= %(sin(a —B)+sin(a+B))
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o

MosicHeHHs1 11 0GI'PYHTYBaHHS

®dopmyau cymu i pi3HUII TPUTOHOMETPUYHUX (DYHKITIH.
3a (opmysiamMu fogaBaHHA:
sin (x +y) =sin x cos y + cos x sin y;
sin (x —y)=sin xcosy —cos x sin y.
Homaroun MouIeHHO ITi PIBHOCTI, OJIEPIKYEMO:

sin (x +y) +sin(x—y)=2sin x cos y. (1)
Axio mosHaunTH:
x+y=aq, (2)
x—y=08, (3)
TO, foAaiouu i Bimnimaroum piBaOCTi (2)1(3), Maemo: x = OCTJrB, y= O(T_B.
Toxi 3 hopmystu (1) omep:ryeMo (hOPMYJITY nepemaoperH s CYMu CUHYCI8 y 000ymokK:
sina +sinp =2 sin "‘T”’cos"‘T"3 . (4)

CioBecHo 11 MoKkHAa c(pOPMYJIIOBATH TaAK:

I Cyma cunycie 060x apzymenmis 0opiéHI0€n0d60eEHOMY D0OYMKY CUHYyCa
nigcy Mu yux apzy menmisé Ha KOCUHYC IX niépi3Huyi.

Axmo saminutu y dpopmyai (4) B Ha (—P) i BpaxyBaTu HemapHicTh CHHYyCA:

sin (=) = —sin B, To ogepKUMO POPMYITY:

sina —sin B=2sin aT_ﬁcos (’TJrB .

Pisnuys cunycie 060x apzymenmis 0opiéH10€ n0060€HOMY 000YymMKY cu-
Hyca niépi3Huyi yux apzy meHmi6 Ha KOCUHYC IX nigcy mu.

AmnaJjoriuHo, 1oJa0YM TOUJIEHHO PiBHOCTI

cos (x +y)=cosx cosy—sinxsiny, (5)
cos (x—y)=cosxcosy+sinxsiny, (6)

OIEPIKYEMO:
cos(x+y)+cos(x—y)=2cosx cosy, @8]

i, BuKouyoouu 3aminu (2)i(3), maemo:

cos a+cos B=2 cos aTJchos“T_B .

Cyma kocunycie 060x apzymenmis 00piéH10€ nod80eHOMY 0O0YmMKY KO-
CUHYCA Ni6CY MU YUX AP2Y MEHMi6 HA KOCUHYC IX NiPi3HUY.

Axmro BigaaTu piBuocTi (5) i (6), To omepsKUMO:

cos(x+y)—cos(x—y)=-2sinxsiny. (8)
Toni cos a—cos p=—-2sin aTJrBsin “T_B .
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or

Pisnuuys xocunycie 060x apzy menmie 0opiénioe: minyc nodeo€eHul 000y-
MoK cuHyca niécy mu yux apzy meHmie Ha CUHYC ix niépi3Huyi.
st 06T pyHTYBaHHSA (hOPMYJIN IEPETBOPEHHA CyMU (Pi3HUITi) TAHTEHCIiB JOCUTDH
BUKOPHCTATH O3HAYEHHA TaHTeHca i hopMyiu JofaBaHHA:

sino n sinp _ sinocosP + cosasinB _ sin(o +p)

thL+th= coso cosfP cos o.cos 3 cos o.cos )
sin(a + B)
orre, tga+tgh= cosocosP | C)

Axo y popmyi (9) saminutu S Ha (—f) i BpaxyBaTu HelmapHiCcTh TAHTeHCA
(tg (—P) = —tg P)i mapuicts Kocumyca (cos (—ff) = cos B), To ogepKyEMO:

sin(a-B)
cosocosp |

tga-tgB= (10)

3asHauumo, mo dpopmynu (9) i (10) cupasennusi Tinbku ToAi, Koau cos oL # 0
icosB=0.0

IlepeTBOpeHHsI TOOYTKY TPUTOHOMETPUYHUX (PYHKI[IH y CyMYy.

3a3HauYnMO, 1110 B IIPOIIeci 00r'pyHTYBaHH (pOPMYJI IEPETBOPEHHS CYMU i pisHUIlL
CHUHYCIiB i KOCHHYCIB y 1OOYTOK MU (DAKTHUUHO OTPUMAJIH i (DOPMYJIU IIePEeTBO-
pPeHHsA H00YTKiB TPUTOHOMETPUUHUX PYHKITiH y cymy. [HificHo, AKI0 moAiIuT]
o0uaBi yacTuHu piBuocti (1) Ha 2 i 3anucaTu ogepKaHy PiBHICTEL cipaBa Ha-
JiBO, MaeMo:

sinxcosy:%(sin(x—y)+sin(x+y)) . (11)
Amnanoriuno, 3 hopmyau (7) ogep:KyemMo:

cosxcosy:%(cos(x—y)+cos(x+y)) , (12)
a 3 popmyu (8) (micia gieHHs HA —2), OEPIKYEMO:

sinxsiny=%(cos(x—y)—cos(x+y)) . (13)

3awminiooun y popmynax (11-13) sHauenHs x Ha O, a y Ha B, omepaxyemo Toi
3anuc nux GopMyJI, KU HaBeJeHo B Taduumi 20.

Mpuknagun po3B'a3aHHe 3aBAaHb

IIpuknaxg 1. IlepeTBOpiTh3amaHy CyMy YU Pi3HUITIO B JOOYTOK i, AKIIO MOXKJIN-

BO, cIIpocTiTh: 1)sin 75° + sin 157 2%) cos? o0 — cos? B.
KomenTap

1) V nmepmomy 3aBaaHHI MoKHa 6e3mocepeJHBO 3acTocyBaTu QPOPMYJay

. . . O+ o —
sin ot +sin f=2 smTBcos—B

sin 451 cos 30°.

, a MOTiM BHUKOPUCTATU TAOJMYHI 3HAUEHHSA
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2) fxro Bupas cos? o — cos? [} posriIAHyTH AK PISHUITI0 KBaJAPATiB, TO 1Or0 MOMKHA
PO3KJIaCTH Ha MHOYKHUKH, a IIOTiM 10 KOKHOTO0 3 OJIepyKaHNX BUPAasiB 3acToCy-
BaTu (QOPMYJIV IEPETBOPEHHSA PiBHUIII UM CyMU KOCUHYCiB y 100yTOK. L5 mo-
JaJIbIIIOTO CIIPOIIEHH S OZePyKAaHOT0 BUPa3y BUKOPHUCTOBYEMO (DOPMYJIY CHHYCA
HOJBilTHOTO apryMeHTy, a caMe:

2 sin ;B oS O(;rB=sin(0c+B) i 2sinaT_BcosaT_B=sin(0c—B).

PosB’aszauusga

75°+15° 75°—-15°

1) sin75°+sin15° = 2sin , oS = = 2sin45°c0s30° = 3 N6

2 2

M|§

2) P> cos2 o —cos? P =(cosa —cos f3)(cosa+ cos )=

=—2sin0(;rB sina;B-Zcos a;B cos a;B = —sin(a+B)sin(o—p). <l

IIpuknax 2. IleperBopiTsy 706YTOK sin o+ cos f3.

KomenTap
Mu Bmiemo mrepeTBOpIOBaTH B [OOYTOK CyMYy CUHYCiB a60 KocuuyciB. [[is mepexo-

Iy 710 TAKMX BAPA3iB JOCUTH 3TraJJaTH, 0 Cosf = sin(g - B) (a60 sino = cos(g - (x)) .

PosB’aszauusga

T T
R
> sinoc+cos[3=sin0t+sin(5—[3)= 2 sin 5 cos 5 =

=25in(a—_ﬁ+ )cos(owrB E).<]
2 4 2 4

fipieaan@l  Cuopocrits Bupas (sin8a. - sin2a )(cos 20, — cos 8a. ) )

1 - cos6a
KomenTap
s cupoleHHs 3aJaHOr0 APO0Y MOYKHA CIIPOOYBaTU CKOPOTUTH HIOTO, & JIJIs
IILOT'0 IOJJAMO UMCEJIbHUK i BHAMEeHHUK Y BUTJIALL JOOYTKiB, IKi MiCTATH OJTHAKOBi
BUpasu. Y 4MCeJbHUKY BUKOPUCTAEMO (DOPMYJIH IIEPEeTBOPEHHS Pi3HUIIL CUHYCIiB
i KocuHyCiBy 100yTOK (a TAaKOXK HeIlapHicTh cuHyca: sin (—3a) = —sin 3a), a B 3Ha-

. xX
MEHHHUKY CKopucTaemoca popmyaoio 1—cos x = 2 sin? 5

PosB’aszauusga

> (smSoc—sm20c)(cos2oc—cosSoc) 2sin8ocos50-(~2)sin5asin (- 3(1)
1-cos6a 2sin®3a

=2cosbasinbo=sin10a .<
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Ipuxknag4®. oseniTb ToTOXKHICTE 48in70° —— 1100 =-2.
sin

KomenTap
HoBenemo, 110 JTiBa YaCTUHA TOTOYKHOCTI fopiBHIOE ITpaBiii. ITicas npuBenenHsa
JIO CITiJIbHOIO 3HAMEHHHKA IIePeTBOPUMO J00OYTOK CHHYCiB Ha Pi3HUII0 KOCUHYCIB,

a moTiM Bpaxyemo, mo cos 60° =%, acos 80°=sin 10° (ockinpku 80° + 10" = 90°).
PosB’sasauus«a

. . 4~l(cos 60° — cos 80°)—1
> 4 sin 70°— 1 _ 4sin70°sin10°-1 __ 2 —

sin 10° sin 10° sin 10°

2.

2038971 2oos80° _-2sinl0°_ 4

sin 10° sin 10° sin 10°

DO | =

Ipuxnax 5°. osexirs, akiio A, B, C — KyTH TPUKYTHUKA, TO

sin A+sin B+sinC=4 cos%cosgcos%

KomenTap
Hna kyriB rpukyTHuka A + B + C =n. Toni C =1 — (A + B), i 3a hopmysiamu
3BegeHHA sin (T — (A + B)) = sin (A + B). Ilicis mepeTBOpeHHA CYMU CHUHYCiB
sin A + sin B y n1o06yTok momiuaemo, mio aprymeHnT (A + B) yaBiui Giygbinuii 3a

A+B .
apryMeHT . ITe mosBosiae 3anucaru sin (A + B) 3a ¢oopMyJioi0 CHHYyCA I10-

A+B

IBifTHOIO apryMeHTy i B oJlep:KaHiil cymi BUHecTH: 3a AyKKHU 2 sin , aIIOTiM

ePeTBOPUTH B IYKKaX CYMy KOCUHYCiB y 1o0yTOK. IToTim Tpeba BpaxyBaTu, 1110
A—;B = % = % —% i BuKopucTaTu (QOPMYJIu 3BeJeHHS.
PosB’sasauusga

P Bpaxosyioun, o AaaKyTiBTpuKyTHUKAC =TT — (A + B), omepaKyeMo
sin A+sin B+sin C=sin A+sin B+sin(n— (A + B))=

. A+B A-B
=2sin p

cos +sin(A+B)= ZSinA;BcosA;B+ZSinA;BcosA+B=

2

A+B A-B A+B

+cCos

=2sin

.. n—-C A B
cos =2s8in——-2cos = cos —=
2 2 2

. C A B
=4sin (E_Q) cos 2 cos B = 4 cos £ cos 2 cos 2. <]
2 2 2 2 2 2 2
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3anuTtaHHsa ansa KOHTpOIJIIO

. 3anuIiIriTe GopMyJIn IIePeTBOPEHH CyMH i pisHuIli cuHyciB abo cymu i pisHuiri

KOCHHYCiBy 100yTOK. HaBeaiTh MpuKJIaay BUKOPUCTAHHSA ITUX (GOPMY.JI.

. 3anunrite opMyJIu IepeTBOPEHH cyMH i pisHuIli TaHreHciB. HaBemiTs mpu-

KJIQJV BUKOPUCTAHHA X (GOPMYJI.

. oBexmiTs (hopMyIu ITEPETBOPEHHA CYMU i Pi3HUIL TPUTOHOMETPUYHUX DYHKITI i

Yy $OOYTOK.

. HaBeniTh mpuKJIaaqu BUKOPUCTAHHA (DOPMY.JI:

sinxcosy =%(sin(x —y)+sin(x+y)); cosxcosy =%(cos(x —y)+cos(x+y));

sinxsiny =%(cos(x— y)—cos(x+y)).

. oBeniTs hopmyJivi, HaBeleHi B 3anuTanHi 4.

Bnpasu

. IleperBopiTh cymy (200 PisHUIIO) TPUTOHOMETPUUHUX (PYHKIIN ¥ T0OYTOK

i cmpocTiThb:
1°) cos 152" + cos 28°; 2°) cos 48" — cos 12%; 3) cos 20° — sin 20°;
sin25° +sin 15°
sin25° - sin 15°°

7%) cos o + cos 20, + cos 3o + cos 4.

59 sin?o—sin?fB; 6%) sin o+ sin 2o + sin 3o + sin 40

. JloBegiTh TOTOYKHICTB:

sin 75° +sin 15° _\/g. 9 sinoc+sinB_t o+f , cos 60 — cos100
; SIMOTSINP _ 45 7P £osba = cos 1T

° = =2 sin 20,
1) cos 75° — cos 15° cosa + cosfd 2’ 3) sin8a ’

1) sino + sinf - 2 : 5) (sin20c + sin60c)(cosZoc - cosGoc) = sindo;

sino cos P + cosasin B COSOHB 1 - cos8a

sina + sin 3o + sin 5o + sin 7o

.. sino —cos B oa-f = .

% =t ( __); * = t [0
6% coso —sin 3 g 2 4 ) cos 0. — cos 30 + cos HoL — cos 7 ctg
IleperBopiTh y cymy:

o o T 51, . o s o, T n
1)cos 45 cos 157; 2)sin 24COS 91’ 3) sin 20" sin 10°;  4) cos 10 cos 5
. O6unciiTh:
1) 2 cos 20° - cos 40° — cos 207; 2")4 sin 10°- sin 50° - sin 70°.
5%) HoBexmiTs, 1110 1pu o, + 3 + Y = T BUKOHYIOTHCS PIBHOCTI:

1) sina—sinP+siny=4 sin%cos%sin%;

2) coso+cosP+cosy=1+4 sin% sin % sin%.
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FPA®IKN PIBHAHb TA HEPIBHOCTEN
3 ABOMA 3MIHHUMWA

Taobnuma 21

1. MobypnoBa rpadikis yHKUiN BLAY y =T (x)+ g (x)

Arwo Ham eidomi epapirku pynruiily=f (x) may = g (x), mo eckis zpagira
@ynruii y = f (x) + g (x) moxcra nobydyeamu mak: 306pa3umu 6 00Hiil cuc-
memi koopdurnam zpaixu pyuruiil f (x)ig (x), a nomim 6ydyeamu wyrkarnui
2paik 3a mouKamu, BUKOHYIOYU 015 KOHCHO20 3HAYeHHA X (3 001acmi 6u3Ha-
ueHHs QyHKUil f (x)+ g (x)) ReobxiOHi onepauii Had eidpiskamu, ki 300pasxca-
tomw 8idnosioni opounamu f (x)i g (x).

AHanoziuno moxcHa 6ydysamu i cxemamuiti epagiu QyHruiil

1
=f(x)-g(x)yma y=—.
y=f(x)-g(x)ymay e
Mpuknag KomeHTtap
ITo6ynyiiTe rpadik pyuKIii Bynyewmo B ogHiii cucTemi Koopau-
1 HaAT rpadikum QyHKIi-TOgaHKIB:
y=x2+-=.
X
y=x%Ta y=l (Ha pUCYHKY OOy 10~
X
iy y=x+l BaHi mtpuxoBuMu Ji"Hiamu). diaa

KOXKHOTr0 3HaUeHHA X (Kpim x =0, axe

,: y=x? He BXOJUTH 0 00J1acTi BU3HAYCHHS

.Ip' 3a/1aHo1 PyHKIIiT) 1omaeMo BiamoBigHi
‘i Bifipisky — sHaueHHs QYHKIII (cipa-
‘4:!4 Ba Biz oci Oy) abo BigHiMaemo, AKIIIO
[ Tmm—————— sHaueHHd f (x)i g (x) mpoTuIexHi 3a

x 3HaxkoM (y JaHOMY BUIIQAKY — 3JIiBa
Bix oci Oy). Ha pucyHKy CHHBOIO
JIiHi€0 300pasKeHo pesyJbTaT — rpa-

hik pysKIi y=x2 +1.
X
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§ 8. I'padhikm piBHAHb Ta HEPIBHOCTEM 3 ABOMA 3MIHHUMM

IIpomoBxk. Tabu. 21

2. [padikn piBHAHb Ta HEPIBHOCTEW 3 ABOMA 3MIHHUMM

OsuaueHHsd. I'pagikom pienannus (Hepiénocmi) 3 06oma 3MiHHUMU X1y
HA3MBAETHCI MHOKHMHA BCiX TOUOK KOOPAUHATHOI IJIOM[UHY 3 KOOPANHATAMU
(x;y), ne mapa unceJ (x; y) € po3B’sI3KOM BiJJIIOBiTHOTO PiBHAHH (HEPiBHOCTI).

Mpadbikm OesiKMX PIBHAHD | HEPIBHOCTEW

vl D yh s yA S)
’\\ I x>a I
y>1(x) / R ®
x<a
y<f(x)
/ 0 g 0 d ~ 0 fa «x
Y4 y Yl
x2+y2=R2 x2+y2>R2 x2+y2<R2
"'¢ ~\\‘ "" ~~“
Ay
R R_ ~R{ ‘R R} ‘R
0 x 3 0 ! ox \ 0 ! ox
[y 7 . ’
AN r AN 4
N ’,’ ‘~~ o 4

3. [eoMeTpUYHI NepeTBOpeHHs rpadika piBHAHHA F (x;y)=0

MNepeTBOpEHHS Mpuknag

yh @-32+@y-272-1

F(x—a;y—b)=0

ITapanenvHe nepenecerHs
rpadira piBaauua F (x;y)=0

na sexmop n(a;b).
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IIpomosxk. Taba. 21

MNepeTBOpEHHS Mpuknag

F(x|;y)=0 Yl \ y
Yacruua rpadika piBHIHHS
F (x; y) = 0 npasopyu 6id oci \
Oy (i ma cami#t oci) sanuwa-

embcs 6e3 3MiHU, i us cama 0 x
yacmuna 6i0o0paxyembuesa | = y?
cumempuiro 8i0HocHo oci Oy.

F(x;|y)=0 yi

YacruHa rpadika piBHAHHS 1y=1-=x

Y
1
F (x; y) = 0 suwe 6id oci Ox
(i Ha caMmiit oci) 3aauwaemo- -1 _ -1
-1

(=]
8

ly[=1-x

1

AV
yx

csa 6e3 3MiHU, i us cama wac- 0o 1\ x
muHa 6i0006pa)yemvbcs cu-
MempuiHo 8i0HOCHO oci Ox.

MosicHeHHs 1 0GIPYHTYBaHHS

1. ITo6ynoBa rpadikis dyunkuii Buxy y = f (x) + g (x). fIxmo Bigomi rpadiru
dbyuruit y = f (x) Tay = g (x), To MOKHA TOOYyBATH OPi€eHTOBHUI BUJ rpadika

byarmiiy=7f(x)+g (x),ab0y =7 (x) g (x),yn y= @ 151 bOro oCUThH 300pa-

3UTHU B OOHiH crucTeMi KoopauHaT rpadiku pyukii f (x)ig (x), amorim 6yaysaTu
IIyKaHui rpadik 3a TOUKaM, BUKOHYIOUM AJIS KOXKHOT0 3HaUeHH X (3 obJiacTi
BHU3HAUEHHJA 3aJaH0l PYHKIiT) HeoOXigHi omepariii Hag Bigpiskamu (a6o HaL K0B-
JKUHAMU [[UX BinpiskiB), ki so6paskaroTs Bigmoeigui opauraTu f (x)i g (x).
IIpuknan mobymoBu rpadika pyuxmii suny y = f (x) + g (x) HaBemeHo B Tab-

auti 21, a rpadika pyHKIII Bugy Y = @ — Hac. 107 (B ocTaHHBOMY BUIIAIKY

3py4HOo 6yayBatu rpadiku pysruity =f (x)i y= 1 _mes OHi crcTeMi Koopam-

7(x)

HAT, a4 B pi3HUX, PO3MillleHnX TaK, 1100 IXHi oci opaAuHAT 3HAXOAUINCS HA ONHI
OpAMii).

3ayBayKMMO, 1110 TAKUH CI10ci0 o0y moBu rpadika PyHKIIIT He 3aBK /M JA€ MOXK-
JIMBiCTh BUABUTH BCi XapaKTepHi 0cO0IMBOCTI MOBeAiHKY rpadika (4acTo 1e MoXK-
Ha 3pOOUTH TiIBKY B PE3yJAbTATI CIIEI[iaJIbHOI0 JOCIiMKeHHA PYHKILIT, aKke Oyae
posrasayTo B 11 Kiaci), ajie B 6araTbox BUIAAKaX HaBeJEeHU CII0Ci0 103BOJIsAE
OTPUMAaTH IeBHE YSABJIEHHS PO Bu rpadika sagaHol QyHKITII.
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§ 8. I'pachikm piBHAHDL Ta

HepiBHOCTEN 3 BOMA 3MIHHVMM
Ly y &
y>1fx) Y
l'\ M N L
,{\@ f ()0
PO I Sy e SR A AC)
X YL - Ka
‘o’ '0 -
// '/ 0 0 X
v o
. 0 x x |
'l
a 0
Puc. 73

2. I'padiku piBHAHB TA HEPiBHOCTEH 3 TBOMA 3MiHHUMM. 3 MOHATTAM rpadika
PiBHAHHSA 3 ABOMA 3MiHHMMU BM O3HAMOMMJINCSA B Kypci anredpu. AHaJIOriYHO BBO-

IUTHCA i TOHATTS rpadika HepiBHOCTI 3 1BoMa sMiHHUMEU. ToMy MO:KHa gaTu
CIIiJIbHE O3HAUEeHHs IuX rpadikis:

I'pagpixom pienanna (nepienocmi) 3 060Mma 3IMiHHUMU X 1 HA3UBAETHCI MHO-

SKMHA BCiX TOYOK KOOPAMHATHOI IIOIUHY 3 KOOpAUHATAMM (X; Y), Ae mapa
guceJ (x; Y) € po3B’A3KOM BiAIIOBiTHOTO PiBHAHHA (HepiBHOCTI).

® 11 nobynosu rpadika HepiBHOCTI Y > f (x) (U y < f (x)) mocuTs MaTu rpadik
dyurnii y =f (x). HilicHo, 3a 03HaueHHAM rpadik QyHKIII y = f (x) cCKIaa€TH-
¢ 3 ycix Touok M KOOpAUHATHOI IJIOIMHY 3 KoopauHaTamu (x; y) = (x; f (x)).
Tonai 11 KOXKHOTO 3HAYEHHSA X TOUKU, KOOPAUHATU AKX 3a0BOJIbHAIOTD He-
piBHOCTi y > f (x), 6yAyTh 3HaxOonUTUCA Bulle Touku M (puc. 73, a), a TOYKH,
KOODPAUHATH AKUX 3a/J0BOJILHAIOTH HEPiBHOCTI y < f (x), Oy IyTh 3HAXOJUTUCS
"HUKYe Touku M (puc. 73, 6). Takum unHOM,
rpadik HepiBHOCTI y > f (x) CKIaZAETHCA 3 YCiX TOYOK KOOPIMHATHO] IIJTOIIH-
HU, AKi 3HaX0aATHCA BUIe Bin rpadika ¢pynrnii y =f (x), a rpadik HepiBHOCTI
Yy <f (x) cknramaerbcd 3 yCiX TOUOK KOOPAUMHATHOIL IIOIMHY, AKi 3HAXOAATHCH
HI:KYe Bix rpadika pynknii y =f (x). O
Hanpurnaz, Ha pucyHKyY 74 306paskeno rpadik HepiBHocTi y > x?, a Ha pUCYH-
Ky 75 rpadik HepiBHOCTi y < x2. OcKinbKy TOukHu rpadika y = x? He HAJIEKATh

y Y
1 1
1 2 I
1 > X%
1 y n
1 I
1 1
1 1
1 1
1 I
1 I
A ’
A ’
A} 4
' ’
A S ,
. 4,
§~ "
0 X y < x2 0 X
Puc. 74 Puc. 75
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Yl x> 2 -1 Yl

]y
|

[y

o

K

Puc. 76 Puc. 77

rpadiky HepiBHOCTI y > x2, To Ha nepiromy rpadiky napabosa y = x% sobpaskeHa
HMITPUXOBOIO JiHi€l0; ase Touku rpadika y = x% Haneskars rpadiky HepiBHOCTI
y < x2, romy Ha gipyromy rpadiky mapabosia y = x? 3o6paskeHa CyI[iJIbHO JiHi€0.
Amnanoriuno, IKIIO Ha KOOPAWHATHIN ILJIOIUHI € IpsMa X = @, TO
rpacdikoM HepiBHOCTI X > a GyayTh yCi TOUKU KOOPAMHATHOL NJIOUIUHY, AKi
3HAXOATHCS IIPABOPYY Bif i€l mpsamoi, a rpacgikomM HepiBHOCTI X < @ OyayTH
yCi TOUKY KOOPIUHATHOI IJIOLMHY, IKi 3HAXOAATHCS JiBOPYY Bij i€l mpsamoi.
Hampukaan, Ha pucyHKY 76 300paskeno rpadik HepiBHOCTI x > 2, a HA PUCYH-
Ry 77 — rpadik HepiBHOCTI X < —1.
3a3HauuMo, 1110 B TOMY BUIIAAKY, KOJM HA KOOPAUHATHIN ILJIOIIUHI € 300pa-
sKeHHs Koja x% + y? = R?, To

rpadikom HepiBHOCTI X2+ y2 < R2 6yayTh yCi TOUKY KOOPAMHATHOIL IIOU[WHH,
SIKi 3HAXOAATHCA BCePeInHi KoJia, a rpacdikom HepiBHOCTI X2 + y2 > R20ymyTh
BCi TOYKH KOOPAMHATHOI ILIOUUHM, IKi 3HAXOAATHCS I103a KOJIOM.

® [lificHo, AKIIO Ha KOOPAMHATHIiH mIomuHi posraaayTu Touky M (x, y), To
OM? = x? + y? (O — mouaTtox KoopauHar). Axiro x? + y? = R?, to OM?= R?,
or:ke, OM = R — Ttouka M JIe;KUTh HA KOJIi pagiyca R 3 I[eHTPOM y IOYATKY
KoopauHar (puc. 78, a).
Axmro x%+ y2 < R?, 10 OM?< R?, otsxe, OM < R. To6To HepiBHOCTi X2 + y? < R?
3aJ0BOJILHAIOTH KOOPAUHATY BCiX TOUOK (i TIIBKY ITMX TOYOK ), AKi BHAXOAATHCS
BCepearHi Kpyra, ooMeKeHoro KoJjiom pazaiyca R (puc. 78, 6).

Uy 1y Y
M (x5 y)
- - ’
M (x5 y) ¢¢" .“s~ 'é'— 7 ~
. 4 .
’ (Y 4 Y
’ LY 4 Y
’ ) 4 1
H M (x5 y)y i i
- ! 1 - i 1 -
0 R x | 0 ‘R X L 0 ‘R X
A " A "
Y ’ A ’
h g s ’
- ¢¢' So '¢'
Seada==” Scanlaae”
a 0 8
Puc. 78
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w

y Yh (x-1)2+(@y-2)2<16
x2+y2>9
"4—' '-.~~~
l"' “\
! 5
0 = 2
(] 0 : X
) ’
\‘ ’
. -~ Q
Puc. 79 Puc. 80

Axmo x%+ y? > R?%, to OM?>R?, otsxe, OM > R . To6To HepiBuocTi x% + y? > R?
3aJI0BOJILHSAIOTH KOOPAMHATH BCiX TOUOK (i TIIBKYM ITX TOUOK ), AKi 3HAXOAATHCS
mo3a Kpyrom, ooMe:keHuM KoJioM paaiyca R (puc. 78, 8).
AmnaJjioriuno, AKIIO Ha IJIOIKHI € 300paskeHHA KoJa (x —a)? + (y — b)? = R2, 1o
rpadikom mepiBHocTi (x — a)? + (y — b)? < R?0yayTh yCi TOUKM KOOPAUHATHOL
OJIOIUHMU, IKi 3HAXOAATHLCS BCepenMHI KoJia, a rpad@ikomM HepiBHOCTI
(x—a)?>+ (y — b)?> R? 6ynyTh yCi TOUKM KOOPAUHATHOI IIJIOIIUHA, AKi 3HAXO-
IAThCS T03a KoJoM. Hanpukias, Ha pucyHKY 79 300paskeHo rpadik HepiBHOCTI
x%+y?> 9, a Ha pucynky 80 — rpadik HepirHOCcTi (x — 1)2+ (y — 2)2< 16.
T'eomerpuuHi neperBopeHnsa rpadika pisusauuadg F (x; y) = 0.
3a o3HaUeHHAM rpadik piBHIHHA
F(x;y)=0 (1)

CKJIafaeThCA 3 yCix To4oK M (x; Y,) KOOPAVHATHOL IIOIUHY, KOOPAUMHATHA
(x,; Y,) AKUX € PO3B’A3KaMu 1bOTO DiBHAHHA. Ile o3Havae, mo npu migcra-
HOBIIi mapu yucesn (X,; y,) v 3afane PiBHAHHA BOHO IIePETBOPIOETHCA HA TIPa-
BUJIbHY YUCJIOBY PiBHICTS, OTsKe, F (x; y,) = 0 — nmpaBuibHa piBHICTD.
Posrasanemo roury M (x,+ a; y,+ b). FIK110 KOOPAWHATH I1i€l TOUKM Ti/ICTABY-
TU B PiBHAHHSA

F(x-a;y-b)=0, (2)
TO oflepaKUMO piBHICTB F (x5 y,) = 0, saiKa € nmpasunbHO0. ToMy KoopAMHATH
TOUKHU M | € pO3B’A3KaMU PiBHAHHA (2), a 3BHAUUTD, TOUKa M | HAJIeXUTh rpadiky
piBHAHHA F (x — a; y — b) = 0. Touky
M, (x,+ a; y,+ b) MoxxHa ofiepKaTH yi
3 rouku M (x,; y,) mapajeibHuM Ie- Yo +b]

- - M, (xy+a; y,+b)
peHeceHHsAM ii Ha Bekrop n(a;b). |\ _—

Ockinpku KoskHa Touka M, rpadika Yo M(xy; Yo)
piBaaHHA F (x —a; y — b) =0 oxepxy-
eTbcA 3 Touku M rpadika piBHAHHSA
F (x; y)=0mapasesbHIM IepeHECEeHHAM

0 x, x,ta x

ii na Bexrop n(a; b) (puc. 81), ToiBecs Puc. 81
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epagix pienanua F (x —a; y —b) =0 mosxcna odepsicamu 3 zpadika piéHAH-
naF (x;y)=O0napanensvnumnepenecennamiozo na éexkmop n (a;b).

® [Ins06rpyETyBaHHA 3B’ A3KY Misk rpadikamu F (x; y)=0iF (| x |; y) = 0 mocurs
nomituTu, mo npu x > 0 pisaanna F (| x |; y) = 0 36iraeTbea 3 piBHAHEAM
F(x; y) =0, or:xe, 3biratorbea i ixui rpa-
diku mpaBopyY Big oci Oy i Ha camiii oci.
< Yo Hexait roura M (x; y,) (ne x,>0) —onna
i3 cminpHUX TOUOK Iux rpadikis. Toxmi

F (x,;y,) = 0 — nmpaBuibHa PiBHIiCTD.
- Posraanemo Toury M (—x,; Y, )- SIKII10 KO-
Xy |0 X%, x OPAVHATH ITi€l TOUKY IIiICTABUTH B PiBHIH-
uaF (| x |; y) = 01ispaxysaru, mpo x, >0, T
Puc. 82 onep:kumo piBHicTs F (x5 y,) = 0, AKa €
npasuibHOW0. Tomy KoopauHATH TOUKY M|
e posB’askamu piBHaAHHA F (| x |; y) = 0, a 3HaUnTE, TOUKA M| HAJIEKUTH Ipa-
Gbiky nporo piBHAHHA. Bpaxosyoun, uro Toukn M i M|, cuMeTpu4YHi BiTHOCHO

oci Oy (puc. 82):

Yi

M,

2pagik pienanna F (| x |; y) = 0 mosxcna odepyicamu 3 zpagira pienanns
F (x; y) = 0 mak: wacmuna zpagixa pienanna F (x; y) = 0 npasopyu 6i0
oci Oy (i Ha camiil oci) 3arumaemusbces 6e3 3MiHU, L Y % caMma Yacmuna
6ido6pascyemvcea cumempuuno 6idnocHo oci Oy.

Amnanoriuuo o6rpyHTOBYETLCSH, IO

dnanobydosu zpagira pienannaF (x;|y [)=0: wacmuna zpagpixa pienan-
HaF (x;y) =0 6uwe 6i0 oci Ox (i na camiii oci) 3aruuwaemuvca 6e3 3minu,
iys s cama wacmuna 6i006paxcy emvesa cumempuino 6i0HocHo oci Ox.

¥V rabaumi 21 HaBegeHO HAWIIPOCTIIIT MPUKJIAAY BUKOPUCTAHHSA FTeOMEeTPUIHIX
mepeTBOPeHb rpad)ikiB piBHAHB. Y KasaHi CIIiBBiTHOIIIEHHS JOBOAUTLCSI BUKOPUC-
TOBYBATH B 3aBAAHHAX TUIY: I0OyaAyBaTu rpadgik piBHAHHA UM HEepiBHOCTI ab0
300pasuTy Ha KOOPANHATHIH IIJIOIUHI MHOMKHUHY TOYOK, KOOPAUHATH AKUX 3a/10-
BOJIBHSIOTH 3aIaHOMY PiBHAHHIO (HepiBHOCTI).

Mpuknagu po3B'a3aHHA 3aBAaHb

IIpukxaxg 1. Ilo6yayiite rpadik GyHKIT Y=

x2-9°
PosB’asanusga Komenrap
P x*—9=0mnpux==3. Tomyobracts ITo6ymyeMo ABi cCTeMU KOOPIUHAT
BU3HAUYEHHA 32JaHOI (DyHKIIii: TaK, 100 oci opauHAT OYyJIU y HUX
x*—=9#0, TobTO X # * 3. Ha ofHi#l nmpamuii. Tam, ge QyHKIia
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Y

y=x2-9

T —

ol

o o=

IIpuxaan 2.

YOK, KOOpANMHATH AKUX 3aA0BOJIbHAIOTH cucremi {

Posp’ssaunsa
P 3amama cucTeMa pPiBHOCHJIbHA CHUC-

y<—x2,
TeMi
y>x—2.
300pa3suMo MITPUXOBKOIO rpadikmu
HepiBHOCTEN cucTemMu (IIepIIoi — Bep-
TUKAJIbHOIO, IPYTrol — TOPU30HTAJb-
HOIO):

il |

107

f (x) = x2 =9 nopiBHio€ HyII0 (X = T 3),
He icHye rpadika QyHKIi1

-1 __ 1
y= f(x) T x2-9

pes IIi TOUKY BepTUKAaJIbHI IPAMi, 1110 He

_1_

£(x)”
IToTiM a1a KOXKHOTO 3HAUEHHS X IIO-
ninumo 1 Ha BiAMOBiHE 3HAUEHHS OP-
nuHaTH f (x) (BUKOPUCTOBYIOUH T€, 110
opauHatH f (x) BigmiueHi Ha BepXHBOMY
rpadiry). Ha pucyHKY CUHBOIO JIiHi€0
300paskeHo pes3yabTaT — rpadik QyHK-

, 1 TOMy IIpoBeIeMO ue-

nepeTUHAIOTh rpadik QyHKIIT y =

mii Yy = 2 9" (g poro rpadika mac-

mrrab o ocax Ox i Oy BubpaHo pisHUii.)

ITokaKiTh MITPHUXOBKOIO Ha KOOPAMHATHIN ILJIOIIUHI MHOMKUHY TO-

x2+y<0,
x-y<2.
KomenTap

ITepenuiiemo 3agasy cucreMy Takx,
1100 HaM 0yJI0 3pYYHO 300pakaTu rpa-
$ixku 3amanux HEpiBHOCTEH (TOOTO 3a1IN-
memMo HepiBHOCTI y BurJIsaaiy > f (x) abo
Yy <f(x)). MHOKUHA TOUYOK, KOOPAUHA-
TH SKUX 3aJJ0BOJIbHAIOTHL HEPiBHOCTI
Yy <—x2, €00’ eqHaHHA 1apadoan y = —x>
i TOYOK KOOPAMHATHOI IIJIONMIUHU, AKi
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,
y =i
v
=G
0 =)
v o
" 2 x
D
y=-x*
p— g
=4
L4

Tomi MHOKMHA TOUOK, KOOPAUHATH
AKUX 3aJ0BOJIbHAKTH CUCTEeMi, Oyme
TaKa:

4
y ‘ 'l' /Q)
ok
'o:}’//
Q
0 ¢
0'2 X
L
0
"'
-2
'0
0
’ — _ 42
4 y X
0
R4
‘ <

IIpuxaan 3.

3HAXOIATHCA HUMKUeE Iiel mapabdosu (Ha
PUCYHKY I MHOKIHA II0O3HAYEHA BEPTU-
KaJIbHOIO MITPUXOBKOIO). MHOKMHA TO-
YOK, KOOPAMHATHU AKUX 3a10BOJbHAIOTH
HEPiBHOCTI y > x — 2, CKJIa1a€ThC 13 TO-
YOK KOOPAMHATHOI ILJIOIIUHY, AKi 3HA-
XOAATHCA BUIlE IpaAMOi y = x — 2 (Ha
PUCYHKY I MHOKUHA IT03HAUYEeHAa TOPU-
30HTAJILHOIO IIITPUXOBKOIO).

Cucremi HepiBHOCTeIT 3aJ0BOJIbHS-
I0Th KOOPAUHATHU TUX 1 TIIBKHU TUX TO-
YOK, IKi HaJIe;KaTh [IePEeTUHY MHOMKUH
TOYOK, II[0 3aal0ThCA KOKHOIO 3 He-
piBHOCTeI faHOi cucTeMu (Ha PUCYHKY
HepeTUHY MHOKHWH BifmoBimae Ta 06-
JIaCTh, Jie IITPUXOBKY HAKJIAJIUCS OJHA
Ha APYTY).

3ayBaKMMO, II10 B MOAi0OHMX 3aBIaH-
HAX MOKHA He BHUKOHYBaTHU IIPO-
MiKHHX PUCYHKIiB, a Biipasy mITPUXY-
BaTHU IIYKAHY MHOMKHUHY TOYOK KOOP-
IUHATHOI MJOMIMHY (BUIE IPAMOI
Yy =x— 21iHnxKue mapadosu y = —x2 pa-
30M 3 Ti€I0 YaCTUHOIO IapaboJiu, SKa Je-
JKUTbH BUIIE ITPSAMOI).

Io6ynayiiTe rpadik piBaanna | x —y |+ 2| x+y | = x +6.

OpienTup

Has cnpoujenns 6upasy 3 KilbKOMa MOOYAAMU 3 060MA 3MIHHUMU MOHCHA
3Hailmu HYAi nidmodyavHUX 8upasie (Mmobmo npupieHamu ix 0o Hyas ) i pos-
oumu obracmsv 6U3HALEHHS PO32]A0Y68AH020 8UPA3Y HA OeKilbKa YACMUH,
Y KOJMCHIlL 3 AKUX 3HAK KOHCHO20 MOOYJLSL DOSKPUBAEMbCSL 00HO3HAYHO.

BukopucroByiouu e Opi€eHTUP, OAEPIKYEMO NJIAH PO38° A3AHHA IPUKJIALY .

IIpupiBHsEeMO 00 HYJIa nigmMoayabHi Bupasu x —y =0 (3Bigcuy=x)ix+y=0
(BBimcu y = — x ). IIpami y = x i y = —x po3sb6mBaOTh KOOPAUHATHY IJIOIUHY Ha
JOoTHPH 00J1aCTi. YKOMKHIiN i3 iux obJiacTell 3HAK KOKHOTO MOIYJISA PO3KPUBAETh-
cs OQHO3HAUHO, i 0yAyeThCs rpadik 3a1aHOr0 PiBHAHHS.

PosB’aszauusga

P 1.O6aacTs BusHauennsa: x € R,y € R.

2. x-y=0npuy=x;x+y=0npuy=—x.
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3. Ilpawmiy=xiy=—x po3duBarOTh KOOPAUHATHY ILIOIINHY Ha YOTUPU YACTUHH,
Y KOKHIN 3 AKUX ITO3HAYEHO 3HAKH IIEPIIIOTO i APYToro migMo Iy IbHUX BUPasiB
(puc. 83, a). (Byzemo BBaskaTu, 1110 KOKHa 00J1aCcTh 6epeThCcs pas3oM 3 IIPOo-
MEeHSIMH, SKi i1 00MeKyI0Th.) lificHo, AKIIO TOYKU 3HAXOAATHCA B 06sacTi I
abo ma ii mesKi, To IXHi KoopaMHATH 3aJ0BOJILHAIOTL CHCTEMi HepiBHOCTEI

x-y<0,

y=x,
{ S _ , SKYMOXKHA 3aIlNCATH TaK: 0 Tomi B o6acTi I mepriruii migmo-
= .

y X,
IyJIBLHUM BUPAas3 € Bil’eMHUM, a IPYTUi — OOLATHUM, 1 TOMY 3aJaHe PiBHAHHS
mae Buraan: —(x —y) + 2(x + y) = x + 6. 3Bigcu y = 2. Byayemo Ty uactTuny
rpadika miei pyHKILi, 110 3HaxoauTHEA B o6J1acTi I (puc. 83, 6).

x+y=>

> x,

> x-y<0,
Awnanoriuno giaa Trouok obsacti I1: y<-—
x

TOOTO {

- X, x+y<O0.

Omxe, B obuiacti Il 3amane piBHAHEA Mae Buraan: — (x —y)—2(x +y)=x + 6.
3Bigcu y =—4x — 6. Bygyemo Ty uactuny rpadika miei pyHKIii, 1110 3HaXOAUTH-
ca B obaacri I1.

X,

’

y=0
TOOTO y<0 iz samanoro

’

//\//\

y
SK1o Touku sHaxogATheA B obsacTti I11: {y o

piBHAHHA omepiKyeMo (x —y) — 2(x + y)=x +6. 3Bigcu Y= —%x -2.

< x, y=0,
>0 i3 3aza-

’

SIKI10 TOYKM 3HAXOAATHLCA B obsacti IV: { TOOTO {

y=-x, x+ty

HOro piBHAHHA MaeMo (x —y) + 2(x + y)=x + 6. 3Bigcu y = —2x + 6.
Ocrarounnii BUrisaj rpadika piBHAHHA HaBeJeHO HA PUCYHKY 83, 0. <

III(+; -)

a 0
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3anuTtaHHs gs KOHTpOIJIIO

. IlosacHiTh, Ha MpUKJIagax, AK MOXKHA, Maioun rpadiku GyHKIiix y = f(x) Ta

y = g (x), mobymyBaru eckiz rpadira pysrmii y = f (x) + g (x) Ta pyHKLII y = ﬁ
x

. IITo nasuBaeThcs rpadikom piBHAHHA 3 ABoMa sMminuumu? Illo HasuBaeTbCs

rpadgikom HepiBHOCTI 3 1BOMA smiHHuMu? HaBegiTe mpuKIagm.

. Ak, sHarouu rpadik Gyukniiy = f (x), mobyayeatu rpadik HepiBaOoCTi y > f (X)

Ta HepiBHOCTi y < f (x)? HaBexiTh npuKIagm.

. Ik, sHarouu rpadik piBaanHa F (x; y) =0, moyxkHa mobynyBaTu rpad)ik piBHAH-

Ha F(x —a; y — b) = 0 ta pisaans F (|x|; y) =01 F (x; |y|) = 0? Hasexits
IPUKJIALA.

*.O0rpyHTyliTe IIpaBuJjia TeOMETPUUHNX IIePeTBOPeHb rpadika piBHAHHSA

F (x; y) =0 n1s1 oflepsxanud rpadikis pisaaas F (x —a;y —b)=0,F (| x ;y) =0,
F(x;lyD=0.

. IlosicHiTh Ha TpUKJIaIi, SK MOKHA 3BHATY HA KOOPAUHATHIN IJIOITUHI MHOMKHU-

HY TOYOK, KOOPAMHATU SKUX 3aJ0BOJIbHIIOTH CUCTEMi HepiBHOCTEH 3 BOMA
SMIHHIMH.

Bnpasu

. ITobynytiTe eckis rpadika PyHKILii:

1) y=x+l; 2) y=x—l; 3) y=x3+l; 4) y=x2—l.
X X X X
. ITobynmyiiTe rpadik piBHAHHA:
D |yl=x-2; 2) |y|=x"—x 3) [x[=-v%
4) [x[+Hyl=2; 5 |x|-lyl=2.

. IToGynyiiTe rpadik HepiBHOCTI:

1)y >x?—3; 2) y<i; 3) x% + y? < 25;
4)(x—2)*+ (y+3)2 > 4.

. ITokaKiTh IITPUXOBKOIO HA KOOPAMHATHIH MJIOIUHI MHOKUHY TOYOK, KOOP-

JUHATU AKUX 3aJJOBOJIBHAIOTH cucremi:

ys<b-x,
x2+y? <4, x2+y2>09, y<5-x?
1 . 2 e 2 <25, D y<-x DAL
y>x; x2+y? <25 y H y<2x+4.
. ITobynmyiiTe rpadik piBHAHHA:
D|x-y|l-lx+yl=y+3; 2) [x-2y|+[2x-y|=2-y;

3) |8x+y|+|x—y|=4.
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m METOA MATEMATUYHOI IHAYKLUII

IIpu posB’a3yBanHi MaTeMaTUYHUX 3aBJAHb IHKOJIM BUHUKAE ITOTPeda 00T PYHTY-
BATH, 1110 II€BHA BJIACTUBICTh BUKOHYETHCHA [JIS JOBLJIHHOI0 HATYPAJIbHOTO YKCJIA 1.
IIepeBipuTu 3agany BJIaCTUBICT AJIA KOMKHOTO HATYPATBHOTO UMCJIA MU HE MO-
JKeMo — IX KiJbKicTh HecKiHueHHa. [loBoguThCA MipKyBaTu Tak: 1) 1 MOXKY Iepe-
BipuTH, 1110 114 BJACTUBICTh BUKOHYETHCA TP 11 = 1; 2) 1 MOKY OKAa3aTHu, 1110 AJIs

Tabnumsa 22

CxeMa n0BeIeHHSA TBEPAKEeHD
3a JOIIOMOTOI0 MEeTOIY IIpurnan
MaTeMaTUYHOI iHAYyKITil

HoBenmiTs:
1-242-3+...+n(n+1)=2n(n+1)(n+2).

P [[1s1 3pydHOCTI 3aIKCy ITO3HAYNMO

1. Ilepesipsaemo, 41 BUKO- S§=1-2+2-3+...+n(n+1).
HYEeThCHA faHe TBep/uKeHHsd | 1, ITpun =1 piBHiCTh BUKOHYETHCS:
npu n = 1 (iHoxi mouwmHa- 1
10Tb 3 1 = D). 1'2=§'1'2'3, To6TO 2 = 2.

2. Ilpunyckaemo, mo 3anane | 2. IIpumnyckaemo, 110 3ajaHa piBHicTs mpa-
TBEP/IKEeHHS CIIPABEeIINBE BuJbHA Ipu 1 =k, e k > 1, To6TO
upun =k, nek>1(apyrumi S,=1-2+2-3+...+k(k+1)=
BapiaHT — npu n < k).

3. Josodumo (cuupaovuch =%k(k+1)(k+2). (1)
HaA IPUNYIIEeHH) CIIpaBe- 3
JINUB1ICTh HAIIIOI'O TBEP-
IKeHHAinpun=~k+1.

4. Po6umo 6uUCHOB0K, IO S, =1-2+2-3+...+k(k+1)+

JIlaHe TBePA KeHHS CIIpaBe/- _1
1156 15 Gy Ab-STKOTO HATY- +(k+1)(k+2)= 3 (k+1)(k+2)(k+3).

. HoBenemo, 1110 PiBHiCTh BUKOHYETHCSH i TpU
n=~k+1, To6TO 1OBEAEMO, IO

panpHOTO YHCHA N (A1A Bpaxosyioun, mo S, =S, + (k+ 1)(k+2),1
OyAp-AKOro n = p). migcrasnsatouu S, 3 pisrocri (1), onepsxyemo
Sp =5 k(k+1)(k+2)+ (k+1)(k+2)=

=2 (k+1)(k+2)(k+3),

1110 ¥ TOTPiOHO OYJI0 JOBECTH.
4. Orixe, 3aaHa pPiBHiCTH HIpaBUJIbHA AJIsA
Oy Ab-IKOT0 HATYPAJIBLHOTO 1. <
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

KOKHOI'0 HACTYIIHOT'O 3HAUEHHS 71 BOHA TeK BUKOHYETHCS, OT?Ke, BJIACTUBICTD Oy e
BUKOHYBATHUCH JJI KOKHOTO HACTYIIHOT'O YKCJIa, IOUNHAIOYN 3 OAUHUILL, TOOTO
[JIS BCiX HATYPAJbHUX YKCEJI.

Taxuii crmocidb MipKyBaHb IIPU JOBEAEHHI MaTeMaTHUUHNX TBEPAKEeHb HA3BAETh-
csamemodom mamemamuyHol iH0ykuyii. Bid € omHUM 3 YHiBepCAIbHUX METOMIiB 110~
BeleHHS MAaTeMaTUUHUX TBEPIKEeHb, Y SIKUX MIiCTATHCA CJ0BA «JIA JOBLIHLHOTO
HATYPaJbHOTO 1n» (MOYKJINBO, He chOpMYJIbOBaHI ABHO). [loBeleHHA 3a JOIIOMO-
rO0 I[bOT'0 METOAY 3aBIK AU CKJIAAAETHCS 3 [BOX eTalliB:

1) nouamok iHOyKyii: mepeBipAaeTbCA, UM BUKOHYETHCS POSIJISAYBaHe TBePAKeH-

HAOpun =1;

2) iHdyxmueHuil nepexio: HOBOJUTHC, 110 KOJIU 3aJaHe TBePAKeHHA BUKOHYEThHCS

s k, To BOHO BUKOHYEThCA i Ayis k +1.

Taxum ynHOM, ITOUYABIIY 3 7 = 1, MU Ha OCHOBI JOBEIEHOT0 iHAYKTUBHOTO IIepe-
XOIy OIePKYEMO CIIPABEeIINBiCTh ChOPMYIHOBAHOTO TBEPI:KeHHA A n =2, 3, ...,
TOOTO 151 Oy Ab-sIKOT0 HATYPAJIbHOTO 1.

Ha mpaxTuiii et MmeTos 3pyYHO BUKOPUCTOBYBATH 32 CXEMOIO, HABeIeHO0 B Ta0-
anii 22.

Mpuknagun po3B'a3aHHA 3aBAaHb

Ipuraagl. osexnits, mo 10" —9n — 1 ginuTscs Ha 81 npu 6yaL-IKOMY HATY-
pajbHOMY 7.

KomenTap

OCKiJIbKY TBepIKeHHA HeOOXiIHO J0BeCTH JJIis Oy Ab-AKOr0 HATyPaJIbHOTO 11,
TO BUKOPHUCTAEMO METOJ MaTeMaTUUYHOoI iHAYKIIil 3a cxeM0i0, HaBeJeHOIO B Tab-
auri 22. IIpu BuKoHaHHI iHAYKTUBHOTO ITtepexony (Big n =k no n =k + 1) mogamo
BUpas, AKUH ofiepKyeEMO ITpu n = k + 1, AK cyMy ABOX BUPAa3iB: TOTO, ITI0 OJIePKaan
nupu n = k, i e ofHOT0 BUPasy, AKUH AiauThesa Ha 81.
PosB’aszanusga
1. P IlepeBipsemo, un BUKOHY€EThbCA3anaHe TBepIskeHuanpun = 1. dxmon =1,
3ajaHuii Bupas gopiBuioe 0, To6TO gimuThes Ha 81. OT:Ke, 3aaHa BJIaCTUBICTD
BUKOHYEThCA IpU = 1.
2. Ilpunyckaemo, 1110 3ajjaHe TBEPAKEHHA BUKOHYEThCA IIpU 1 = k, TOOTO II10
10* — 9k — 1 ginursca Ha 81.
3. IloBenmemo, 1110 3aJaHe TBEPAKEHHA BUKOHYEThCA i mpu n =k + 1, To6TO 110
10¥' = 9(k + 1) — 1 ginmursca Ha 81.

1071 -9(k+1)-1=10"-10-9£-9-1=10(10" -9k - 1) + 81k.
Bupas y ny:xkax — Iie 3HaUeHHS 3aJaHOT0 BUPAa3y IPU 11 = k, AKe 3a IPUITYIIeH-
HAM iHAYKIii ginrbesa Ha 81. OTike, KOMKHUY JOAAHOK OCTAHHBOI CYMU AiTUTHCS
Ha 81, Toxi i Bes cyma, To6To 10 — 9(k + 1) — 1, ginursca Ha 81. Takum
YWHOM, 3a/laHe TBePI KeHHA BUKOHYeTbcAimpun =~k + 1.

4. Omxe, 10" —9n — 1 ginurses Ha 81 npu 6yAL-AKOMY HATYPAILHOMY 1. <
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§ 9. MeTog MaTteMaTUYHOT IHAYKLT

Ipuknax 2. osexirs, mo 2">2n+1, axmo n>3 .

KomenTap

OcCKinbKU TBeP/KeHHS IOBUHHO BUKOHYBATHUCS, IIOYNHAIOUY 3 1 = 3, TO IIepe-

BipKy IPOBOIMMO caMe JIJIS ITHOT0 UKMCJia. 3allMCYIOUN IPUIYINeHHA iHAYKITil, 3pyYHO
BUKOPUCTATH, II10 38 O3HAUEHHAM IIOHATTA «0ijbIiie» a > b Toxdi i TiJibKH TOMI,
Kouz a —b > 0. [loBogssum HepiBHiCcTh Ipu . = k + 1, 3HOBY BUKOPUCTOBYEMO T€
caMe O3HAUYeHHH i JOBOJMMO, IT10 Pi3HUILA MisK JIiBOIO i IpaBOI0 YacTHHAMU BiAIIo-
BimHOI HEpiBHOCTI TomaTHA.

1.

2.

[SL3 N

© W

Posp’sasaunsa
IIpu n = 3 ogepaxyemo 22 > 2-3 + 1, To6T0 8 > 7 — npaBubHa HEPiBHICTD.
Or:xe, pu 1 = 3 3aJlaHa HEPiBHICTh BUKOHYETHCA.

ITpunyckaemo, 1110 3a/1aHa HEPiBHICTh BUKOHYEThCA Ipu 11 = k (e k > 3):
2k > 2k + 1, ro0T0 2 — 2k — 1> 0. 1)

. lloBenemo, 110 3aJJaHA HEPiBHICTh BUKOHYETHCA i mpu n = k + 1, To6TO mOBeE-

nemo, 1o 21> 2(k+ 1) + 1.

Posruanemo pisuuo 21— (2(k+1)+1)=2%-2-2k -3 =

=2(2F -2k — 1)+ 2k — 1 > 0 (ockinpku Bupas y Ay:KKax 3a HepiBHicTiO (1)
IogaTHUM, i npu k > 3 Bupas 2k — 1 rexx nomaruuii). Orsxe, 281> 2(F+1)+1,
TOOTO 3a/JaHA HEPiBHICTL BUKOHYEThCA i mpun =k + 1.

. TakuM unHOM, 3ajJaHA HEPiBHICTb BUKOHYETHCS IIPU BCiX HATYPAJbHUX 11 > 3.

Bnpasu

HoBeaiTh 3a JOIIOMOT0I0 MeTOAY MaTeMaTuUHOl iHayKITii (1—12).
1 1 1

n .
e T .
13733 n(n 1) n+1HpHBClXHaTypaJII:HI/IXTL(nEN)

1 1 1 n

T = ,Aene N.

1.5 59 (4n-3)(4n+1) 4n+1 A

nz(n+1)2

a2t an =) sene N,

. 1-2-3+2-3-4+...+n(n+1)(n+2)=%n(n+1)(n+2)(n+3), nene N.

. HobyTor 1-2-3-...*n mosHauaeTbcs n! (uurtaeTbes «n daxTopiaa»).

Hosenith, mo1-11+2-2!1+...+n-nl=(n+1)!-1,0nene N.

.4">Tn -5, axkmon e N.

. 2">n?, axmo n > 10.

. HoBexnits, 1110 9" — 8n — 1 ginursbes Ha 16 npu OyAb-IKOMY HATYPAJIbHOMY 7.
. HoBexnits, o 5"+ 5 + 3" — 3 ginuThea HA 8 mpu Oy Ib-IKOMY HATYPAJIBbHOMY 71.
10.
. HoBeniTs, 1o 233 — Tn + 41 ginurbesa Ha 49 mpu Oy ab-AKOMY HATYPATIBLHOMY 71.

12.

HoBenits, mio 7" + 3" — 2 ginurbed Ha 8 Ipu OYAb-AKOMY HATYPAJIbHOMY 7.

Hosenirs, mo konmua, =2,a,=8,a,,=4a, ,—3a,10a,=3"—-1,nene N.
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MHOIOYNEHU BIA OAHIEI 3MIHHOI TA Ali HAQ HUMW

10.1. O3HAYEHHSI MHOIOUJIEHIB BIA OJHIEI 3MIHHOI
TA iX TOTOXHA PIBHICTb

PosrasanemMo ogHoOUIeH i MHOTOUJIEH, AKi 3ajesKaTh TLIbKY Bix ogHiel aminHOI,
HaIPUKJIAI, BiJl 3MiHHOI X.

3a 03HAUEeHHSM OJHOUJIeHAa YKcia i OyKBu (y HAIIOMY BUIIAAKY OJHA OyKBa —
X) y HbOMY IIOB’ sI3aHi TiIbKY ABOMA AiAMY — MHOYKEHHAM i MiJHEeCeHHAM [0 HATY-
pasibHOrO cremens. SIKIo B IIbOMY OZHOUJIEHI JOOYTOK YCiX UMce I 3aCcaTH IIepe
OYKBOIO, a JOOYTOK yCiX cTelleHiB OyKBY 3alUCATH AK 1IN HeBi e MHUI CTeiHb
miei 6yKBu (TOOTO 3aIMCaATH OJHOUJIEH V CTAHIAPTHOMY BUIJISI1), TO OMEPIKIMO
BHUpAas TUILY ax", Ie a — AesaKe 4ucyo. Tomy 00HoYieH 8i0 00HI€L 3MIHHOL X — e
eupas3 muny ax",0e a — deskxe wucao, n — uine Hegid’emHe wucao. Ixiio a #0, To
MMOKAa3HUK CTEeIIeHs 11 3SMiHHOI X Ha3UBAETHCA cmenenem o0Hodiena. Hanpukaan,

2
25x% — omHOUJIEH II10CTOrO CTeIleHsd, gxz — OJHOUYJIEH APYTOT0 CTeneHs. IKIIo

OHOYJIEH € YMCJIOM (He PiBHUM HYJIIO), TO IOTO CTEITiHb BBAXKAETHCA PIBHUM HYJTIO.
s oOHounena, axuil 3adanuil wucaom 0, noHaMMS Cmenens He 03HALAEMbCS
(ockinprm 0=0-x=0-x2=0-x3...).
3a 03HAaUeHHSIM MHOTOYJIEH BiJ ofHiel 3MiHHOI X — IIe cyMa OJHOUJIeHiB Bif
onuiel sminaOI X. Tomy
MHO2011eHOM 610 00HIEL 3MIHHOL X HA3UBAEMbCA 6UPA3 6UDY
fx)=ax"+a, _x"'"+..+tax*+tax+a, 1)
de koegiuyienmu Q@ ey @) — deakiwucaa.
dArmo a, # 0, To el MHOTOYJIEH HA3UBAIOTh MHOZOLJLEHOM N-20 CMENEeHA Bif
aminHOi x. [Ipy nboMy UJieH a X" HA3UBAIOTH CMAPULUM LIEHOM MHOZ0ULeHA [(X),
YHUCIIO @, — KOePiyieHmom npu Cmapulomy Lieti, a dieH a, — SLIbHUM YLEeHOM.
Hanpuriaaz, 5x3 — 2x + 1 — MHOro4ieH TPeThOro CTelleHs, Y SKOI'0 BLILHUM YJIeH
nopiBHIOE 1, a Koe(illieHT Ipu cTapIIIoMy YjieHi TopiBHIOE 5.
3asHaunMo, II10 iHO1 HyMepaIlifo Koe@illieHTiB MHOTOUJIeHa IOUMHAIOTh 3 I10-
vaTry 3amnucy Bupaay (1), i Toai saranpHu Bug MHOTOUIEHA f (X) 3alIUCYIOTD TAK:

— -1
fxX)=bx"+bx""'+..+b x+b,
e bO, bl, vees bn — IesaKi umeaa.
Teopemal. Odnounenu ax™, de a#0, ma bx", de b#0, momoscno pieni

mooiimiavku modi, kKorua=bim=n.
O0HouneH ax™ MOmOoiHO PiéHUL HY 10 MOodi i minvku modi, koau a = 0.

® Ockinbku piBHiCTD OKHOUIEHIB
ax™ = bx" 2)
BUKOHYETHCS IIPU BCiX 3HAUEHHAX X (38 YMOBOIO ITi OTHOUJIEHU TOTOYKHO PiBHi),
TO, IiZICTaBJAIOYHA B I[I0 PiBHiCTL X = 1, oTpuMyeMoO, 1110 @ = b. CKopouyioun
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§ 10. MHoro4neHu Bi OAHI€I 3MIHHOIT Ta Aii HaZ HAMMK

o6uaBi yacTuHu piBHOCTI (2) Ha a (e a # 0 3a yM0BO10), oziep:Kkyemo x™ = x". [Ipu

x = 2 31miel piBaocTi maemo: 2™ = 2", Ockinpku 2" =2-2-...-2,a2"=2-2-...-2,
m pasiB n pasis

TO PiBHIiCTh 2™ = 2" MOKJIMBA JIUIIIE TOM1, Koau m = n. OTiKe, 3 TOTOXKHOI piBHOCTL

ax™=bx"(a#0,b+#0)orpumyemo, mmoa=bim=n.

Axmro Bimomo, mio ax™ = 0 gis Beix x, To nupu x = 1 ogep:kyemo a = 0. Tomy

OZHOYJIEH aXx" TOTOKHO piBHUI Hy0 1pu a = 0 (Togi ax®=0 - x"=0%).

Hapaui 6yas-axuii oggousnes Tuiry 0 - x" saminroBaTumemo Ha 0.

Teopewma 2. Axuo mrnozounen f (x) momorno piénuii Hyato (mobmo
npuiimae HYnb06i 3HALEHHA NPU 6CLX 3HAULEHHAX X), MO 6Ci 11020 Koegi-
yienmu piéHi Hynio.
o 151 foBeieHHA BUKOPUCTOBYEMO METOT MATEMAaTUYHOI iIHAYKITii.
Hexait f(x)=a x"+a, ,x""'+..+ax+a,=0.
ITpu n =0 maemo f (x) = a,=0, Tomy a,= 0. ToOTO B 1bOMY BUTIAJIKY TBEPKEH-
Hs TEOPEeMU BUKOHYETHCA.
IIpunycrumo, 110 pu 1 = k 1ie TBEPAKEHHS TaK0K BUKOHYETHC : AKIITO MHO-
rounen a,x*+a, x*'+..+ax+a,=0,100,=0a, ,=..=a,=a,=0.
HoBenemo, 110 3a/jaHe TBEPAKEHHA BUKOHYEeThbCA I ipu n =k + 1. Hexait
f(x)=a,, x""'+axt+..+ax+a,=0. (3)
OckinbKu piBHICTH (3) BUKOHYETBHCS IIPU BCiX 3BHAUCHHAX X, TO, ITiICTABIAIOUN
B III0 PiBHiCTS X = 0, ofepsKyeMo, o a, = 0. Toxi piBHicTb (3) MEPETBOPIOETHCS
Ha Taky piBHicT: @, X" "'+ a,x"+ ...+ a,x=0. Bunecemo x y niBi#t uacTuni
miel piBHOCTI 3a AY:KKY 1 0JePIKUMO
pXftaxt 4+ +a)=0. 4)
PiBHicTh (4) moBHHA BUKOHYBATHUCSA IIPU BCixX 3HaUeHHAX X. a4 Toro 1106
BOHA BUKOHYBaJjacs npu x # 0, IOBUHHA BUKOHYBaTUCA TOTOXKHICTh

k k-1 =
a,, xt*+ax +...+al_0.

x(a

V¥ niBiii vacTuHi 11iel TOTOMKHOCTI CTOITH MHOT'OUJIEH i3 CTeIIeHAMMY 3MiHHOI Bif
x° 1o x*.Toxi 3a mpUIyIIeHHAM iHAYKIII BCi foro Koe(ilieHTn JOpiBHIOOTE
mymwo: a, , =a, = ..=a, = 0. Ane Mmu Takox noBesu, 1o a, = 0, Tomy Hare
TBEP/PKEeHHSA BUKOHYEThCA i pu n =k + 1. OTike, TBepAKeHHA TEOPEMU CIIPaBe]-

JIMBe JIJis1 0y Ab-AKOI0 I[1JIOr0 HeBix’eMHOTO 11, TOOTO AJI5 BCiX MHOrOUYJIeHiB.

MuorouseH, y Ak0oro Bci koedinieHTH piBHI HYI10, 3BUYaiiHO HA3UBAIOTh HY-
Ab06UM MHO20UTLEHOM, A00 HYLb-MHO204ULeHOM, i To3HAYaroTh 0 (x) a6o mpoc-
10 0 (ockinbku 0 (x) = 0).

Teopema 3. Axwo 06éa mrozounenu f (x) i g (x) momoscrno piéni, mo
60HU 30izarombcesa (Mob6mo ixHi cmeneni 00HaK086i i Koediyienmu npu 00-
HAKO6UX cCMmenenaAx PiéHi).

* 3HAUKOM = IO3HAUeHA TOTOKHA PiBHICTH MHOIOUYJIEHiB.

115



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

® Hexaii mEOrOUNIEH [ (X) = ax"+a x"'+..+a,x’+ax+a,amHorounen
g(x)=>bx"+0b _x" "'+ ..+ bx*+ bx+ b. PosriaHemMo MHOTOUEH
f (x) — g (x). Ockinbrku muorousenu f (x) i g (x) 3a yMOBOIO TOTOKHO PiBHi, TO
mHorouseH f (x) — g (x) rorosxuo gopisaioe 0. OTike, BCi fioro KoedimieuTn g0-
PiBHIOIOTH HYJIIO.
Anef(x)—g((x)=(a,—b)+(a,—b)x+(a,—b)x*+....
Tomia,-b,=0,a,-b,=0,a,-b,=0,....3Bigcua,=b,a, =b,a,=b,,....
AK 6aunMo, AKIO IPUITYCTUTH, [0 Y AKOTOCH i3 IBOX 3alaHUX MHOTOUJIEHIB
CTeIliHb BUIIlE, HisK Y IPYTOro MHOTOUJIeHA (HallpuKJIam:, 1 OibIie m), To Koedi-
mieuTH pisuumi 6yayTh qopiBHOBaTH Hyai0. Tomy, mounuaouu 3 (m + 1)-ro
HOMeDa, yci KoedilieHTH a, TaKoK NOPiBHIOBATUMYTH HyJI10. To6TO AilicHO,
mHorouneHu f (x)ig (x) MaroTh OMHAKOBUI CTEIIiHb i BifTToBiAHO piBHi Koediri-
€HTH IIPY OJHAKOBUX CTEIeHAX. |

Teopema 3 € 0CHOBOIO TaK 3BAHOT'O METOAY HeBU3HaUeHUX KoediiienTis. IToka-
JKeMO I10T0 3aCTOCYBaHHS HA TAKOMY IIPUKJIATI.

IIpukaan. Hoenits, mio (x + 2)(x + 4)(x + 6)(x + 8) + 16 € moBHUIT KBagpaT.

P BagaHuii MHOrOYJIeH € MHOI'OYJIEHOM YETBEPTOT'O CTeIIeHsI, TOMY BiH MosKe OyTH
IMOBHUM KBaJAPaTOM TiJIbKU MHOTOUJIEHA APYTOro cTerneHs. MHOTrOUIeH APYTroro
CTeIleHs Ma€ BUIJIAL ax? + bx + c.

Oep:Ky€eMO TOTOXKHICTD:
(x+2)(x+ 4)(x +6)(x +8)+ 16 = (ax? + bx + ¢)2 (5)
PoskpuBaroun qy:KKu B JIiBil i TpaBiii yacTUHAX I1i€l TOTOYKHOCTI 1 IPUPiBHIO-
oun Koe(ilieHTy TPy OJHAKOBUX CTEIIEHAX X, OJIeP;KYEMO CCTeMY PiBHOCTEH.
ITeii eram 3pyuHO 0QOPMIIATY B TAKOMY BUTJIAII:

xt 1=a?

x8 2+4+6+8=2ab

x? 2:4+2:-6+2-8+4:6+4-8+6-8=0>2+ 2ac

x? 2:4:6+2:-4-84+2:6:8+4:6-8=2bc

x° 2:-4:6:-8+16 =¢*

3 mepimoi piBHOCTI ofeparyemMoa =1 aboa =—1.

IIpu a =1 3 gpyroi piBaHocTi Mmaemo b = 10, a 3 TpeThoi — ¢ = 20. K 6aunmo,
Ipu IUX 3HAUYEHHAX d, b i c ocTaHHI ABi piBHOCTI TaK0K BUKOHYIOThCA. OTIKe,
TOTOKHICTB (5) BUKoHyeThea mpu a = 1, b = 10, ¢ = 20 (aHajoriuno MmoxkHa
TaKoK omepskartua=—1, b=-10, c =—-20).

Taxum unHOM, (X + 2)(x + 4)(x + 6)(x+8) + 16 = (x2 + 10x + 20)2. <
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§ 10. MHoro4neHu Bi OAHI€I 3MIHHOIT Ta Aii HaZ HAMMK

Bnpasu

1. 3maroun, 110 mEOrOuUJIeH  f (x)1i g (X) TOTOXKHO pPiBHi, 3HAKAITH 3HAUEHHS KO-
epinienrisa, b, ¢, d:
Df(x)=2x2-B-a)x+b,g(x)=cx®+ 2dx®+ x+ 5;
2)f(x)=(@+1)x*+2,g(x)=3x3+bx2+(c—1) x+d.

2. 3maiigites Taki ymcia a, b, ¢, mob 3agana pisHicTs (x2 — 1)a + b (x — 2) +
+ ¢ (x + 2) = 2 BUKOHyBaJacs Ipu Oyab-AKNX 3HAUEHHIX X.

3. HoBemiTsh TOTOXKHICTD:
DEx-—Dx+D(x2-—x+1)(x2+x+1)=x5-1;
2) 1+ x4 =(1+2v/2 +22)(1 - 2v/2 + x2).

4. oBeniTs, 1110 3ajaHUl BUPa3 € IOBHUM KBapaT:
D(x—1)(x—2)(x—3)(x—4)+1;
2) (x + a)(x + 2a)(x + 3a)(x + 4a) + a*.

5. 3maligite Takiaib, 1106 npu Oy Ab-IKNX 3HAUCHHAX X BUKOHYBaJacA PiBHICTh
xt+4x3+8x2+3x+2=(Bx%2+ax+ 1)(x2+ x +b).

6. 3anuurite aaredopaiuHmii qpi6d AK CyMy JBOX ajnredpaiuumux qpobis

15x2 +x -2

a .
BHAY 51 15x+2°
10.2. Ali HAQ MHOIMOYNEHAMM.
OUNEHHS MHOIOYIEHA HA MHOIOUYJIEH 3 OCTAYEIO

HomaBanHA i MHOXKEeHHS MHOTOUJIEHIB BiJi 0/THi€l 3MiHHOI BUKOHY€ETHCS 3a JOIIO-
MOTOI0 BiJTOMUX ITPaBUJI IOJABAHHS i MHOKEHHSA MHOTOUJIeHiB. ¥ pe3yJbTaTi Bu-
KOHAHHA Iill fomaBaHHA a00 MHOMEHHS HaJ MHOrOYJIeHAMU Big ogHiel sMiHHOL
3aBiK/IU OJIeP;KyEMO MHOTOUJIeH Bij Tiel camoi 3MiHHOI.

3 03HaUeHHA JOOYTKY ABOX MHOI'OUJIEHIB BUILJIUBAE, 1110 CMAPWLLIL LleH do0ym-
Ky 080X MHO20UeHi8 DOPIBHIOE DOOYMKY CMAPUWLUX YIeHI8 MHONCHUKIB, A 8IAbHUIL
ujneH 000ymry dopieHioe 000YmMKY 8ilbHUX YJeHI8 MHOMHUKIB. 38i0cu 00epicye-
MO, W0 cmeninb 000ymry 080X MHO20ULeHi8 00PIBHIOE CYMi CTeneHi8 MHONCHUKIB.

Ilpu nomaBaHHI MHOTOUJIEHIB OJHOTO CTEIIeHS OJIePKYyEMO MHOTOWJIEH I[HOTO
CaMoro CTeIeHsI, X0Ua iHo/Ii MOXKHA OePyKAaTU MHOTOUJIEH MEHIIIOr0O CTEIeH .

Hanpuxaan, 2x3 —5x2+3x+ 1+ (—2x3+5x2+x +5)=4x + 6.

ITpu nomaBamHi MHOTOUJIEHIB PiSHUX CTEEeHiB 3aBIK AU OEP:KYEMO MHOTOUJIEH,
CTeIliHb IKOT0 JOPiBHIOE OiIBIIIOMY CTEIIeHIO JOJaHKY .

Hanpuxaan, (3x3 —5x +7) + (x2+ 2x + 1) = 3x® + x? — 3x + 8.

HineHHSa MHOTOUWIeHA HA MHOTOYJIEH OBHAUAETHCA AaHAJIOTIYHO AiJTeHHIO IianX
uyucesi. Haragaemo, 1110 4ucJio a giautbes Ha umncio b (b # 0), SKImo icHye Take
YuCJIOo ¢, moa=>-q.

OszuaueHHsa. MHOrounen A (x) ginurhesa Ha MEHOro4IeH B (x) (e B (x) —

He HYJbOBUH MHOTOYJIEH), AKIIO iCHY€ TAKHH MHOTOYJeH @ (x), mio

A (x)=B (x)*Q (x).
17
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AK 1 a4 migux dumces, omepaiis giJleHHA MHOTOYJIeHa Ha MHOTOUJIEH BUKO-
HY€EThCSA He 3aBIK/I1, TOMY Y MHOXKIHI MHOI'OUJIEHIB BBOJUTLCS ONePaIlisa 0ileH s
3 ocmayer. 'oBopATs, 1110

MHOrowieH A (x) gimursca Ha MHOTOuwJIeH B (x) (me B (x) — He HyJIbOBUH
MHOTOYJIEH) 3 0CTauelo, IKII0 iCHy€e TaKka mapa MHOroujeHis @ (x) i R (x), mo
A (x)=B(x)*Q(x)+ R (x), npuuyomy cTeminb octaui R (x) MeHIINI 3a CTeNIiHDb
minpHUKa B (x). (3a3HaYMMO, 1[0 B IILOMY BUIIAJKY MHOTOYWIEH @ (x) Ha3u-
BA€ETHCA HENOBHOT0 YACMKO10.)

Hanpuxaan, ockinpku x2 — 5x + 2 = (x2 — 5)x + 2, To npu AijJeHHI MHOro4IeHa
x% — 5x + 2 Ha MHOTrOYJIeH X2 — 5 0jepKyeMO HeIIOBHY YaCTKY X 1 ocrauy 2.

IHoai mileHHS MHOrOUJIeHA HA MHOTOUJIEH 3DYYHO BUKOHYBATU «CTOBITUMKOM » ,
AK i gismeHHs 6araTo3HAUHUX YKCEJ, KOPUCTYIOUKUCH TAKUM aJITOPUTMOM.

ITpu dinenni MHOZ0OYIeHiB 810 00HIET 3MIHHOL 3MIHHI 6 DilleHOMY i 6 DiNbHUKY
posmiwyroms 3a cnA0AHHAM cCmeneHris i inams cmapwiuil uieH 0iJeH0z0 Ha
cmapwiuil ynex diavrhuka. Ilomim o0epicarnuil pe3yiomam MHOHCUMBCA HA
dinvHUK, i yeil 000ymok 8i0Himaemuvcs 8i0 0ijleH020. 3 00epHcaHow Pi3HULYe0
BUKOHYIOMb AHAJLO0ZIYHY Onepayil: 0insams it cmapuiuil Yien Ha cmapuluil iien
OJinlbHUKa | 00epircaruil pe3yabmam 3H08Y MHOHAMb Ha diavHuk i m. 0. [[eil
npouyec npodosicyemo 0o mux nip, noku He odepicumo 6 ocmaii 0 (aKu,0 00un
MHOzZouNeH Oiiumbes Ha Opyzuil), abo noKu 6 ocmaui He 00epHCUMO MHOZ0-
YjleH, Cmeninb AK020 MeHW UL 3a cmeninb 0ilbHUKA.

Ipuknan. Posginumo muorouwiren A (x) = x*—5x2+ x2+ 8x — 20 Ha MHOrOUJIEH
B(x)=x%-2x+3.
> x4 -bx3+x2+8x-20 |x®2-2x+3
x4 —2x3 + 3x2 x2-3x-8
_ —3x%-2x2+8x-20
—3x3+6x2-9x
_ —8x?2+17x-20
—8x%2+16x—-24
x+4 <

HoBenemo, 110 Ofiep:KaHUN Pe3yJIbTAT AiHICHO € Pe3yJILTATOM JAiJieHHA A (Xx) Ha
B (x) 3 ocTauero.
@ x1mo Do3HAUNTH PE3YIbTAT BUKOHAHHSA IEPIIOro KPOKY JITOPUTMY Yepes f,(x),
APYTroro KpoKy — 4epes f,(x), TpeThoro — uepes f, (x), To onepariio AieHHsd,
SAKY BUKOHAJIU BUIIlEe, MOYKHA 3alIMCATU ¥ BUTJISIi CUCTEMHU PiBHOCTEI :

f,(x)=A(x) = x*- B (x); eY)
fo(x) =1,(x) = (=3x) - B(x); (2
f3(x) =71,(x) = (=8) - B (x). 3
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Homamo mousenHo piBHocTi (1), (2), (3) i orpumaemo

A(x)=(x*—3x—8) B(x)+f,(x). 4)
Bpaxosytoun, mo creminb f,(x) = x + 4 MeHIIUA 3a CTENiHb AiJbHUKA
B (x) = x*-2x + 3, mosHauumo f,(x) = R (x) (ocTaua), a x* — 3x — 8 = @ (x)
(memoBHa yacTKa). Toxi 3 piBHOCTi (4) Maemo: A (x) =B (x) - @ (x) + R (x), To6TO
x*—5x%+ x2+8x—20=(x2—-2x+ 3)(x?—3x —8) + x + 4, aue i1 o3HaUAaE, 110

mu pasgiauau A (x) Ha B (x) 3 ocrauero.

OueBUIHO, 1110 HaBeJeHe 00T PYHTYBaHHA MOKHA ITPOBECTH JJIsI Oy Ib-AKOI ITapu
MHOTOUJIeHiB A (x) i B (x) y BUIIaAKYy iX AiJIeHHA cTOBOUUKOM. Tomy onmucanmuii
BUIIE AJITOPUTM JIO3BOJISIE OJA HOBiMbHUX mineHoro A (x) i pinbHuka B (x) (me
B (x) — He HyJIbOBUII MHOTOUJIEH ) SHAUTH HETIOBHY YacTKy @ (x)iocrauy R (x).

3asHaunMo, 10 Y BUIIAJAKY, KOJIA CTEIliHb JIijgeHoro A (X) MeHINWH 3a CTEeNiHb
ninpHUKAa B (X), BBAXKAaKOTh, 110 HeltoBHA yacTKa @ (x) = 0, aocraua R (x) = A (x).

Bnpasu

1. BukonaiiTe qijleHHsS MHOrO4JIeHA Ha MHOT'OUJICH:
1)3x3—5x?+2x—8max—2; 2)x°+1max?+1;
3) x%+ 3x%+10x + 6 ma x% + 2x + 3.

2. Bukomnaiire giJileHHS MHOT'OUYJIeHA HA MHOI'OUYJIEH 3 OCTAUECIO:
Daxt—2x*+x*—x+1lmax?+x+2;
)+ xt+xd+x2+1max?—x—2.

3. Ilpu sxux sHaueHHAX @ i b MmHOTOWIeH A (X) HimuThes 6e3 ocTadi Ha MHOTOUJIeH
B (x)?
DAX)=x*+ax+b,B(x)=x2+5x+T;
2) A(x)=2x3-5x2+ax+ b, B(x)=x?—4;
) A(x)=x*—x*+x2—ax+b,B(x)=x2—x+ 2.

4. 3HaigiTh HEIIOBHY YACTKY i ocTauy npu AijJieHHI MHOrOouIeHAa A (X) Ha MHOTO-
wjeH B (x) MeTonoM HeBU3HAUEHUX Koe(illieHTiB:
1) A(x)=x*+6x2+11x+6,B(x)=x2—-1;
2) A(x)=x*-19x—-30,B(x)=x2+ 1.

10.3. TEOPEMA BE3Y. KOPEHI MHOTIOYJIEHA. ®POPMYJIN BIETA

Posrasuemo ginenns muorouneHna f (x) Ha gousieH (X — a). OCKiIbKY CTeIiHb
IinbHUKA TOopiBHIOE 1, TO CTEIiHb OCcTaui, AKY MU OJIeP:KUMO, IIOBUHEH OyTU MeH-
muM 3a 1, ToOTO B IbOMY BUIIAAKY ocTauero Oyne nesake uucio R. Takum unHOM,
AKIIO po3aiyinTy MHOrouJIeH f (xX) Ha ABOUWIEH (X — a), TO OJePIKIMO

f(x)=(x-a) Q(x)+R.
115 piBHiCTh BUKOHYETHCS TOTOMKHO, TOOTO ITPU Oy Ab-IKOMY 3HaUeHHi x. [Ipu
x =amaenmo: f (a) = R. Onep:xkannii pe3yabTaT HA3UBAETLCA TeopeMoio Besy”.

* Beay Etben (1730-1783), dpaHIlysbKuii MaTeMaTUK, AKUN BHIC 3HAUHUN BKJAJ y PO3BU-
TOK Teopii ajnredbpaiuHUX PiBHAHB.
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Teopemal (Teopema Besy). Ocmaua 6i0 dinennsa mnozounerna f (x) Ha
d6ounen (x —a) dopisnioe f (a) (mobmo 3naienHo MHOZOUNLEHA NPU X = ).

Hpuxknax 1. osexirs, mo x5 — 3x? + 2x% + 4x — 4 ginurbes 6e3 ocraui Ha
x—1.

P IligcraBuBmu B f (x) = x°— 3x*+ 2x3 + 4x — 4 3amicTh x 3HaueHHd 1, omepaxye-

mo: f (1) =0. OT:xe, ocraua Big gimennsa f (x) ma (x — 1) ropisuioe 0, To6TO f (X)
ninurses Ha (x — 1) 6es ocraui. <

OsnauenHda. Jucno O Ha3ueaemvea KopeHem MHOz0UNeHA [ (x), AKU,0
f(a)=0.

Arwo mHozouaen f (x) dinumuvces Ha (x — OL), Mo 0. — KOPiHb 4b020 MHOZOYJEHA.
Hiticro, axmo f (x) pinurbea Ha (x — @), To [ (x) = (x — @) Q (x) i Tomy
f (@)= (00— ) Q(x)=0.Orxe, 0. — KOpiHbL MHOTOUWIeHA [ (x). )
CmpaBeasuBe i 3BBOPOTHE TBePIKeHHA. BoHo € Hacigkom Treopemu Besy.

Teopema2. Axuwowucno 0. ekopenem mrnozounena f (x), mo yeil mHozo-
yaen dinumuves na 0éounen (x — o) 6e3 ocmaui.

3a reopemoro Besy ocraua Biz ninenus f (x) Ha (x — o) nopisHioe f (0). Aue 3a

YMOBOIO 0, — KOPiHB [ (x), oTxe, [ (o) =0. )

VY3araibHeHHAM TeopeMH 2 € TaKe TBEPAKeHHA.

I Teopema3d. Axuyo mrnozounen f (x) maenonapro pi3Hi Kopeni o, 0y, ...,
o, mo 6in dirumbuca 6e3 ocmani wa 006ymox (x — o )(x — o) * ...  (x — Q).

151 foBeleHHA BUKOPUCTOBYEMO METOT MATEMaTUYHOI iIHAYKITii.
ITpu n =1 TBepAKeHHS TOBEIEHO B TeopeMmi 2.
IIpunycrumo, 110 TBEepAKEeHHA cupaBenause nupu n = k. TobTo, AKII0

O,5 Oy, +.., 0L, — TIOTIAPHO Pi3Hi KOpeHi MHOTOUJEHA [ (X), TO BiH AiMUTHCA HA
no0yToK (x — o )(x — a,) ... * (x — o). Toxi
f)=(-a)x—0,)"...-(x—0,) Q(x). (1)

HoBenemo, 1110 TBEPAIKEHHA TeopeMu cupaBenyuBe i ipu n = k + 1. Hexait
05 Olyy +ev5 O, OL, | — TIOTIAPHO Pi3Hi KOpeHi MHOrOUIeHa f(x). OcKiapKuU O, , |, —
KOpiHb f (x), To f (0, , ,) = 0. Bepyuu 1o yBaru piBHicTs (1), AKa BUKOHYETHCA
3TiHO 3 IPUIIYIEHHAM iHAYKIIiT, omep:KyemMo:

Floy, ) =(0,,  —o)o,,  —oy) .. (o, —0,) Q(a, ,)=0.
3a yMOBOIO BCi KOpeHi Oy Olyy weny OLy O pisHi, TOMY }KOJHE 3 UMCe o, — 0,
O, ;= Oy veey O, — O, He nopiBHIOE HyJI0. Toni @ (o, , ) = 0. Orike, o, , | —

Kopiub MHOTOWIeHa @ (x). Toxi 3a Teopemoro 2 @ (x) minuThes Ha (x — o
T00TO @ (¥) = (x — 0t , ) * @, (x) i3 piBHOCTI (1) MaeMO

k+ 1)’
fE)=@x-o)x—-—o): ... (x—o)x—a,, ) Q,x).
ITe osuauae, 1o f (x) AiauThCA HA TOOYTOK
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(x—o)x—o): ... (x—a)x—a,,,),
TOOTO Teopema AoBeneHainpun =k + 1.

Orke, TeopeMa CIIpaBeAInBa I Oy Ab-AKOI0 HATYPAILHOTO 7.
I Hacnigox. MHozounen cmenenan maeHne 6invuLe n pidHUX KOPEHiE.

@® IIpunycrumo, IO MHOTOUYJIEH 1-TO cTemeHsa Mae (n + 1) pisHEHX KopeHIiB:
Oy Olyy vves O, O . Tomi f(x) gimurbea Ha K0OyTOK (x — o) (X — O,) " ... X
X (x -0, ,,) — MHoOrouseH creness (n + 1), ane e Hemosxkauso. Tomy MHOTO-
4JIeH n-T'O cTelleHsA He MOYKe MaTu OibIle, Hisk 71 KOpeHiB. (-

Hexati reniep mHOrOusIeH n-rocrenens f (x)=a x"+a, _ x" '+...+ax*+a,x+
+a,(a,#0) mae n pisHUX KOPEHIB O, U, ..., O . Tofi 11e#l MHOTOUIeH JIIUTHCA 6e3
ocTaui Ha 00YTOK (x — o )(x — ) * ... * (x — ). [Te#t 106YTOK € MHOTOUYJIEHOM TOT'O
camoro n-ro crenend. OT:ke, y pesyJIbTaTi JiJleHHA MOYKHA OJIePKaTU TiJIbKY MHO-
roYJIeH HYJIbOBOI'O CTEIIeHs, TOOTO urcjo. Takum duHoM,

n n—1 2 — — — . . —
ax"+a x"'ttaxttaxta=b(x-a)x—a) ...-(x—a). (2)
SKII10 pO3KPUTHU AYKKU B IIPaBii vacTuHi piBHOCTI (2) i npupiBHATH Koedilri-
€HTH [IPY CTAPIINX CTEIEHAX, TO OJEPKUMO, 110 b = a_, TOGTO

ax'+ta x"'+..+tax*tax+ta,=a (x-o)x-o) ...c(x-a)l. (3)

ITopiBHIOIOUH B TOTOKHOCTI (3) KoedillieHTH Ipu OJHAKOBUX CTEIIEHIX X 3JIiBa
icopasa, 0JIep:Ky€eMO CIIiBBiIHOIIIEHHS MisK KoedillieHTaMu piBHAHHS Ta 10T0 KO-
peHaAMH, AKi HasuBaOThCA hopmynamu Biera:

an—l
O + 0l +...t 0, =——L1
a
n
00, + 0L 0L+ b 0L 0L = 2272
1742 13 e n-1%n = ’
a
n
a
__"n-3.
0L, 0Ly0Lg + 0L 0L 0L, +.ut 0L, 500, O, = P (4)
n
n Qg
010,00 ... 0L, = (1)
a
n
Hamnpukaan, mpu n = 2 maemo:
__ 9 _ %
O + 0y =——, 0,0, =—,
ay ay
ampun=3:
0c1+oc2+oc3=—&;
a3
_y
0L,0Ly + 0Ly 0Ly + OLy0L, = (5)
3
00,0, =~
1723 a3‘
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BukoHnaumusa rakux piBHOCTel € He00X1HOIO i JOCTATHBOIO YMOBOIO TOT'O, 11100

YHUCNA Oy Olyy +.vr O OYJIM KODEHAMU MHOTOUJICHA
— n n-1 2
fx)=ax"+a,  x""'+..+ax*+tax+a, (a, #0).

Dopmynau (3)i(4) cupaBeauBi He TiIbKY AJIS BUIIAAKY, KOJIU BCi KOpeHi MHO-
rousieHa f (x) pisui. BBememo nonammasa Kkpammozo KOpeHs MHO204leHA.

Axuro maorownex f (x) mimurhea 6e3 ocraui Ha (x — Q)*, ase He HiTUTHCA GE3

ocraui Ha (x — 0)**!, TO TOBOPATH, IO YUCJIIO Ol € KOPiHb KPATHOCTI E MHOIO-

uieHa f (x).

Hanpuxnan, aximo 7o6yTok (x + 2)%(x — 1)?(x + 3) sanmcaTn y BUIIISAi MHOTOYJIe-
HAa, TO JIJIA I[bOT0 MHOTOUJIeHa Yncyo (—2) € KopeHeM KpaTHOCTi 3, uncyo 1 € Kope-
HeM KpaTHOCTi 2, a uucyo (—3) € KopeHeM KpaTHocTi 1.

IIpu Bukopucraunui ¢popmya Biera y Bunagky KpaTHuX KOPeHiB He0OXiTHO KO-
JKeH KOPiHb 3allMcaTH CTiJIbKU pasiB, sKa 0T0 KPaTHICTh.

IIpuknaxg 2. Ilepesipre cupaBeanausicTs hopmyi Biera aas MmHOrOUIEHA
f(x)=x%+2x%—4x— 8.

P f(x)=x3+2x2-4x-8=x¥(x+2)-4(x+2)=(x+2)(x?2—4)=(x — 2)(x + 2)2.
Tomy f (x) mae xKopeni: o, = 2, o, = =2, o, = —2 (ocKinbKu (—2) — KOpiHB
KpaTHocTi 2).

ITepeBipumo cupaBenauBicTs hopmya (5).
Y mamomy Bunaaky: a,= 1, a, = 2, a,= -4, a,=-8. Toxi

2+(-2)+(-2)=-2; 2:(-2)+2:(-2)+(-2)-(-2)==% 2:(-2)-(-2)=-7.

Sk 6aunmo, Bci piBHOCTI BUKOHYIOTBCSA, TOMY (popmyiu BieTa € cripaBeain-
BUMM JJI JAHOI'O MHOTOUJIeHa. <]

Ipukaaxg 3. CriaagiTh KBagpaTHe PiBHAHHS, KOPEHAMU SIKOT'0 € KBaApPaTu KO-
peHiB piBHaHHA x2—8x +4=0.

P Ilosmauummo KopeHi piBHAHHA x°> — 8x + 4 = 0 uepes x, ix,. Toxi Kopensamu
piBHAHHA, AKe MU IIIYKAEMO, IIOBUHHI OyTH uncia o, = x2 i o, = xZ. Orike, 1€
piBHsAHHA Mae BUraAn: x2+px +q =0,
ne p=—(oy+o,)=—(xf+x3)= _<(x1 X, )2 - 2351352)’ q =00, = xfag = (2,0, )2 )
3a Qpopmynamu Biera maemo: x, + x, = 8 1 x,x, = 4. 3Bigcu 3HAXOAUMO, 1110
q=(xx,)=42=16,a p=—((x,+x,)" ~2xx,)=—(82-2.4) = -56.

TakuM YMHOM, ITyKaHe PiBHAHHA Mac BULIAz x> — 56x + 16 = 0. <

Bnpasu

1. 3maiigiTe ocrauy Bif gineHHs mEorougena x° — 4x* + 2x3—5x +1max + 2.
2. 3uaigits KoedillieHT a, 3HAIOUH, II[0 OCTaYa BiJ AiJIeHHA MHOTOUJIeHA
x®—ax?++ 5x — 3 Ha x — 1 gopiBHIoe 6.
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10.

11.

12.

13.

14.

Muorounen f (x) npu gisenui Ha x — 1 gae ocrauy 4, a mpu AijJieHHi HAa X — 3 7A€
ocrauy 6. 3HalAiTH OcTauy Bif AiseHHa MHorouneHa f (x) Ha x2—4x + 3.
IIpu sxux 3HaYeHHAX a i b mHOTOUWNIEeH Xx* + 2x% + ax? — bx + 2 ginuThes O6e3
ocraui Ha x + 2, a npu gijgeHHi Ha x — 1 mae ocrauy, AKa JopiBHIOE 37
Ocraua Big gisenus maorouaeHa f (x) Ha 3x? — bx + 2 gopisuioe 7x + 1. 3HaigiTs
ocTauy BiJ AiJleHHS IIHOTO MHOTOUJIeHA Ha ABouJaeHn X —1i3x — 2.
anuniite popmyau Biera npu n = 4.
CxaagiTs KyOiuHMIT MHOTOUJIEH, SKUI Ma€ KopeHi 5, —2, 1 i KoedimieuT mpu
crapriomy ujiaeHi —2. Po3s’skiTh 3amauy 1BOMAa CIIocoOaMMU.
IIpu axux 3HaUYEHHAX a CyMa KBaApaTiB KopeHis Tpuuiiena x2 — (a + 2)x + 3a
mopiBuioe 12?
SAKy KpaTHiCTh Ma€e KOPiHb 2 /151 MHOTOUJIEHA

f(x)=x%—5x*+ Tx3—2x%+4x—8?
CrJamiTh KyOiYHMIT MHOTOUJIeH, IKUHU Mae KOpiHb 3 KpaTHOCTi 2 1 KOpiHb
(—1), akoediIieHT Ipu cTapIIOMY UJeHi 2.
3HaimiTh Taki a i b, 11106 unciio 3 0yJio KOpeHeM He MeHII HixK Ipyroi Kpart-
HocTi 11 mHOrowseHa f (x) = x3— bx2+ax +b.
CkJamiTh KBaJpaTHE PiBHAHHS, KOPEHI AKOT0 IPOTUIEKHI KOPEHAM PiBHAH-
HAx?-5x+1=0.
CkJamiTh KBagpaTHe PiBHAHHSA, KOPEeHi AKOro 00epHeHi 10 KOPeHiB PiBHAHHA
2x2—-5x+1=0.
CkJamiTh KBagpaTHe PiBHAHHSA, KOPEHIMH AKOT0 € KBaApaTH KOPeHiB PiBHAH-
HA X2+ 6x+3=0.

10.4. CXEMA TOPHEPA

Hinutu mHOTOU IEH f (X) HA 1BOUJIEH (X — a) iHO/Ii 3pYYHO 3a [OIIOMOTI'0IO CIIeIli-

aJIbHOI CXeMHU, Ky Ha3UBAIOTh cxenmol 'opHepa.

Hexait muorounesn f (x) = ax"+ax" '+ ...+a, ,x+a, (a,#0)norpi6no
po3iIuTHA HA ABOWJIEH (X —a). ¥ pe3yabTaTi JiJIeHH MHOTOUJIeHA 11-T0 CTeIIeHs
Ha MHOT'OYJIeH IIePIIIOro CTEeHA OJePIKIMO IesaKuii MHOorowIeH @ (x) (n—1)-ro
crenens (To6ro @ (x) =bx" '+bx" *+...+b x+0b , neb,#0)iocrauy R.
Toni f(x)=(x—a) - Q (x) + R, To6TO
ax"+ax""'+..+a _x+a =

=(x-a) - (bx""'+bx"?+...+b ,x+b )+R.
OckisbKU JTiBa i mpaBa YaCcTUHU TOTOKHO PiBHi, TO IEPEMHOKHNMO MHOTOUJIEHH,
AKi CTOSATH CIIPaBa, i MPpUPiBHIEMO Koe(illieHTH IIpU BiITOBIAHUX CTeIeHAX X:

n =
x 1 a, b0
n- = —_
x ) a, bl ab0
n- = —_
x a, b2 abl
1 — —
x an—l n-1 ab -2
x° a =R—ab



PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

3Haiiemo 3 nux pisHOCTEH Koedinientu b, b,,..., b _ iocrauy R:

n-1
bo =a, b1 = ab0 +a, b2 = ab1 +a,, .., bn_1 = abn_2 +a, R= abn_1 ta,.

Ak 6aunmo, mepiInii Koe@ilieHT HEIIOBHOI YACTKHU JOPiBHIOE IIepIIIoMy Koedi-
Ii€HTY AiJIeHOTO0, a pellrTa Koe@ilieHTiB HeITOBHOI YaCTKM i ocTaua 3HAXOAATh-
Cs OMHAKOBO: JJIA TOTO 1100 3HANTH KoedillieHT b, ., HETIOBHOI YaCTKH, NOCTAT-
HBO TONEePeaHil sHalieHn i KoedilieHT b, TOMHOXXUTY Ha a 1 noxaTu k-i Ko-
edimient ginenoro. It nporeaypy AOMiJIbHO OOPMIATH Y BUTJIAI CIIEIiab-
HOI cxeMu-TabanIli, TKa Ha3UBaEThCA cxemor I'opHepa.

b Dl YU @B @ A G-t @ D
a b, =a, | b,=ab,+a, b,=ab, +a, by oc'rliqa

&

Ipuxknag 1. PosxpiniTs 3a cxemoro I'opuepa f (x) = 3x* — 2x3 — 4x + 1 Ha gBO-
wjieH x — 2.

P Banumemo criouaTKy Bei KoedimienTn mEorouseHna f (x) (AKI0 B MHOTOUICHI
OPOIIYyIIeHUN cTelinb 2, TO BiAmoBigHUI KoedilieHT BBaskaemo pisHum 0),
a IIoTiM 3HaKAeMOo Koe(illieHT HeIIOBHOI YaCTKH 1 oOcTauy 3a BKa3saHOIO CXeMOIO:

3 -2 |, 0 4|1
@

gl o] 1 O] 2 01 10 e
—

Omaxe, 3x* — 2x% —4x +1 = (x — 2)(8x% + 4x2 + 8x + 12) + 25. <

Ipukxaxg 2. Ilepesipre, uu e x =—3 KOpeHeM MHOTOUYJIeHA
f(x)=2x*+6x%+4x%—-2x —42.
P 3aTeopemoro Besy ocraua Biz gimennsa maorousena f (x) Ha x —a gopisuioe f (a),

TOMY 3HAAEeMO 3a HOIIOMOroio cxemu I'opHepa octauy Bixg mginenus f (x) Ha
x—(—3)=x+3.

216 | 4|2 —42

-3 2| 0| 4 |-14|0 (ocraua = £(-3))

Ockinbku f (—8) =0, To x = —3 — Kopinb MHOrouneHa f (x). <

Bnpasu

1. BukopucroByiouu cxemy I'opHepa, 3HANIITh HEIIOBHY YaCTKY i ocTauy Bij mieH-
HA MHOTOuJIeHA A (x) Ha nBOowIeH B (x):
DAx)=x*+3x2+3x+1;B(x)=x+1;
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§ 10. MHoro4neHu Bi OAHI€I 3MIHHOIT Ta Aii HaZ HAMMK

2)A (x)=5x2—26x%+25x—4; B(x)=x—5;

3)A (x)=x*—15x2+10x+ 24; B(x)=x + 3.

. Burkopucrosyiouu cxemy 'opHepa, nepesipre, un gianThbea MHOrouwteH f (x) Ha
IBOUJIeH q (x):

Df(x)=4x3—x2-2Tx-18; g (x)=x + 2;

2)f(x)=x*—8x3+ 15x2+4x - 20; q (x)=x— 2.

. PosainiTe MmHOTOUNIEH A (Xx) HA ABOwIeH B (x):
DA(x)=2x>—-19x2+32x+21; B(x)=x—T;

2)A (x)=4x%—24x>+21x—-5; B(x)=2x—1.

10.5. 3BHAXOOXKEHHSA PALIOHAJIbBHUX KOPEHIB MHOIO4JIEHA

3 WANMUN KOEDILIEHTAMNA
Teopema4d. Axuj,o mHozZoULEeH 3UiNUMU KOeiyienmamu

_ n—1 L 7 i =P
f(x)=ax"+ ta, x"""+..tax+ta, maepayionanvhull KOPIHL X = p
(q#0), mo p e dinvrurom 6inbro20 wnena(a,), a g — dinvruKoM KOeDi-
YlEHma npu cmapuomy ienia .

® dxwo £ e xopenem muOrowsIeHa f (x), TO f (ﬁj =0. Iligcrasagemo £ 3amicTs x
q

. .. . q
y f (x) i3 ocTranuboi piBHOCTI MaemMo
n n-1
a,+a, L
q q

ITomuOKMMO 06U Bi wacTuHM piBHOCTI (1) Ha ¢" (¢ # 0). Omep:ryemo

+...+a1§+a0=0. (1)

ap"+a, p"'q+..+apq"'+aq =0. (2)

¥ piBHocCTi (2) BCi fogaHKM, OKPiM OCTaHHBOTO, JiJATHCA Ha p. Tomy
aq"=-(ap"+a, p'"'q+..+apq" ") pinurbca HAp.

. . P o .
Aue KOs MU 3aIUCYEMO PallioHAJIbHE YNCJIO0 Y BUTJIALL ;: TO Ieli Apid BBa-

JKAETHCA HECKOPOTHUM, TOOTO p i ¢ He MalOTh CIIiABHUX MiJIbHUKIB. [[00yTOK
a,q" MOXKe NIMUTHUCA Ha p (KOJH p i ¢ — B3a€MHO IPOCTI YMCIa) TiIbKHU TOAL,
KOJIU 4, innThes Ha p. ToO6TO p — AINbHUK BIIBHOTO UieHa d,.

AmnajoriuHo Bci foganku piBHOCTI (2), KpiM mepiIoro, giiarbes Ha q. Toxai
ap'=—(a, ,p"'q+...+a,pq" ' +a,q") ninurbes Ha ¢. OcKinbKY pi g B3a€MHO
[IPOCTi YMCJIa, TO @, ALINTHCS Ha ¢, TOOTO ¢ — AiNbHUK KoedilieHTa npu cTap-
oMy 4jeHi.

Bigsuaunmo nBa Hacaigku 3 iei reopemu. 1Ko B3ATHM ¢ = 1, TO KOpEeHEM MHO-

roujieHa 6yje Iijie Yucjo p — AiJIbHUK a,. Orxe, Mae micie:

Hacaigoxkl. Bydv-akui yiauil KOpinb MHO20UeHA 3 YiluMU KOediuyi-
enmamu € 0iNbHUKOM 11020 6i1bHOZ0 Y/leHA.
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Slxmro B 3aganomy MHOTOUNEHI f (x) @, = 1, TO AIIbHUKAMU @, MOKYTb OyTH
TinbKku unciya * 1, To6To B iboMy BUIIaAKy ¢ =+ 1, i mae micite:

Hacunigoxk 2. Axwo cmapuuii koediyienm pi6HAHKHA 3 YiAUMU KOei-
yienmamu dopiénioe 1, mo 6ci payioHanbHi KOPEHi Ub020 PiI6HAHHA (AKUL0
60HU iCHYIOMb) — Yinivucaa.

Hpuxknag 1. 3uaiigiTe pamioHanabHi KopeHi MHOrousena 2x3— x4+ 12x — 6.

» Hexait HeckopoTHuii 1pi6 £ e kopenem muorowrena. Toxi p HEOOXiTHO IITyKaT!
q

cepe[ AiTbHUKIB BibHOrO ueHa, TooTo cepeguucent 1, +2, +3,+6,aq —
cepes OiIbHUKIB cTapioro Koedimienra: =1, = 2.
Taxkum urHOM, pallioHaJIbHI KOPeHi MHOTOUJIeHa IIOTPiOHO ITyKaTU CePe] YnCeJ

i%, t1, i%, + 2,+ 3, + 6. IlepeBipaTu, uu € JaHe YUCJIO KOPEHEM MHOTOUJIe-

. 1
Ha, IOIIiJIBHO 3a mormoMoroo cxemu I'opraepa. [Ipu x = 5 MaeMOo TabJIUIIO.

9 1 12 Kpim Toro, 3a cxemoro I'opaepa mosxkHa
B —6 3amIncarH, 1o

1

> 2 0 | 12 | 0 2x3—x2+12x—6=(x—%)(2x2+12).

Muorousnen 2x2+ 12 He mae giiicHUX KO-
peHiB (a TuM OiybIlle palioHAJBHUX ), TOMY 3aJJaHU MHOTOUJIEH Ma€ €MUHNN

. o . 1
paioHaTbHII KOPiHE X = . <

Ipurknaxg 2. Poskaagite muorowned P (x)=2x*+ 3x®—2x%— x — 2 HA MHOX-
HUKU.

P Ilyxaemo 1ij1i KOpeHi MHOTOYJIeHA cepe/ NiIbHUKIB BinmbHoro wiena: + 1, + 2.
Ilinxonuts 1. Hinumo P (x) Ha x — 1 3a mormomoroio cxemu ['opHepa.

Tomi P (x)=(x—1)(2x3+ 5x2+ 3x+ 2).
ITykaemo 1iyii KopeHi Ky6iYHOr0 MHO-
1 9 5 3 9 0 rounena 2x% + 5x2 + 3x + 2 cepen
IiNBHUKIB oro BijbHOro uieHa: = 1,
+ 2. IMigxomuts (—2). Hinumo Ha x + 2.

2 3 -2 | -1 | -2

Maemo

2 5 3 2 P (x) = (x — 1)(x + 2)(2x% + x +1).
Ksagparuuii tpuuinen 2x% 4+ x +1 me mae
MiICHUX KOPeHiB i Ha JIIHiTHI MHOMKHUKYT
He PO3KJIALaETHC.

Bionosidv: P (x) = (x — 1)(x + 2)(2x? + x +1). <
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§ 10. MHoro4neHu Bi OAHI€I 3MIHHOIT Ta Aii HaZ HAMMK

3a3HaunuMo, 1110 B MHOKUHI JiICHUX YlCceJI He 3aBXK AU MOKHA 3HAITH BC1 KO-
peHi MHOrOuJIeHA (HAIpUKJIAZ, Ve KBaApaTHUN TpuuieH x2 + x + 1 e Mae mgilicHux
KopeHiB). TakuM YMHOM, MHOTOUJIEH 7.-TO CTEeIIeHs He 3aBiK/A1 MOKHA PO3KJIACTHU B
IO0YTOK JiHIMHMX MHOMKHUKIB. AJle BUABJISETHCS, 1110 MHOTOUJICH HEIIaPHOI'o CTe-
HeHs 3aBXK U MOYKHA PO3KJIACTH B TOOYTOK JIIHIMHMUX i KBaJ[paTHUX MHOKHUKIB, a
MHOTOYJIEH IIaPHOTO CTEeIIeHA 3aBK /1 MOKHA PO3KJIACTHU B JOOYTOK KBaJpaTHUX
TPUUJIEHiB.

Hamnpukaam, MEHOro4JIeH 4eTBEPTOTO CTEIeHs PO3KJIAAAETHCA B [OOYTOK JBOX
KBaJpaTHUX TpUuieHiB. 14 3Hax0omKeHHA KoedilieHTiB 1IbOro po3KJIany inoai
MO’KHA BUKOPHUCTOBYBATH METO/I HeBU3HAYEHUX KoedillieHTiB.

Ipuknag 3. PoskaagiTe Ha MHOKHUKYN MHOTOwIeH X! + x% + 3x%+ x + 6.

P Cupoba sHaiiTy parjioHaIbHI KOPeHi Hiuoro He ja€ — MHOI'OYJICH He Ma€ PaIio-
HaJbHUX (IIiJIMX) KOPEeHiB.
CrpobyeMo 3HANTH PO3KJIAM ITLOT'0 MHOTOUJIEHA B TOOYTOK IBOX KBaJPATHUX
TpuuieHiB. OcKibKH cTapminii KoedillieHT MHOro4JieHa AOPiBHIOE 1, TO I
Yy KBaApaTHUX TPUUJICHAX BisbMeMo crapiii koedinienTu pisaumu 1. TooTo mry-
KaTUMeMO PO3KJIaj HAaIlIoT0 MHOTOUJIeHA ¥ BUTJISA:

x*+x2+3x2+x+6=(x2+ax+b)(x?+cx+d), 3)

nea,b,cid— akick HeBU3HAUeHi (IIOKH II10) KoeditieHTH.
Muorousienn, 110 CTOATS Y JIiBili 1 mpaBi#l yacTUHAX ITi€l piBHOCTI, TOTOKHO PiBHi,
TOMY KoedillieHTH Ipy OAHAKOBUX CTEIIEHAX X Y HUX OJTHAKOBi. PO3KpreMoO Iy K-
KU BIIpaBili yacTUHi piBHOCTI i mpupiBHAEMO BignoBigui KoedimienTu. Ie 3pyuno
3aIMCaTH TaK: x*+ad+3x2+x+6=x+cxd+dx®+
+ax®+acx®+adx+
+bx?+ bcx + bd.

Opnep:KyeMO CUCTEMY:
xt 1=1,
x3 l=a+e,
x2 3=ac+b+d, (4)
x! 1=bc+ad,
x0 6 =bd.

Crpo6a po3B’sA3aTH I[I0 CUCTEMY METOOM IIiICTAHOBKM IIPUBOAUTD 40 PiBHAH-
HA 4-TO CTeIleHs, TOMY CIIpo0yeMo pos3B’a3aTu cucrtemy (4) y miamx uymciaax.
3 ocTaHHBLOI piBHOCTI cucTemu (4) 0fepKYEMO, 110 b i d MOKYTH OYTH TiJIbKU
mirpHuKaMu uyncesa 6. Yci MoXKIMBI BapiauTy 3aIIMIIIeMO B TAOIHUINIO.

Koedimnientu b i d B piBHOCTI (3)
b 1 -1 2 —2 piBHOIIpaBHi, TOMY MU He PO3TJIAJAEMO
Bunagsku b = 6id =1 abo b = —6

d | 6|6 3|38 jd=-tlirn
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5%

6".

s koyxkHOI mapu 3HaYeHb b i d 3 TpeThoi piBHOCTI cucTemu (4) 3HaIEMO ac:
ac=3—(b+d),asapyroipiBHoctia+c=1.

3Hawuua + ciac, 3a TeopeMoro, 06epHeHO0I0 10 TeopeMu BieTa, sHaxogumoa i ¢
SAK KOpeHi KBajapaTHoro piBHaHHA. Koau sHaiigemo Bei uucaaa, b, ¢, d, To uet-
Bepra piBHicTb cuctemu (4) be + ad = 1 1o3BossA€ BUOpaTH Ti Umcaa, IKi € pos-
B’sA3Kamu cuctemu (4). 3pyuHO I1i MipKyBaHHA O)OPMUTH Y BUTJIAA] TAOTUII:

b 1 -1 2 -2
d 6 -6 3 -3
at+c=1 1 1 1 1
ac=3—(b+d) —4 10 -2 8
a He IiJe | He icHye 2 -1 He icHye
c He I[ije | He icHye -1 2 He icHye
be +ad =1 _ _ bczid1=4 bc+1a:dl=1 _
Sk 6aummo, cucremi (4) 3agoBonbHAe HaOip minmux umcen a = —1, b = 2,
c=2,d=3.ToxipiBHicTs (3) Mae BUTIAL
x*+x+3x2+x+6=(x2—x+2)(x®+ 2x + 3). (5)

Ockinpku KBagpaTHi Tpuuiaesn x2 — x + 21 x2 + 2x + 3 He MalOThL He TIIBKHU
palioHaJIbHUX, aje U AiMCHUX KOPeHiB, TO PiBHicTh (5) Jae ocTaToOUuHY Bij-
noBige. <

Bnpasu

. BHAUAITH ITiJIi KOpeHi MHOrouJIeHa:

1) x® — 5x + 4; 2) 2x% + x2—13x + 6;
3) 5x® + 18x2 - 10x — 8; 4)4x*—11x2+ 9x — 2.

. BHAWAITL palioHaJ bHi KOPeHi piBHAHHA:

1) x®-3x2+2=0; 2)2x3—b5x2—x+1=0;
3)3xt+ bx?—x? - b5x—2=0; 4)3x*—8x3—-2x2+ Tx—-2=0.
. PoskyiagiTe MHOTOUIEH HA MHOMKHUKN
1) 2x3 — x2— 6x — 2; 2) x3 + 9x% + 23x +15;
3)xt—2x3+2x—1; 4) x* — 2x3 — 24x% + 50x — 25.
. BHaAUIITH AificHI KOpPeHi piBHAHHA:
Dax?+x2—4x+2=0; 2)x3—Tx—6=0;
3)2x*—5x+5x2—-2=0; 4) 2x* - 5x2+1=0.

PosknaniTe MHOrOUJIEH Ha MHOKHUKY METOIOM HEBU3HAUEHUX Koe(illieHTiB:
Dx*+x2—-5x2+13x—-6; 2)x*—4x®—20x%2+ 13x— 2.

PoskiagiTe MHOTOUIEH HA MHOYKHUKH, 3a34aJIeTi b 3alCaBIII I0ro 3a JOII0-
MOT'OIO METOAY HeBU3HAaUYeHuX KoedimieHTiB y Buriaani (x + bx + ¢)? — (mx + n):
1 x*+4x—1; 2) xt—4x3-1; 3) x*+ 4a3x — a*.
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m OOOATKOBI ®OPMYNUN TPUTOHOMETPII

11.1. ®OPMYJINMOTPIAHOIO TA MOJIOBUHHOIO APTYMEHTIB.

BUPAXXEHHA TPUrOHOMETPUYHUX DYHKLIV

YEPE3 TAHFEHC MOJIOBUHHOIO APFT'YMEHTY

Tabnumsa 23

1. DopMynu NOTPIVHOTO apryMeHTy

cos 300 =4 cos®0. — 3cos 0o,
| |

’sin3a=3sina—4sin3a ‘
Stga—tgd o T _ 3ctgo-ctgda nk
=—=—> — = ctgdo=—">>—"71— =
tg3a 1 stg%a a¢6(2k+1),kez g 30 - 3cgla o*2 ke Z
2. DopMynv NOHMKEHHS CTerneHs
1-cos2a 2, _ 1+cos2a
E— CcoSs G—T

in2ag =
sin o=
2

3. DopMynv NOMOBMHHOMO apryMeHTy

(3HaK mepes KOpeHeM BUOMPAETHCS 3aJI€KHO BijJl 3HAKA TPUTOHOMETPUYHOI PYHKIIIT,
110 CTOITH y JIiBi#t yacTuHi piBHOCTI.)

. 1-cosa o 1+cosa
= =4 = ==, [—=
sin _1[ > cos ,[ >
tgl=+ [l‘cos“ _ _sina ,a#n+2nk, ke Z tgﬁzl‘cﬂ, ozxmnk, ke Z
2 l1+cosa 1+cosa 2 sina
ctg2=i1[1+cosa =_Se " ox2nk ke Z ctgﬁ:m, oznk, ke Z
2 l-cosa 1-cosa 2
4. BUpaxKeHHsA TPUrOHOMETPUHHIX YHKLIN Yepe3 TaHreHC MONIOBUHHOIO apryMeHTy
2tg % 1-tg22
sina = 2  azn+2nk,keZ cosQ, = 2 o#n+2nk, ke Z
1+tg?_ 1+tg2 %
2
2tg% p
tgo = s oc¢§+nn,neZ,oc¢n+2nk,keZ
_ 2%
1-tg 2
1-tg22
ctgo= 2 ozmk,keZ
o
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MosicHeHHs 1 0GIPYHTYBaHHS

1. ®opmyau norpiliHoro aprymenty. BukopucroByouu ¢hopmMyau goJgaBaHHSA,
dopMyiu MOABIMTHOTO apTyMeHTY, OCHOBHY TPUTOHOMETPUYHY TOTOMKHICTB i (hop-
myay tg o - ctgo =1, omep:xkyemo Taki popmyim:
sin 3ot = sin (20t + o) = sin 20t * cos o + cos 20t * sin ot = 2 sin ¢, - cos 2o +
+(1-2sin?a) sina=2sina-(1-sin?o) + (1 — 2 sin®o) - sin o0 =
= 3 sin o0 — 4 sin® a.. OToxe,

‘ sin 3o =3 sin o — 4 sin® o

cos 30, = cos (20 + o) = cos 20 * cos o — sin 20 * sin o =
=(2cos?a—1)-coso—2sin20-coso =
=(2cos?0—1) - cos oo — 2(1— cos?a) - cos o= 4 cos® ot — 3 cosa. Orxe,

cos 30, =4 cos®0.— 3 cos L |.
| |

2tga

tg2o+tga ﬁ+tgoc 3tgo—tgda
tg3a =tg(20.+ )= =-_&a = - .
g g( ) 1-tg20- tgo 1_@ 1—3tg2(x OT}Re,
1-tg2a
3tga—-tgia
tgda="2——>—
g 1-3tg2a
-3
ctg3a = 1 1-3tgla  _ ctg?a_ (ctg?o-8)ctgo _ 3ctga -ctgda
tg3a  3tgo-tgda 3 1 3ctgo -1 1-3ctga :
ctgo  ctgda
Orxe,

3ctga—ctgla

ctg3o =
goa 1-3ctg?a

SayBamxeHH a. DyHKHiisin 3001 cos 30l icHYIOTh IpH Oy /Ib-AKNX 3HAUEHHAX O,
a tg 3o icHye TibKU TOAi, KOIU 30 # g +mk, ne k € Z. TobTo O.# % + %k, oTIKe,
o# %(Zk + 1), ke Z. Ananoriuno ctg 3o.icuye TisnbKU TO1, Kotu 30 # Tk, ne k€ Z.
Toxi oc;ﬁn—;, ke Z.

2. ®opmMyu NOHUKEHHA cTeneHd. 3 popmy cos 200=1— 2 sin®a ra
cos 20.= 2 cos?0,— 1 omeps:ryemMo GOPMYJIN IOHUKEHHS CTeIIeHs:

sina = 1=, (1)
cosza:1+cgs2a. 2)

3. dopMyaM MOJOBMHHOIO aprymenry. Sximo y dpopmyaax (1) i (2) samicts o

o
B3ATH aPTYMEHT > TO O/IEPIKUMO:
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.90 _ 1-coso

sin?—=—-—-"+
P 5 (3)

o _ 1+cosa

cos?—=——
P p (4)

3 popmya (3)i(4) omep:xyeMo (popMyJIH IOJTOBUHHOTO apryMeHTY AJIS CUHYyCca

i KocuHyca:
. 1-—cosa
s1n%=i,/T , (3)
+
cos% =+, ,1(:% . (6)

V¥V nux popmyJiax 3HaK Iepe; KopeHeM BUOMPAEThCA 3aJIEsKHO BiJl 3HAKY TPUTO-
HOMeTPUYHOI PYHKIIiT, IIT0 CTOITH Yy JIiBill yacTuHi piBHOCTI.

.o
sin—
Ao nmouwsenHo poaxisuty hopmyau (5) i (6) i BpaxyBaru, 110 2 = tg%,
o COs—
COs— o
a—2-= ctg, o ofepscyeMO:
sin%

o _ ,l—cosa

tgg_i 1+cosa |’ 0
a4 ’1+cos(x

ctg2 "N1-cosa |’ &)

YV dpopmynax (7)1 (8) sHak mepes KOpeHEM TAKOK BUOMPAETHCS 3aI€KHO Bi
3HaKy TPUTOHOMETPUYHOI (DYHKIILii, I110 CTOITH y JIiBill UacTUHi piBHOCTI.
3azHauyumo, 110 dhopmyu (5) i (6) MOKHA BUKOPUCTOBYBATHU IPU Oy Ib-AKUX

3HAUEHHSX O, a popmyau (7) i (8) TiIbKU TOAi, KOJIU iCHYIOTH 3HAUEHHS tg% Ta
ctg% BigmoBigHo. OToKe, hopmy.ry (7) MOKHA BUKOPHUCTOBYBATH, AKIIO % * % + 1k,

T06TO O % T + 21k, k € Z, a popMyy (8) — AKIIO %¢ nk, To6TO 0L % 2Tk, k€ Z.

3ayBasKnUMO, 1110 AJIs TAHTeHCa 1 KOTaHreHca OJOBUHHOTO apryMeHTy MOKHA
ozep:kaTu (popMyJin, AKi He MiCTATh KBaJpaTHUX KopeHiB. Hampukaan,

o sina

tg2 " 1+cosa | (9)

- N . o
HdificHo, IKIIO0 BpaXyBaTH, 110 apT'yMEeHT O BABiUi GiabIINil 3a apryMeHT 5 TO

o o o
. 2sin—cos— sin—
sino 2 2__ 2_t5% grmo 1+ coso#0, T0o6T0 Popmyay (9) MoskHA
1+ cosa , O o 2
2cos E COSE

BUKOPUCTOBYBATU IPU O # T+ 21k, ke Z.
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Amnajoriuno o6r'pyHTOBY€ETHCA (POPMy.Ia

1-cosa
tg=l-cosa
g2 sina (10)
1- cosa ZSinzg sin— o
- = 2 - 2 _tg% grmosin o.#0, T06TO dopmyary (10) mosxkHA
sina o o o 2

2sin—cos— cos—
2 2 2

BUKOPUCTOBYBATU IPU OL# TR, k€ Z.
BpaxoByroun, 1110 ctgg = i, OZlepKy€eEMO (hopMyam:
(04

2
tf
€9

sina _1l+cosa

Ctg% - Ctg% sina

i
1-cosa

4. BupakeHHA TPUTOHOMETPUYHUX (PYHKI[ill yepes3 TAaHTeHC II0JTOBUHHOTO ap-
rymenrty. I1106 ogep:kaTu BigmoBigui hopmyau ajis sin o i cos o 3anuieMo KoKeH
3 IIUX BUpadiB 3a (opMysaMu MOABIAHOTO apryMeHTY i IOZiJImMO Ha

1= sinZ% + cos? %. ITorim, 11106 mepeiTH 40 TAHTEHCIB, MOALINMO YHNCeJIbHUK i 3HA-

2O o 9 O
MEeHHUK OIeP:KaHOoro Apo0y Ha cos 5 (3Buuaiino, 3a yMOBH, IIIO COS 5 #0, To0TO
npua#n+2nk, ke Z).

.o o .o
2sin—cos— sin—
2 2 2 2
sino ZSingcosg cos? & cosg 2tgg
sino = = 2 2 _ 2 = 2 - 2 . Omxe,
sin29+coszg sinzg+coszg sinzg tg29+1
2 2 2 2 1 2
cos2 2 cos?Z
2 2
2tg%
smoc=—a, oxn+2nk, ke Z|. (11)
1+tg2 -
&2
oSOl cos?— —sin?— 1—tgzg
cosoL = = 2 2 = 2 Omskce
sm2f+cos29 tgzg 1 ’
2 2
1—tg2%
cosa=—1+tg2a’a¢n+2nk,kez. (12)

Axmro mouwnernHo nogiauTu pisHocTi (11)1i(12), To ogep:xuMO POpMYyJIH:

132



§ 11. JonaTkoBi opMynn TPUroHOMETPIT

o
2tg—
tg o= za, oc;tgﬂm,ne Z,0#1+2nk, ke Z |, (13)

1-tg?
2

1—tg2%

ctgoa=—=, a#nk, ke Z|.
2tg%

3ayBaKuMo, 1110 popmyay (13) MokHa oepsKaTH i 3a POPMYJIOI0 TAHTeHCA I10-

.o . o
IBiTHOIO apI'yMeHTY, OCKiIbKHY O =2 e

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukaan 1.

1)sin 15°; 2)cos 15%

PosB’aszauusga

nH» sin15°=4/1_L25300=

2)» c0s15°=4l1+L25300=

O6uncCIiTh, HE KOPUCTYIOUNCH TAOJUIAMU i KaJIbKYJIATOPOM:

3)tg 15°.
KomenTap

OckinpKku aprymesT 15° cTaHOBUTE
moJI0BUHY Bij aprymenty 30°, a Kocu-
gyc 30° HaM BiZoMMIi, TO MOMKHA 3HAN-
TH IIIYKaHi 3HaYeHHA 3a (DOPMYJIaMU I10-
JIOBUHHOTO apryMeHTy. BpaxoByoouu,
0 apryMmeHT 15° sHaxogurses B I usep-
Ti (e 3HaUeHHS BCiX TPUTOHOMETPUY-
HEUX QYHKIIi fogaTHi), y opmyiax (5)
i(6) mepen 3HAKOM KBaJpaTHOTO Kope-
HsS BUOUPAEThCA 3HAK «+». I[yia 3Ha-
XOIKeHHd TaHTreHca 15° MoKHA BUKO-
puctatu 6yab-AKy 3 hopmy. (7), (9) abo
(10), ane 3pyuHiIlle BUKopucTaTu )op-
myau (9) a6o (10), sanuc AKUX He Mic-
TUTH KBaAPaTHUX KopeHiB. Takoxk mic-
JId 3HaXOIKeHHd sin 15°1 cos 15° mouxk-
Ha BUKOPHUCTATHU (popMyTy

tg15° - sinl5° .
cos15°

3ayBaieHH A. 3anucu Bignosigeii qia sin 15°1 cos 15" MmoskHa fero cupoc-
TUTHU, BUAIJIAOYHY ITiJ, B3HAKOM 30BHIIITHBOTO KBAJAPAaTHOTO KOPEeHs KBaapaT JBO-

ynena. [11o6 mogatu, HanpuKJIag, 2— «/g Y BUTJISAJIi KBaJpaTa JBOUYJIeHa, IOMHO-

JKHUMO 1 IToAijimMo 11eii Bupas Ha 2 (Ta pos3TJISHeMO BUpas 23 ax MMOABOEHUIT 100y~

TOK uncea V3 il). Omeparyemo:
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

. O6uucaiTh

_ \/5—12 +23 (\/§+12
(Va-1)
va-v3 _ N e o1 e
2 2 o2 4

Toxi sin15°=

Jois

Bukonyoun aHa/IoriuHi mepeTBopeHHs, MaEMo cos 15° = .

3anuTtaHHs gs KOHTpOIJIIO

. 3anunIiTs OpMyJIM IIOTPiMHOTO Ta IOJIOBUHHOTO apT'yMeHTIiB i (hopMyJiu Bupa-
JKeHHS TPUTOHOMEeTPUYHUX (DYHKIIIM uepes TAHT'eHC ITI0JIOBUHHOTO apT'yMeHTY.
ITpoinmfocTpyiiTe Ha IPpUKJIaJaX 3aCTOCYBAHHSA ITUX (POPMY.JI.

. O6rpyHTyiiTe GQOPMYJIH IOTPiNHOTO Ta HOJOBUHHOTO apTyMeHTiB i hopmyau
BUPaKeHHS TPUTOHOMETPUYHUX QYHKIIIl uepes TAaHTeHC ITI0JIOBUHHOTO apry-
MEHTY.

Bnpasu

. O0umMCIiTh, He KOPUCTYIOUNCH TAOJIUISAMA i KAJbKYJIATOPOM:
1) sin 22°30’; 2) cos 22°30'; 3) tg 22°30'.

. 3HAUIiTL sin%; cos%; tg%, AKIIO:

1) coso=—2 1 n<oc<3—“; 2)cosoc=i i 3 co<om
5 2 13~ 2

. O6uucriTs tg(oc—k%), AKIIO cosZOc=% i 7'c<0c<%n.

. O6uucaitTe cos%, AKIIT0 sinoc=—% i 7'c<0c<3?n.

. O6GuucaiTh sind, AKIIO tg%=%.

. O6uucriTs tg%, AKIO SinoL+coso =1 i 3—; <o<2m

ot

sin2o. ~ coso , AKIIO tgg=2‘
1+cosa 1+ cos2o 2

. Bpaxosyroun, 1110 sin 36° = cos 54°, o6unciiTs sin 18°.
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§ 11. lonaTkoBi hopMynun TPUroHOMETPIT

11.2. ®OPMVYJIA NEPETBOPEHHA BUPA3Y a sin o + b cos o
Tabnumsa 24

asina+bcosa=+a?+b%sin(a+¢) |,

Jle apTyMEeHT () BUBHAUAEThCA i3 CIIiBBiTHOIIIEHD

sing = b

a
—— B
Va? + b2 a?+b?

cosQ =

MosicHeHHs1 11 OGI'PYHTYBaHHS

® Cnouarky f0BeZeMO TaKe TBEPIIKEHHA: AKUL0 014 YUCEL M i N BUKOHYEMbCA
cniggionowennam?+n?=1, mo o0ne 3 yux wuces MOHCHA B8AHCAMU CUHYCOM,
a Opyze KOCUHYCOM 0esK020 apeymMeHmy @.
Posriguemo Touky M KOOpAMHATHOI IIOIMUHYN 3 KoopauHatamu M (m; n).
Koopauuaru Touku M 3a10BOJbHAIOT PiBHAHHIO OMUHAYHOTO KoJia: x2 +y? =1
(ockinbku 3a ymoBoio m2 + n?=1). Orxe, Touka M 3HAXOAUTHCA HA OQUHUYHO-
HUM HaIpAMKoM oci Ox, a opguHaTa — CHHYCOM I[boro KyTa @. TobTo m = cos @,
n=sin@.

a b a? b?

Ko B3g™M M=—F—vo, n=———, TO M?+n2= +———>=1. Toxi
m a2 +p2 RNy a?+b2  a?+0p? A
a b .
UL TeAKOT0 KyTa () M =———— =C0S (), n =———— =sin Q.
a2 +b? Va2 +b2

Tenep Mu MoxeMo foBecT GopMyILy a sino+b coso =+a2 +b? sin(o+@). s

IILOT'O IOBEIEeMO, ITI0 ITPaBa YacTUHA Ifiel (popMyJiu JOPiBHIOE JIiBili.

vaz +b?sin(o+@)=+a?+b?(sinocos@+cososing) =
=+a? +b?| sino—2——
a2 +b?

110 ¥ moTpidHo 6ys0 qoBectu. OTiKe,

+ Ccoso

b
Va2 + b2

)= a sino+b cosa,

asina +bcosa =+/a?+b%sin(a + @),

. .. a

e apryMeHT () BU3HAYAETHCA 13 CIIIBBIAHOIIIEHb COS () = —F———,
Va? +b?
b )

Va2 +b? o

3ayBaskeHHsd. Bonep:raniit Gopmysai apryMeHT () BUBHAYAETHCA 3 TOUHI-
CTIO 0 27, ajie HallyacTille BUOMPAIOTh Te 3HAUEHHSA, AKe HaliMeHIIIe 3a MOIY-
JeM.

sin =
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PO34IT 1. TpUroHOMEeTPUYHI DyHKUIT

Hanpukaan, nyis Bupasy sin o + cos amaemoa =1, b= 1. Toxi

cosQ =

o _1
Va2 +b? \/5’

sing =

b _1
Va2 + b2 \/5

OT:Ke, apryMeHT () 3HAaXOAUThCA B | uBepTi i AK 3HAUEHHS () MOKHA BUOpaTH

_T .
(9—4- Tomi

sino + coso = \/§Sin((x +§) .

Mpuknagu po3B'a3aHHA 3aBAaHb

Ipuxnan 1.
J/3sino - cosa
PosB’sasauus«a
» 3a popmyomn
asino+bcosa=+a?+b2sin(o+ @)
OZIEPIKYEMO

J38sino - cosa = Zsin(oc —%).

Bpaxosyouun, 1110 sin(oc—%) HaOy-

Bae€ BCix 3HAaUYeHb i3 mpomixkky [—1; 1],

. o .
MaeMo, II10 ZSln(OL—E) HabyBae BCix

3HaUYeHb i3 mpoMikKy [—2; 2]. Orxe,
HaOiIbIIle 3BHAUEHHS 3aTaHOTO BUPA3Y
nopisuioe 2, a Hafimenme — (—2). <

3HanaiTh Ha0iablle Ta HAaiMeHIIIe 3HAUCHHA BUPa3y

KomenTap
Bupas /3 sinc — coso. MO HA IepeTBo-
puTu 3a GOopMyJI0I0
asina+bcosa=+a?+b2sin(o+ Q).
Ty a=\/§, b=-1, Toxni
Ja2 +b% =/4=2. Orxe,
a3

COSP=—F———==—
? Va? + b2 2’
sing=—__ -1
Va? +b? 2

Toni aprymMeHT (p 3HAXOAUTHCA B
IV uBepri, i AK 3HaUEHHA () MOKHA BU-

OpaTu, HAIPUKJIAL, P = —%. Buxopuc-

mosyniu memod OuiHKu 0As 3HAXO-
O0XHCeHHA HAllOiAbULO20 MA HATLMEHULOZO
3HAUeHb 8UPA3Y, BPAXOBYEMO, L0 HEOO-
Xi0HO He MINbKU OUIHUMU 3HAUEHHA 8U-
pasy 3a 0onomozo Hecmpozux HepieHo-

cmeil (—2 < 2sin(oc—g) < 2), a il enes-

HUMmMucs, w0 3HAK PIBHOCMIL 8 UUX He-
pisHocmasx 0ocszaemuvcs.

Mpuxaax 2. ITobyayiire rpadik dyuxmii y =2 (sinx +cosx).
KomenTap
Bupas sin x + cos x MoKHa 3alIucaT y BUIVISAL Sin X +cos x = x/Esin(erg).

Tomi rpadik 3aganoi GyHKIII MoKHAa TOOYyBaTH 3a JOIIOMOT0I0 TeOMETPUUHUX
nepeTBOpeHb rpadika QyHKINI y =sin x.
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§ 11. JonaTkoBi opMynn TPUroHOMETPIT

PosB’aszauusga
> y=x/§(sinx+cosx)=2sin(x+%).

I'padik saganoi @yHKIii omep:ryemo 3 rpadika pyHKIII y = sin x po3raryBaH-
HAM Y 2 pasu B3J10Bxk oci Oy i mapajieTbHIM IIepeHeCeHHAM OTPUMAaHOTo rpadika

. T
B3I0B:K oci Ox Ha (_Z)'

y=2sinx

’
VYam?

3anuTtaHHsa ansa KOHTpOIJIIO

1. 3anuniite (popMyJIy HepeTBOPEHHS BUPa3y a sin o + b cos oL Ha BUpas3 BUTJIALY
¢ sin (x + ¢). IIpoisrocTpyliTe HA IPUKJIaAi 3aCTOCYBaHHA 1€l hopmyan.

2. O6rpyHTyiiTe (hopMy.Iy IIePEeTBOPEHHA BUpa3dy a sin o+ b cos 0L Ha BUpas BUTJIA-
Iy ¢ sin (x + @).

Bnpasu

1. 3maiigiTes HabiaAbIIe Ta HAMEHIIIe 3HAUCHH BUPa3y:
1) sin o+ cos o 2) sinoc—\/gcosoc;
3)\/§sin0c+cosoc; 4) V2sina +/6 coso.

2. TloGynayiire rpadik PyHKIi:
1)y=x/§sinx+cosx; 2) y=sin 2x —cos 2x;
3)y=sinx+\/§cos x; 4) y=x/§sin§+cos§.

3. 3HaiiTh 001aCTh 3HAUEHDb (PYHKINIi:
1)y=3sin x + 4 cos x; 2)y=5sin 3x — 12 cos 3x;
3) y =sin Tx — cos 7x; 4) y= 85in§+15cos§.

4. YuicuyioTh TaKi 3HAYEHHS X, IPU AKNX BUKOHYETHCS PiBHICTD:
1) 3 sin x — 4 cos x = 6; 2)5sin 2x + 12 cos 2x = 15;

3)\/§sin4x—cos4x=\/g; 1) sin§+cos§=1,5?
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I JOJATKOBI 3ABOAHHA OO PO34JTY 1

CupocriTs Bupas (1—2).

1. 1)tg?o —sin? o — tg? o sin? o 2) \/Sinz B(1+ctgP)+cos? B(1+tgP);
3) (3 sin o+ 2 cos ®)? + (2 sin o.— 3 cos @)% 4) °°:£;§ P _ctg Beos B.

T
(L tgl —-«a
2. 1) 2tgoc—tg(oc—n)+ctg(3—2”—oc); 2) sin(-o) _ (2 )+ coso

. ’
sin(n-o) ctga sin(ﬁﬂx)

tg(n—B)cos(n—B)tg(ﬁ—B) tg(g+()c)singasinm#ncosm
3) 2 . 4) 2 2 9 18 .
sin(ﬁ - B)ctg(ﬁ + oc)tg(g + (x) ct (n - G)COS@SinMCOSZTE
2 2 2 ¢ 18 9

HoBeniTs ToTOMKHiCTD (3—4).
tg(o+p)-tgo—tg B
tg oatg(o+PB)

1-cos20 +sin20 _
1+ cos 20 + sin 20

3. 1) = tg B; 2) tg o

cos(o+B)+cos(a—B)
) sin(o+p)+sin(o - )

=ctg o; 4) sino — sin3a =—ctg 20.

COs 0L — coSs 30

4. 1) \/l—lJlJrlcosoc =cosZ mpum <o <2m;
2 2V2 2 4
3
2) 1—1/l—lcos 200 =«/§cos(£—9) mpu T< o< X;
2 2 4 2 2
} 3
3) \/l+l L lcos 20 =—cos® mpm <0<2m
2 2V2 2 2 2
| 3
4) |1+ l—lcosoc =«/§cos(£—9) npu L < o< 2m,
2 2 4 4 2

5. HoBeniTh IpaBUIbHICTE PiBHOCTI:

1) cosTcosTcos =25 2)tg 20° — 4 sin 20 sin 50° = -2 sin 20’
1 . ° o . o . o
8) 15 4sin70°=2; 4) cos 20°+2 sin 55°—/2 sin 65°=1.
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BigomocTi 3 icTopii

6. oBeniTh IpaBUIbHICTH HEPiBHOCTI:

i (T[ )
sin[ = + o
3
. (n oc). (511 oc)
sin|—+— |sin{ == - =
13 4 12 4

3)(1+sin@+cos@)(1—sin@ +cos@)(1+sin@—cos@)(sing+cosp—1)<1;
4) 2 sin 4o sin 20 + cos 600 > —1.

1)tg x + ctg x > 2, akiro 0<x<§; 2) +2sin%<2«/§;

7. O6uuCIiTE:

1 4 i4 . _2, 1-sin®3 toed =m:
) cos* oo+ sin? o, AKIITO sin20 == —=, darmjo tg—=m;
3 1+ sina 2

. 1
3) cos O, AKIIo sin O tg o =5;

4) sin o, cos 2d, cos%, AKIIO tg% = —\/5, n<o <3?".

I BIJOMOCTI 3 ICTOPII

C0BO «TpUrOHOMETPisA» Buepiie 3ycTpivaersed (1505 p.) y HA3Bi KHUIKKU
HiMenbKoro Teosora i Mmarematuka Ilutuckyca. Iloxom:xeHHA ITbOTO CJIOBA I'PEIlhb-
Ke: «TPUTOHOH» — TPUKYTHUK, «MeTpio» — mipa. IHImumMu caioBaMu, TPUTOHO-
MeTpif — HayKa Ipo BUMipIOBaHHA TPUKYTHUKiB. BaraTo mouaTsk i pakTiB, AKi
Temnep BiIHOCATE 10 TPUTOHOMETPil, 6yau Bigomi 11e ABi TrcsAYi poKiB Tomy. Pak-
TUYHO PisHi BiAHOIIIeHHA BiIpi3KiB TPUKYTHUKA i KoJia (BJIacHe KaKyuu, i TPUTO-
HOMETpHUYHI QyHKIIiT) sycTpivatoThes Bxke B III cT. 10 H. e. B mpalsax BeJIUKUX
mareMmaTukiB CtaponaBuboi I'penii —EBKaiga tTa Apximena.

HoBruii yac TPUTOHOMETPiA PO3BUBAJIACA K UaCTHUHA reoMeTpii, TooTo haxTu,
AKiMu Tenep GopMyJIIOEMO B TEpMiHaX TPUTOHOMETPUUYHUX (DYHKITIN, (hopMy.JIio-
BaJIX 1 TOBOAMJIM 34 JOIIOMOI'0I0 T€OMETPUUHUX IOHATE i TBepAKeHb. MabyTs,
HaMOiIBII CTUMYJIN AJIS PO3BUTKY TPUTOHOMETPil BUHUKAJIN Y 3B’ I3KY 3 PO3B’ -
3YBaHHAM 3aJ]a4 aCTPOHOMI1, 1110 CTAHOBUJIO BEJIMKHUI IIPaKTUUYHU Y iHTepec (Ha-
IpUKJIa/, IJid PO3B’I3yBaHH 3a/jayU HA BUSHAUEHHS MiCI[e3HAXOMKeHH CyAHa,
nependaveHHsa 3aTeMHEHD To1110). CyYacHOro BUTJIALY TPUIOHOMETPIil HaaB BeJIn-
kuit matematuk XVIII cr. JI. Eiinep (1707—1783), mBeinapenp 3a m0X0-
IKeHHAM, IKUI JoBro npaimiosaB y Pociii 6yB uwirenom IleTepOypsbkoi akagemil
Hayk. Came Eitnep mepiiuii yBiB BijoMi 03HaAUEHHS TPUTOHOMETPUYHUX (PYHKITIH,
IoYaB po3TIaAaT QPYHKIIII JOBiJIBHOTO KyTa, BUBiB (hopMmyau 3BeeHHs. [licas
Eiinepa rpuronomerpis HaObpasa (popMu UMCIeHHA: PisdHi (DaKTU IIOUYATIHU JOBOIUTH
dopmMaIbHUM 3aCTOCYBAHHAM (DOPMYJ TPUTOHOMETPIi, TOBejeHHA cTa Iy Habara-
TO KOMOAKTHIIIIUMH.
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Po3pin
TPUrOHOMETPWYHI PIBHAHHS | HEPIBHOCTI

m OBEPHEHA ®YHKUIA

1. TIoHATTA 00epHeHOT DYHKLT

Tabnuma 25

Axuro dhysruia y = f (x) HabyBae KOMXKHOTO CBOT0 3HAUYEHHS B €AUHI i TOYII]
ii 0061acTi BU3BHAUEHHS, TO MOKHA 3aJaTH PyHKLII0 Yy = g (x), IKa HA3MBAETh-
cs1 06eprenoio 00 pynryiiy =f (x):

f s kosxuoroa € D (f),

~ armo f (a)=b, o g (b)=a

@\/Q) E(f)=D(g); D (H)=E (9)

£ Pynruii f (x)ig (x) 83aemHo obepHeHi.

2. BnactmBocTi obepHeHoi hyHKUT

1) I'padiku npamoi i o6epHenol
y=g(x) (pyHKLi#i cuMeTpUYHi BiTHOCHO
npaMoi y = x.

\
[
\, //
N
\
N 7
/
/
.
/
N
// \\
>} N
-

2) fAxmo dyukuia f (x) 3pocrae (cna-
Ia€) HA MeIKOMY IPOMIiKKY, TO
BOHA Ma€ o0epHeHYy (PyHKILiI0 Ha
IbOMY IIPOMIiKKY, SIKA 3pOCTaec,
saxuio f (x) 3pocrae, i ciagae, AKIIO
f (x) cmagae.
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§ 12. ObepHeHa dhyHKUis

IIpomoB:xk. Taba. 25

3. MpaKkTUYHUM NPUNOM 3HAXOLAKEHHS (OPMYN DYHKLT,
obepHeHoi oo dyHKLjT y =7 (x)
Anroputm Mpwknag

1. 3’acysaru, uu Oyge pyHKIUis 3HalmiTL PyHKIIIIO, 00epHEHY 10
y =f (x) obopoTHOIO Ha BCiil 00- | QpyHKNiiy=2x+4.
JacTi BUSHAYEHHH: JJIA I[bOTO I0- | p 3 piBHOCTI y = 2x + 4 MoKHa

, .
CHTD 8’ACYBATHU, UM MAE PIBHAHHA | o1H03HATHO BUPA3HTH X Uepes U:
y = f (x) equHUI KOPiHb BiAHOCHO

3MiHHOI X. x =%y—2.
AxK1mo Hi, TO BUALIUTH (IKIIO0 MOK- p
JIMBO) IIPOMIiSKOK, /ie icHye o0epHe- L popmya safae obepHeHy GYHK-

mifo, ajie B Hili apryMeHT MO3HaYeHO
yepes Yy, a QyHKIi0 — yepes X.

ITosmauumo B oxep:kaHill hopmy-
JIi apTryMeHT 4yepes X, a PyHKI[il0 —
yepes y.

Ha PYyHKLid (HAIpUKJIAL, Ile MOXKe
OyTU MPOMIKOK, me (pyHKIia
y = f (x) 3pocTae abo cnazgae).

2. 3 piBHocTi y = f (x) BUpa3uTu x uye-
pe3 y.

3. Bopep:kaniii popmyri BBecTH Tpa-
MU iHi I03HAYEHH — apryMeHT
TO3HAYNTH Yepes X, a GyHKILiI0o — | obepHeny 10 QyHKIIIy = 2x + 4. <
yepes y.

Maewmo pyuKIi0 Y= %x -2,

MosicHeHHs1 11 0GIPYHTYBaHHS

1. Ilouarrsa o6epHenoi pyHkiii. Bimomo, 110 3ameKHicTh MIIAXY Bif acy pyxy
Tina, AKe pyXaeTbcsa PIBHOMIPHO 3 IOCTiHOIO IIBUAKICTIO U, , BUPAKAETHCA POP-

Myso10 S = v,t. 3 niei Gopmyan MOKHA 3HAUTH O0EPHEHY 3aJMEKHICTL — Yacy

Bifi IpoitneHoro muaAXy ¢ = >, MyHKIio ¢ (S)= 5 nasuBaioTh 06epHeroi do PyHK-
Yo Yo
yii S (t) = v,t. 3a3HauYnUMO, 1110 B POSTIAHYTOMY IIPUKJIALi KOXXHOMY 3HAUEHHIO ¢

(t 2 0) BinmmoBimae enuHe 3HAUEHHA S, i, HaBIaku, KoxKHOMY 3HaueHHI0 S (S > 0)
BigmoBigae enuHe 3HAUEHHA .

Posrasimemo mpoieaypy ofep:KaHHAa 00epHeHOoI (PYHKITII B 3araJbHOMY BUTJISII.
JgacTi BusHaueHH (Taka QYHKIiA Ha3UBAETHCA 000pOomMHO10). Toi N1 KOXKHOTO
uncaay,=b (3 o6macti sHauens QyHKILil f (X)) icHye euHe 3HAYEHHA X, = d, TAKe,
1o f (a) = b. Posrisaaemo HOBY PYHKIIIIO g (X), KA KOXXHOMY umncay b 3 obacti
3HaueHb PYHKII f (x) cTaBUTDH Y BiATIOBiAHiCTE UKcI0 @, TOOTO g (b) = @ HJId KOXK-
HOro b 3 o6iacti 3HaueHb GYHKIIL f (x). ¥V nboMy BUIagKy QYyHKIIA g (x) HA3U-
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BaeTbCA obepHeHOI0 n0 PYHKIII f (x),
a QpyHKIia f (x) — 0bepHEHOO 10 PYyHKIIIT
g (x).

3 o3HauyeHHs 00epHeHOol PYyHKIIiI Bu-
JIXUBAa€E, 110 00JaCTh 3HAUEHDb IPAMOI
dyuknii E (f) e o6ysacTio BU3HAYCHHS
obepuenoi ¢pyukiii D (g), a obacTsb BU-
3HauveHHA npamol pyukKIii D (f) e obaac-
TIO 3HaUeHb o0epHeHol GyuKItii E (g).

TobTo:

E ()=D (g), D (/)=E (g).

D

v

A

—_

0 //
v
/
/
/
/

2. BaactuBocrti 06epHeHOl PyHKIIIT.
BnacruBicts 1. I'pagiku npamoi i o6eprenoi pynkuyii cumempuuni

I 6i0HOCHO NPAMOL Y = X.

® BpaxoByooun HaBegeHY BHUIIE IPOIeAyPY IOOYHOBH (MYHKIIII, 06epHEHOI KO
dyukruii y =f (x), maemo: Ao f (a) = b, To 3a osHaueHHAM rpadika GyHKIIT
Touxka M 3 Koopaunaramu (a; b) HajmeKuTh rpadirvy byakii y = f (x). Auajo-
riuno, ockinbku g (b) = a, To rourka M, 3 koopauHaramu (b; a) HANEKUTH Ipa-
Giky pynrniiy = g (x). Toukn M (a; b)i M (b; a) posmiIlieHi Ha KOOPAWHATHIH
IJIOIIMHI CUMETPUYHO BiTHOCHO ITpsAMOi iy = x (puc. 84).
HiicHo, TpAMa y = x € Biccio cumeTpii cucremu KoopauHat. OT:Ke, Ipu CUMeTpil
BimHOCHO mpsiMoi y = x Bick Ox BimoOpaskaeTbcs Ha Bick Oy, a Bicb Oy — Ha
Bick Ox. Toxi (Hampukiaazn, npu a > 01ib > 0) npamorytauk OAM D i3 cropoHaAMU
OA=aiOD = b Ha 0cAX KOODJMHAT BiZloOpaskaeThcA Ha IPAMOKYTHUK OA M D,
i3 cropoHaMu Ha OCAX KoopauHAT, y AKOro OA, =0A = aiOD = OD, = b. Takum
YUHOM, IPpU cuMeTpii BimHOCHO mpsaMoi y = x Touka M (a; b) Bimo6pakaeThesa B
roury M (b; a) (aTouka M |, —y Toury M). OT:xe, pu cUMeTPii BiTHOCHO IPAMOL
Yy = x 0yab-sika Touxka M (a; b), 110 Hase:KuTh rpadiry GyHkIii y = f (x), mae
Biamosigny Touky M, (b; a), 110 HaneRkuTh rpadiky GyHKIii y = g (x), a Oyab-
saxaTouka M (b; a), o HasmexxuTh rpadiry GyHKIiiy = g (x), Mae BinnoBigny
Touky M (a; b), 1o Hae:kuTh rpadiky pyukiiiy = f (x). To6To rpadiku Bzaem-
HO 0GepHeHuX (DYHKIIiil CHMeTpUYHi BifHOCHO mpaMoiy = x.

Bnacrusicts 2. Axwo ¢pynryia f (x) sapocmae (cnadae) na deaxomy
nPOMIisNCKY, MO 60HA MA€E 0OepHEHY PYHKUII0 HA YbOMY NPOMIHCKY, AKA
3pocmae, axuo f (x) 3pocmae, i cnadae, axuyo f (x) cnadae.

® [liiicHo, akmio GyHKIIiA f (X) 3pocTae (cajsae) Ha e AKOMY IIPOMIKKY, TO 3a
BJIACTHUBiCTIO 3pocTaruoi (cnaaHoil) PYyHKIII KOKHOTO CBOTO 3HAYEHHS BOHA
HaOyBae B €MHIN TOUIli 3 [BOr0 IPOMiKKY (c. 14), oT:Ke, BOHA Mae 06epHEeHY
dyuxrIio g (x) Ha nbomy IpoMizkKy. OOr'pyHTYBaTH, 110 PYHKIIiA g (X) 3poc-
Tae, Ao f (x) 3pocrae, MOXKHA METOLOM BiJl CYIIPOTUBHOTO.
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§ 12. ObepHeHa dhyHKUis

Hexaii uncna a, i a, BXomaTh 10 061acTi BusHaueHHA QYHKIIL [ (x) i
a,>a,. (1)

IMosnauumo f (a,) =b,, f (a,) = b,. SIxuro yuruis f (x) spocrae, To f (a,) > f (a,),
TOOTO b, > b,. 3a 0O3HaUeHHAM 0GepHeHOoI PyHKIIil g (x) unucna b, ib, BXOAATH 10
ii o6acTi Bu3HaAUeHHA i

gb)=a,gb,)=a,. (2)
SIxio mpunycTuTH, mo GyHKIiA & (x) He € 3pOCTAI0U0I0, TO 3 HEPiBHOCTI b, > b,
He MOKe BUILJIMBATH HepiBHiCTh & (b,) > g (b)) (imakmme GynK1ia g (x) Gyae 3apoc-
TAI0U0I0), OTHKeE, MOKe BUKOHYBATHUCA TiNbKY HepiBHICTS g (b,) < g (b,). Ane Toni
3a Gopmysamu (2) onepxryemMo a, < @, 110 cymnepeunTsb yMogi (1). Orxe, Hatre
IPUIYIeHHA HellpaBUIbHe, i QyHKIA g (x) 3pocTae, AKIo f (x) 3pocTae.
AmnajoriuHo o6r'pyHTOBYETBLCS, 1110 ¥ BUIIAAKY, Koau GpyHKIiA f (x) cnazae,
oGepHeHa 10 Hel pyHKIiA g (x) Terx ciagae.

3. IIpaxTuuHuii TpUiioM 3HAXO0IKeHHA (hopmyau PyHKLIT, 06epHeHOT 10 PYHKIIT
y =f (x). 3 03HaueHHs 06epHEHOI QYHKIIiI BUILIUBAE, 110 JJIA OTPUMAHHSA 00epHe-
HOI 3aJIe}KHOCTI He0OXiTHO BHATH, AK SHAUEHHS X BUPAYKAETHCA Uepe3 3BHAUeHHA .
ITe moxHa 3pobuTH, PO3B’A3aBIIu PiBHAHHS Y = f (x) BigzHOCHO 3MiHHOT X. SKIIO
3amaHa QyHKIiA 000POTHA, TO PIBHAHHS MaTHUMe €INHUN PO3B’ A30K AJIA BCiX Y
3 obsacti sHauenb GyHKII f (x), 1 Mmu ogep:kuMo dopmyay x = g (y), AKa 3agae
obepHeHY PyHKITif0. AJje B 11iit (hopMyJIi aprymMmeHT mo3HauYeHo uepes Y, a QyHK-
miro — uepes x. SKIIO MOMiHATH ITIO3HAUYEHHS Ha TPAAUITiIHI, TO 0JIePIKUMO 3aIIKC
dyHKIIi1, 06epHeHOI 10 GYHKIIT Y = f (x).

IIi mipryBaHHA pa3oM i3 BiIOBiAHUM aJITOPUTMOM HaBeJeHo B Tabumiri 25 i pea-
JII30BaHO B HACTYITHUX MPUKJIATAX.

Mpuknaan po3B'sizyBaHHs 3aBAaHb

o . . e 1
IIpukxag 1. 3HaligiTs QyHKIif0, 00epHEHY 10 GYHKII ¥ =——.

x-1
PosB’as3anusga KomenrTap
P O6nacts BusHauenus: x # 1. Toxi Ha Bciit o6sacti BusHauenus (x # 1)

) . 1 3amaHa (pyHKIlis 000pOTHA, OCKiIbKH
3 piBHOCTI Y = 7 MaeMo
x—

. 1
3 PIBHSAHHSA J = MOHA O/HO3HAY-
_ _ _y+1 x- .
xy-y=1,xy=y+1, x——y . HO BupasuTu x uepes y (y # 0 Ha obacti

ITosHauaeMo apryMeHT uepes x, | 3Ha4eHb 3axaHol pyHknii). Oxeprxana

a QyHKIifo — yeped ¥y i ofepKyeMoO dopmyna x = y+1 3anae obepHeny hyH-
y
_x+1 .
y=— — OGyHKOioO, 0GepHeHY 110 32~ | giyito, aye B Hili APIYMEHT MO3HAUECHO
manoi. <| yepes Yy, a QyHKI[iI0 — uyepes X. 3MiHIO-

I0UH ITIO3HAUYEeHHA HA TPAAUIiliHi, o1ep-
JKY€EMO KiHIIeBU pe3yJIbTaT.
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IIpuxaan 2.
PosB’sasauusga

P 3 pisnocri y = x? npu y = 0 ogep-
KYEMO X = i\/g. Toni mpu y > 0 ogHOMY
3HAUYEHHIO [ BiATIOBiJalOTh JBA BHAUEH-
Ha x. OTixe, Ha BCiii 00J1acTi BU3HaUeH-
HA X € (—00; +0) pyHKIiA Yy = x2 He €
000pPOTHOIO, 1 IJIs Hel He MOKHA 3HAWTH
obepHeny QyHKITi0. <

IIpuxkaax 3.

PosB’aszaunusga

P 3 pisnocri y = x? npu y = 0 ogep-
KYEMO x:i\/;. Bpaxosyrouwn, mio 3a
yMoBoIO x > 0, MaeMo x = \/Q
IlosHaummo aprymeHT uepes X, a
dyHKIiI0o — yepes y i ogepIKUMO, IO
dyHKIicI0, 00epHEeHO0 10 PYHKIIT
y = x?, AaKa 3agaHa TiibKy npu x > 0,

Oyme QyHKITIA y = Jx. <

Puc. 85

3uangiTh GyHKIi0, 06epHEeHY 10 PYHKINI i = X2,

KomenTap

O6acTh 3HAUEHD 3a4aHO0I PYHKITII:
y > 0. Ane mpu y > 0 3 piBHOCTi iy = X? He
MOJKHA OJHO3HAUHO BUPA3UTHU X Ue-
pes y. Hanpuknan, npu y =4 onepye-
Mo x = * 2. Yepes 11e M1 He MOYKEeMO 3Ha-
YEeHHIO [ = 4 MOCTaBUTHU Yy BiATIOBiAHICTH
€1He YUCJIO, 1100 o0y AyBaTu obepHe-
HY QYHKITiO.

SuanaiTe PyHKIIiI0, 00epHeHy 10 PyHKIIL y = x2 mpu x > 0.

KomenTap

MuosxrHa 3HaUeHb 3a/JaHOI (DYHKITi1:
y = 0. Ilpu x > 0 3agana GQyHKIIA Yy = x2
3pocTae, 0T Ke, Ha MPOMiKKY X = 0 BoHA
Mae obepHeHy GyHKIIi0, a BHAUUTD, HA
IbOMY IPOMIKKY PIBHAHHA X2 = y MU
3MOKEeMO OHO3HAUHO PO3B’ A3aTHU: IIPU
x 2 0 maemo x=\/§.

ITa dbopmysia samae obepHeHy DYHK-
ifo, ajie B Hili apryMeHT II03HAYEHO ue-
pes y, a QyHKITiI0 — uepe3 x. 3aMiHIO0-
UM MO3HAUYEHHS apryMeHTy i QyHKIii
Ha TPaauIliiiHi, 0Jep:KyeMO (POopMYIy
y= \/;, AKa 3amae 00epHEeHY (PYHKILiT0
B TPAAUIINHUX IO3HAUEHHAX.

3ayBaxeHHd. Y upukiagax 2i 3
MU (paKTUIHO POITJIAIAEMO PisHI PyHK-
il (BoHu MaroTh pi3Hi 06acTi BU3HA-
YeHHs ), X0ua B 000X BUIAJKaX ITi PyHK-
il 3aJa10ThCA OHIE0 i Tiero camoro hop-
myJoio. K Bigomo, rpadikom GpyHKITil
y = x? (upukjaan 2) e mapaboJia, a rpa-
dikom pyurnii y = x? npu x > 0 (upu-
KJIan 3) € TiJIbKU IIpaBa YaCTUHA ITiel mma-
pabosau (puc. 85).
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-

3anuTtaHHsa ansa KOHTpOIJIIO

. 3a AKo0i ymoBU s 3agaHol QyHKIL y = f (x) MoKHa OOy AyBaTH 00epPHEHY

yHKI0?

. ITosicHiTh MOOYHOBY rpadika obepHeHol GyHKINII Ha TpuKIani GyHKIE y = f (x),

AKa 3aJaHa TabJIUIeIo:

x 0 2 4 6
f(x) 1 3 5 7

3apaiiTe obepHEeHY PYHKIIIIO Y = g (X) 3a JOIIOMOTOO Ta0IHITi:

X

g (x)

. Ak poswmimeno rpadiku npamoi i obepHeHol PYHKILiH, AKIO BOHK II00Y10BaHi

B onHil cucTeMmi Koopauuat? IIpoigtocTpyiiTe BiAmoBifHy BaacTuBicTs rpadikis
Ha IpUKJIaIi.

. O6rpyuryiiTe B3acMHe po3MileHHA rpadikis npamoi i o6epHeHol QyHKITIHA.
. Yuicuye obepuena QyHKIia g0 GyHKIIl y = x2, ne x < 0? ITosAcHIiTS 11e, crimpaio-

YCh HA BiAmoBifHi BIacTuBocTi o6epHeHol pyHKIII. AKIMo obepuena PyHKITiA
icaye, To 3agatiTe ii hopmysor0 Buny y = g (x).

Bnpasu

. Banurits ¢popmyay, ska 3agae GyHKIi0 y = g (x), obepHEHy A0 3amaHOi.

VEKaxiTh 001acTh BUSHAUECHHSA 1 MHOMKUHY 3HaUeHb PYHKIIT g (x):

2 gy=Lt; 5y y=vx

X X

1) y = 3x — 6; 2)Yy=-3x-6; 3)y=

. Ha ogaomy pucyuky mooyayiiTe rpadik ganoi pyHKII i pyHKIil, obepHeHol

IO TaHOoIl:
y=2x; 2)y=x-2 3 y=-7 4)y=—7 5)y=vx+L
X X —
3HaHAITE QPYHKIIiI0, 00epHEHY 0 JaHOI Ha 3aaHOMY IIPOMIiMKKY, i OOy ayiiTe
HAa OJHOMY PUCYHKY rpadik manoi pyHKII i pyHKIil, 00epHEeHOo] 10 Hei:

1) y=ix2 npu x = 0; 2) y=ixz npu x < 0;

3)y=(x—2)upu x > 2; 4)y=x?-2nupu x < 0.
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OBEPHEHI TPUTOHOMETPUYHI OYHKLII

st omep:kaHHa 00epPHEHUX TPUTOHOMETPUYHUX PYHKITIH 1A KOKHOI TPUTO-
HOMeTpUUYHOI QYHKII BUAiIA€ThCS IPOMisKOK, Ha AIKOMY BOoHA 3pocTac (abo cma-
nae). [l mosHaueHHA 00epHEHUX TPUTOHOMETPUYHUX (GYHKITil mepen Biqmosiz-
HOIO (DYHKIII€I0 CTABUTHCA OYKBOCIOJNYUECHHS «arc» (UUTAEThCA «apK» ).

13.1. ®YHKUIA y = arcsinx

Tabnuma 26

~a _1__

. T T .
Ha npomixkKy [—E; 5} sin x spocrae.

1. F'padik
y=sinx y=arcsin x
Uy y
i
2

2.3HaveHHs arcsina (| a |< 1)

OpieHtnp

Mpuknag

arcsin a — 1e Take YHCJIO 3 IPOMIiKKY

T, T .
[_E; §:|, CHHYC IKOTI'0 JOPiBHIOE @.

m, T
. _ ¢e [__; _j|’
arcsin a = @, AKIIIO 2”2
sinp=a

. 3 = .
arcsm? = E, OCK1lJIIBKU

3. HenapHicTb yHKUIT y = arcsin x

arcsin a

t

—-—--—>® arcsin (—a)

arcsin (—a) =—arcsin a
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§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

MosicHeHHs1 11 0GI'PYHTYBaHHS

T
1. I'padik dysknii y = arcsin x. PyHKIig y = sin x 3pocTae Ha IPOMiKKY [—E; E}

iunabyBae Bcix 3HaueHb Big —1 10 1. OToKe, HA IBOMY IPOMIMKKY QYHKIIA Yy = sin x
Mae o6epHeHy PYHKIIi10, AKa II03HAYAETHCA I = arcsin x, 3 00J1acTi0 BU3SHAUECHHS

. m, T . . - .
[ 1;1]iobmacTio 3HAUEHD [—E, E}' dyHKIiA Yy = arcsin x Tex 3pocTae, i ii rpadik
MOXKHA ofiepKaTu 3 rpadika QyHKII y = sin x (Ha 3ajaHOMY IIPOMiKKY) 38 JOITOMO-
T'OI0 CUMETPUYHOTO BifoOpasKeHHA BiTHOCHO IpAMOi iy = x (puc. 86).

2. 3HaueHHsa arcsin a. 3a o3HaUeHHAM 00epHeHOI PYHKIIIT (Ha BUGpaHOMY IIPO-

. . . T, T .
MIXKKY), SKI0 sin @ = a, To arcsin a = ¢, mpuYOMy Q€ [—E;E} ila|<1.Orxe,

. T, T P
sanuc arcsina = ¢ (| a | < 1) osnauae, mo Q€ [—E; EJ isin@=a, To6TO

. . T, T .
arcsin a — ye maxe wucno 3 nPOMiHKY [——' —], CuHnyc AK0z0 0opieHIOE Q.

2’ 2
Hanpurnag, arcsint ==, ockinrpxu Z€ [—E- E} isin®=1
’ 2 6 6 272 6 2
. . 3 . T T, T . . 3
Amnanoriuno arcsin —£ =-2 ockimbku ——€ [——;—] i sm(_ﬂ) = __*/__
2 3 3 2’2 3 P

3. Henapmnicts pyHkuii y = arcsin x. {715 3HaX0AKEeHHA apKCUHYCIB Bii’ eMHUX

YrceJI MOXKHA TAKOYK KOPHCTYBATHUCA HeIIapHIiCTIO (PYHKIIII arcsin x, To6To hopmy-

Jo10: arcsin (—a) = —arcsin a.

® Ile BumauBae 3 Toro, M0 rpadik GyHKIIi y = arcsin x (puc. 86) cumeTpuYHMIT
BiTHOCHO MOYATKY KOOPAMHAT, a TAKOXK 3 TOTO, II[0 TOUKH a i (—a) Ha oci Oy
(puc. 87) cumerpuuni BigHocHO oci Ox. Toxi i BigmoBigHi Touku A i B Ha ogu-

Iy ]
Vayd
d Ay
2
X
1
(A Yy =isinx
/
_x
s —1
K
0 1 3 x X
////
= -1
¢
.
_ . 2
y = arcsin x
Puc. 86 Puc. 87
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HUYHOMY KOJi (Y IPOMiKKY [—%; %}) TeX OYyAyTh CUMETPUUYHUMHU BiTHOCHO
oci Ox. Otxe, ZCOA=ZCOB. Ane arcsina =2 COA, aarcsin (—a) =—-2ZCOB

(pucyuoxk 87 HaBeneHo AJig Bumaaky a > 0). Ogep:ryemo

arcsin (—a) = —arcsina |. )

. 1 .1 T
Hanpuxnan, arcsin 3 =—arcs1n§=—g.
- . 1), . 3
IIpukaan. SumaiigiTe: 1) sin arcsmg ; 2%) cos arcs1ng .

PosB’asanusga Komenrap

1) P Hexaii arcsin % =¢, Toxisaosua- | 1) Ockinbkusanuc@=arcsina (| a|<1)

UeHHAM apKCHHYCa OJePIKYEMO, IO o3Hauae, Mo Q€ [_g; %} isinp=a,
sin@ = L TO 3aBXKJU BUKOHYETHCA PiBHICTH

‘ sin (arcsina)=a, |a|<1

Ane mio popMyay MOKHA He 3alia-
M’SITOBYBATHU: HOCUTH NO3HAYUMU
supa3s y dyxrckax yepe3 ¢ i BUKOPUC-
mamu 03HAYeHHA APKCUHYCA.
2) P Hexaii arcsin§=(p. 3a ozHaueH- | 2) fKmIo mosdHaYWTU BUPA3 Y AYKKaX
> uepes (), TO 3a BUMOIOI0 3ajadui 1Io-
TpiOHO 3Ha#TU cos (. Bukopucras-
Tl . . 3 Y O3HAUYEHHS apKCUHYyca, oJep-
¢e [_E; EJ 1 sInG= 5 Bpaxosyio- IKYEMO c'raH/:[apTH?r 3anat§y: 3Hanrfn
4, mo cos @ >0, MaeMo: CUHYC KyTa, 3HANUTU Or0 KOCUHYC,
SAKIIO KYT 8BHAXOAUTHCA B IPOMIKKY

2
coscp=\/1—sin2(p=1{1—(§) =§. [_%,%}

Toxi cos@=1,/1-sin?@ . Bpaxosy-

HAM apKCHUHYCa OJePKYEMO, IO

. 3 4
Orxe, coOs (arcsmg) =cosQ= 5 <
04u, Io Qe [—g;%}, BU3HAYa€EMO,

10 B I[BOMY IPOMIiKKY cos ¢ = 0,

oTiKe, cos@=+/1-sin?¢@.

148



§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

13.2. ®YHKUIA y = arccos x
Tabanuma 27

1. T'padik

Yy=cCcosx Yy =arccos x

vl Ji

.
g8
£8
‘Q
|
—_

1
T

K_
[

[}
.
Y
S
£S
8
S
M
Ry
oA

Ha npowmixkry [0; ] cos x cnagae. f -

-1 0 1 X
2.3HaveHHs arccosa (|a|< 1)
OpieHtnp Mpuvknag
arccos a — Iie TaKe YUCJIO 3 IPOMIiKKY 5
[0; ], kocuHyC STKOTO TOPiBHIOE . arccos Y2 =T , OCKLTBbKH

pe [0; ],
Telo; ] i cos£=ﬁ.

arccos a = @, AKII0
cosp=a 4 4 2

3. ®opmyna ans arccos (—a)

arccos (—a) arccos a

arccos (—a) =m—arccos a

MosicHeHHs1 11 OGI'PYHTYBaHHS

1. I'padik dysKLil y = arccos x. DyHKIIid y = cos x criagae Ha mpoMixkKy [0; 1]
i HabyBae Bcix 3HaueHsb Bix 1 1o —1. O1ike, HA [bOMY IPOMIMKKY QYHKIIIA y = cOS X
Mae obepHeHY QYHKIiI0, IKa II03HAUAETHCSA I = arccos X, 3 00JI1aCTI0O BUBHAUEHHSA
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Ly

a
<Y

o
2 N
COS X A -1

1
y=

Puc. 88 Puc. 89

[-1; 1]1i obaacTio suauens [0; m]. PyHKIisA y = arccos X TeK cIiagae, i il rpadik
MOJKHa ofep:kaTu 3 rpadika GyHKIII Yy = cos x (Ha 3aJaHOMY IIPOMisKKY) 3a JOIIO-
MOTI'00 CUMETPUYHOIO BiloOpasKeHH 10ro BifHOCHO TpaAMoi iy = x (puc. 88).

2. 3HaueHHd arccos a. 3a oO3HaUeHHAM o0epHeHOol pyHKIil (Ha BuGpaHOMYy IIpo-
MiKKY), AKIIIO COS () = @, TO arccos a = ¢, mpudomy ¢ € [0; ]i| a |< 1. Orsxe, sanuc
arccosa = (| a |< 1) osnauae, mo ¢ € [0; ] i cos ¢ = a, To6TO

I arccos a — ye maxe wucno 3npomizky [0; ], kocunyc axozo dopisénioea.

. . n_1
Hanpukian, arccos%=§, OCKiNTBKM %e [0; 7] i cos_=1.

. . 5 . 51
Amnajoriugo arccos (—7?’) = %, OCK1IBKU ?ne [0; Tc] i cos ry =——.

3. dopmya nias arccos (—a). s 3SHaX0MKeHHA apKKOCUHYCIB Bil’ e MHUX UrCes
MOXKHA TaKOK KopucTyBaTUCcs GopMyJIo arccos (—a) =T — arccos a.

® Ile BumiuBae 3 TOro, MO TOUKH a i (—a) Ha oci Ox (puc. 89) € CUMETPUYHIMHU
BigaOCHO oci Oy. Toni i BignoBinHi Touku A i B Ha ommHUYHOMY KOJIi (Y IPOMisKKY
[0; m]) Tesx OyayTh cuMeTpuyHUMU BimHOCHO oci Oy. OTixe, £ COA = £ DOB,
3HauuTh, ZCOB=n1—/DOB=m1—/COA. Anearccos a = £ COA, a arccos (—a)
=/COB=mn—-/ZCOA. Onep:xyemMo

‘ arccos (—a)=m — arccosa |.

1 1 n_2n
Hanpurnan, arccos |(—=|=m—arccos = =m—=="=,
2 2 3 3
3asHaumMo, 1110 PiBHiCTH arccos (—a) = T — arccos a 03HAYaE, 10 QYHKITiA

Y = arccos X He € Hi TapHOI0, Hi HeITapHOIO.
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§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

Ilpukaan. SHangiTh cos(arccos%).

PosB’aszauusga

. 2 .
» Hexaii arccos§=(p, TOAi 3a 03HAa-

YeHHAM apKKOCHUHYCA 0JIePIKYEMO, 110

2

q

arccos—

2
3.<1

2
cos@ =§- Orxe, COS (

13.3. ®YHKUIA y = arctg x

KomenTap

Ockinbku sammc @ =arccosa (| a | < 1)
osHauae, o ¢ € [0; ] i cos ¢ = a, TO
3aBiK/I1 BUKOHYETHCS PiBHICTH
al<1).

Auge mio GopMysy MOKHA He 3aia-
M’ATOBYBaTHU: [OCUTh NO3HAYUMU BU-
pasy dyxckax wepes ¢ i guKopucmamu
03HAYUeHHA APDKKOCURYCA.

’ cos (arccos a) =a,

Tabnumsa 28

1. T'padik
y=tgx y =arctg x

1 1 y‘ 1 1 y‘

: : : : b

a a a a 2

! ! ! 3

[ ; ; 12

| | | | 0 x

. T, T o
Ha mpomi:kKy (_5; 5) tg x 3pocrae. 5
2.3Ha4yeHHs arctg a
OpieHtnp Mpuvknag

arctg a — e Take YHCJI0 3 IPOMIiKKY

n,T .
(_E; E), TAHI'€HC AKOI'0 10P1BHIOE .
T, T

© (‘?5)’

tgo=a

arctg a = @, ax110

arctg\/_

(

g, OCKiNbKHM

_n,. T

" 1) g2 = .

T
—e =

. T
3 )1tg§
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

IIpoxgoB:x. Tabum. 28

3. HenapHicTb yHKLUITy = arctg x

arctg (—a) =—arctga

MosicHeHHs 1 0GIPYHTYBaHHS

1. I'padik pyurniiy = arctg x. Pynkuisa y = tg x 3pocrae Ha IPOMiXKKY (_E %)
i HabyBae Bcix 3HaueHb Big —co g0 +oco. OTiKe, HA IIBOMY IIPOMiKKY QYyHKIIiA

y = tg x mae o6epHeHy QYHKIIi0, KA IO3HAYAETbCA iy = arctg x, 3 06J1acTIO BU3HA-

yeHHS (—0°; +00) i MHOKMHOIO 3HAUEeHb (—% E) dyuknia y = arctg x Texx 3poc-

Tae, iii rpadik moxHa omep:kaTu 3 rpadika pyrknii y = tg x (Ha 3aganomy npo-
Mi’KKY) 3a ZJOIIOMOTOI0 CUMETPUYHOTrO BioOpaskeHHs BiZHOCHO IPAMOL Y = x
(puc. 90).

2. 3uauenHsd arctg a. 3a osHaueHHAM 00epHeHOI GYHKIII (Ha BUOpPAHOMY IIPO-

MiKKY), AKmo tg ¢ = a, To arctg a = @, npuuomy Q€ (_E E) Or:xe, 3amuc
arctg a = ¢ o3Hauae, 1110 PE (_E E) itg ¢ =a.Tobro
y 5 ) arctg ¢ — ye maxke wucno 3 npo-
2 //:5,4/
I N MiNCKY ( ) manzenc AK020 00-
kA INY e 2 2
2 pisntoe a.

N

Hamnpurnan, arctg 5 = %, OCK1JIb-

. 7'5) i tgﬁ—ﬁ

2’2 -

[SIE]

e (-

6 6 3

N
\\
\\
\\
N
\\
\\
N
\,

Puc. 90
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§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

3. Henapnicts ¢pynrnii y = arctg x. [lna
3HAXOMKEHH apKTAHIeHCIB Bif’ eMHUX Un-
ceJl MOJKHA TaKOMK KOPUCTYBATHUC Helap-
HicTiO QyHKIIII arctg x, To6TO hopMYyI0IO

arctg (—a)=—arctga.

@ IleBumuBac 3 TOrO, 110 rpadik PyHKIII

y = arctg x (puc. 90) cumerpuuHHIHI
BiTHOCHO IIOYATKY KOOPUHAT, & TAKOMK
3 TOTO, 110 TOYKY a i (—a) Ha jgiuii Tan-
TeHCiB € CHMEeTPUUYHUMH BiHOCHO oci Ox
(puc. 91).ToxiiBigmoBigui Toukn Ai B

T, T

Yl
Apma
1 o
0N\ C x
BN —q
Puc. 91

HA OTUHUYHOMY KOJIi (Y IPOMiMKKY (—5; 9 )) TeK Oy IyTh CHMETPUUYHUMU Bi THOCHO

oci Ox. Orxe, L COA= 2 COB. Ane arctga=2ZCOA, a

arctg (—a -/ COB. OnepKyeMO

‘ arctg (—a) = —arctg a‘ .O

N

Hanpuknan, arctg (—?) =—arctg

ITpukaan. 3uaiigits tg (arctg 4).

PosB’aszauusga

P Hexait arctg 4 = @, Tozi 3a osna-
YeHHSAM apKTaHTeHCa 0/ePyKYEMO, II10
tgp=4.

Omxe, tg (arctg 4) = 4. <

N

3

T
.

KomenTap
OckisbKu 3amuc (¢ = arctg a o3Hauae,

mo Q€ (—g,g) itg @ = a, To 3aBxAU

BUKOHYETBHCSA PiBHICTH

‘ tg (arctga)=a |

Age mio GopMysy MOKHA He 3aIa-
M’ATOBYBATHU: 00CUMb NO3HAYUMU BU-
pa3 y dyxrax uepes ¢ i sukopucmamu
03HAYEHHS APKMAHZEHCA.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

13.4. ®YHKUIfA y = arcctg x

Tabnuma 29

Ha mpowmixkky (0; m) ctg x cnazae.

1. F'padik
y=ctgx y=arcctg x
1 1 y‘ 1 1 y
0

X

2.3Ha4veHHs arcctg a

OpieHtnp

Mpuknag

arcctg a — 1e Take 4MCII0 3 MPOMIiKKY
(0; T), KOTaHreHC AKOT0 TOPiIBHIOE .

arcctg a = @, AK1T0 {

o< (0;m),
ctgp=a

T .
arcctg \/_ =E’ OCK1JIBKU

%e (0;m) i ctg%=\/§.

3. ®opmyna gns arcctg (—a)

—a a

-1

B}

arcctg (—a)=m—arcctga

MosicHeHHs 1 0GIPYHTYBaHHS

1. I'padik byukuii y = arcctg x. ®ynknis y = ctg x cnagae va npomizkky (0; )
i HaOyBae BciX 3HAUeHb Bij —°0 mo +°°. OT:Ke, HA I[bOMY IIPOMIiKKY (PYyHKIIis
y = ctg x mae ob6epHeHYy QYHKIIiI0, iKa TO3HAYAEThCA y = arcctg x, 3 o6iacTio
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§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

Y
T
Yl
m —a
2 3 A
// - 1
* D 0 C «x
y=ctgx
Puc. 92 Puc. 93

BU3HAUEHHS (—00; +0) i o6aacTio 3HaueHb (0; ). PyHKIIIA Yy = arcetg x Texx cma-
nae, iii rpadik mosxHa ofepskaTu 3 rpadika GyHKIII y = ctg x (Ha 3agaHOMY ITPOMI K-
KY) 3a JOIIOMOI0OI0 CUMETPUYHOIr'0 BigoOpaskeHHs Oro BifHOCHO HPAMOI y = X
(puc. 92).

2. 3nauenHs arccetg a. 3a osHaueHHsSM 00epHEHOI QYHKILII (Ha BUOpaHOMY IIPO-
Mi¥KKY), AKII0 ctg @ = a, To arcctg a = ¢, mpuuomy ¢ € (0; ). OToxe, 3anuc
arcctg a = @ osnauae, mo @ € (0; )i ctg @ = a. TobTO

I arcctg a —ye maxke wucno 3npomixcry (0; ), komanzenc AK0z0 IOPi6HIOE a.
T . T . T
Hanpukiaan, arcctg 1= > OCKLTbKE € (0;m) i Cth =1.

\/g _2n

Amnaioriumo arcctg(—?) =3 OCKiNBbKHI 2—;6 (0;m) i ctgz—;T ==,

3. ®dopmyana nas arcetg (—a). 11 sHaX0IKeHHI apKKOTaHTeHCIiB Bil’eMHUX Un-
ceJI MOJKHA TaKOXK KOpUcTyBaTucs (popmyJioio arcetg (—a) =mn—arcctg a.

@ Ile BumiuBae 3 TOrO, 0 TOUKH @ i (—a) Ha JiHii KoTaHTeHCiB (puc. 93) € cumer-
puuauMu BigHocHo oci Oy. Toxi i BigmoBigHi Touku A i B Ha OTMHUYHOMY KOJIi
(y upomizkry (0; 7)) Tesxk OyayTh cuMeTpuYHHUMH BigHOocHO oci Oy. OTixe,
/£ COA = £ DOB, suauutb, £ COB=n1— /£ DOB=71— £ COA. Aie
arcctg a= ZCOA, aarcctg (—a)= £ COB=n—-ZCOA.
Opnep:ryemMo

arcctg (—a)=m— arcctga|.

Hanpuknaz, arcctg (-1)=m—arcctgl=m —% = 37:.

3asHaumuMo, 1110 piBHicTh arcctg (—a) = m — arcctg a osHauae, 110 QYyHKIIiA
y = arcctg x He € Hi MapHOIO, Hi HEITapPHOIO.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

IIpukxaxg 1. 3uaiigits ctg (arcctg 7).

PosB’aszaunusga

P Hexaii arcctg 7 = ¢, Toai 3a o3HAa-
YeHHSAM apKKOTaHTeHCa OfePKYEMO, 1[0
ctgo="1.

Omaxe, ctg (arcetg 7)=17. <

Ipukaang 2°.

PosB’asanua
p Hexait (p=§—arcctg a.
1) Ockinbku arcctg a € (0; ), To
T, T
oe-2:2)
2) fAxo arcetg a =,

roctgf=ai (p=§—[3. Toxi

tg<p=tg(§—6)=ctgﬁ=a-

3a 03HaUEHHAM apKTAaHTeHCA OflePIKYe-
moarctg a = @.

T .
Ot:xe, arctg a = 57 arcctg a, amneiosHa-

4gae, 1110

arctg a+arcctg a = % <

3anuTtaHHs gs KOHTpOIJIIO

KomenTap

Ockinbku 3anuc ¢ = arcctg a o3Ha-
yae, 1m0 ¢ € (0; w)ictg ¢ = a, To 3aBx AU
BUKOHYETBCA PiBHICTH

‘ ctg (arcctga)=a

Aune mio popMyay MOKHA He 3alia-
M’ATOBYBATHU: 00CUMb NO3HAYUMU BU-
pa3 y dyxrax uepes ¢ i BuKopucmamu
03HAUCHHS APKKOMAHZEHCA.

HoBexnits, 1o arctga +arcctga =g .

KomenTap

3anuiiemMo 3aaHy PiBHICTh y BUTJIAIL

arctga=%—arcctga. Aximo mosHa-

YuTU P =%— arcctg a , To oy foBeeH-

Hs piBHOCTI arctg a = ¢ 3a 03HAUEHHAM
apKTaHIreHCa JOCUTD JOBECTH, IT10:
n, T

1) oe(—-—=; =] i 2)tgo=a.
yoe(-52) i e
ITpu moBemeHHI caim TaKOXK Bpaxy-
BATU O3HAUEHHSA aDKKOTAHTeHCa: AKIIO
arcctg a =, To

Be (0;m)ictgP=a.

1. IToscHiTE, AKe YMCJIO TIO3HAUYAIOTh BUPA3MU: a) arcsin a; 6) arccos a; B) arctg a;
r)arcctg a. ITpu AKKMX 3HAUEHHAX a icHyIOTH 11i Bupasu? IIpoigtocTpyiiTe Bare

IIOSACHEHHA IIPDUKJIagaMM.

2. IloscHiTh, AK MOKHa ofep:kaTu rpadiku o6epHEeHUX TPUTOHOMETPUUHUX

GYHKILIHA.
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§ 13. ObGepHEHi TPUrOHOMETPUYHI yHKLT

3”. 300pasiTh rpadgiky 00epHEeHNX TPUIOHOMETPUYHNX (DYHKILIH, BKAMKITH 1 00I'pyH-
Ty#Te IX HAaWIIPOCTIIIIi BJIaCTUBOCTI (00JIaCTh BUBHAUECHHSA, MHOKIMHA 3HAUCHD,
3POCTaHHS YU CHAAAHHA, TIapPHiCTh, HETIAPHICTB):

a)y =arcsinx; 0)y=arccos x;
4. O6rpyuryiiTe hopMmyam:

a)arcsin (—a) = —arcsin a;

B) arccos (—a) =7 — arccos a,

Bnpasu

OGuucaitTs (1-9).

.1) arcsin 0; 2) arcsin 1;

4) arcsin ﬁ; 5) arcsin (—1);

2

.1) arctg 0; 2) arctg 1;

. 1) arccos 0; 2) arccos 1;

N

1) arccos?; 5) arccos (—1);

.1) arcctg 0; 2) arcctg%;

5. 1) Sin(arcsin%); 2%) cos(arcsin%);

6. 1) tg (arctg 7);  27) ctg(arctg%);

2). 9 g 1).
7. 1) cos(arccos?), 2%) s1n(arccos§),
8. 1) ctg(arcctgﬁ); 2% tg(arcctg%);

9°.1) arcsin(sin:l%); 2) arcsin (sin 7);

5) arctg(tg%n); 6) arctg (tg 4);

B) y = arctg x; )y = arcctg x.

6) arctg (—a) =—arctga;
r)arcctg (—a) =n— arcctg a.

V2

3) arcsin?;

6) arcsin(—%).
3) arctg\/g;

2

3) arccos7;

6) arccos(—%j.

3) arcctg\/g;

4) arctg(—«/g).

4) arcctg(—\/g).
" .1 " .4
3% tg(arcsmz); 4%) ctg(arcsmg).
3") sin (arctg 8); 47 cos(arctg~/2).
3 tg(arccosg); 4%) ctg(arccosg).
3") sin (arcctg 5); 47) cos(arcctg%).
3) arccos(cosz%); 4) arccos (cos 8);

7 arcctg(ctg%); 8) arcctg (ctg 10).

. . T
10°. IToBexiTs, o arcsin a +arccos a =7 TpH la|<1.
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PO3B'A3YBAHHA HAMMPOCTILLNX
TPUTOHOMETPUYHUNX PIBHSAHDb

Jlo HAaATIPOCTIIINX TPUTOHOMETPUYHUX PiBHAHB HAJIEIKATh PIBHAHHSA COS X =@,
sinx=a,tgx=a,ctg x=a.

1106 MipKyBaHHS 10 3HAXO/’KEHHIO KOPEHiB X PiBHAHB O0yJI O1JIbIII HAOUHM-
MM, CKOPUCTaeEMOCS IrpadikaMu BiimoBiAHUX QYHKITIH.

14.1. PIBHAHHA cos x=a

Taoanuma 30

1. TpadhivHa inocTpauist | pO3B'A3KM PIBHAHHSA coS X = a

MpadivHa intocTpauis

Y
y=a(a>1)
1 —
/\ -/—\ y=a
N\ | A1 I\ . /! N
' X, |0 X ' X,+2n X+ 2n x
- ! ! i \
—arccos a —I[ arccos a y=a(a<-1)
Po3B'a3kun Mpwrknaau
‘cosx=a 1. b cosx=1,
la|>1 la|<1 x=iarccos%+2nn,ne Z,

x=i§+2nn, neZ. 4

2. b cosx=+/3.

Kopenis Hemae, OCKiIbKHI J3>1.<

’ Kopenis Hemae ‘

’x=iarccosa+2nn,nez‘

2. OkpeMi BMNaaKM pO3B’'A3yBaHHSA PIBHAHHSA cos X = a

cosx=0 x=§+7‘ck, ke Z

cosx=1 x=2nk,keZ

cosx=—-1 x=n+2nk, ke Z
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§ 14. Po3B’A3yBaHHSA HaUMPOCTIWNX TPUTOHOMETPUYHIX PIBHAHD

MosicHeHHs1 11 0GI'PYHTYBaHHS

1. Po3B’sa3Kku piBHAHHA cos x = a.IIpu| a |> 1 piBHAHHA He Ma€ KOPeHiB, OCKiNIbKHI
| cos x | <1 ays1 6y nb-AKoTO X (IpAMA Y = @ Ha PUCYHKY 3 TyHKTY 1 Tabaumni 30 mpu
a>1ab6onpu a <—1 ue meperurae rpadix GyHKIII y = cos x).

Hexaii | a | < 1. Toxi npama y = a neperunae rpadik GyHKmii y = cos x. Ha
npoMixkKYy [0; ] hyHKIA y = cos x crtagae Bix 1 10 —1, TOMY PiBHAHHS COS X = @ Mae
TiZTBKM OJUH KOPiHb X ; = arccos @ Ha IIbOMY IIPOMisKKY (puc. 3 IyHKTY 1 Tabia. 30).

Kocunyc — mapaa @yHKIig, ToMmy Ha IpoMiskKy [—7; O] piBHAHHSA COS X = a TeXK
MAa€ TiJTbKY OJUH KOPiHb — YKCJIO, IPOTHJIEKHE JI0 X,, TOOTO X, = —arccos a.

Omexe, Ha TPOMiMKKY [—T; 7] (ZOoBskUHOO 27) piBHAHHA cos X =a ipu | a | < 1 mae
TiIBKY KOpeHi x = £ arccos a.

Bpaxosyroun, 1o QyHKIiA Yy = cos x mepioguyHa 3 mepiogom 27, Bei inmri KopeHi
BimpisHAiOThCA Bij 3HaMeHUX Ha 21tn (n € Z), TOOTO OIeP:KYEMO TaKy (popMyTy
KOpeHiB piBHAHHSA cos x =anpu|a|< 1:

‘x=iarccosa+2nn,neZ‘. (1)

2. Oxpemi BUnagKu po3B’sa3yBaHHA PiBHAHHA COS X = @.

® KopucHo mam’srary cneniajabHi 3aIucu po3B’ A3KiB PIBHAHHS COS X = @ IpU
a=0,a=-1,a=1, aKi MoXHa JIETKO OJIep:KaTu, BUKOPUCTOBYIOUH K OPi€H-
TUP OJUHUYHE KOJIO.
Bpaxosyroun, 1110 KOCHHYC JOPiBHIOE a0CIIMCi BiIITOBIAHOI TOUKY OAVMHUYHOT'O
K0JIa, OIEPKYEMO, 1110 cos x = (), AKIIO BiAIIOBi 1HOIO TOUKOIO OMUHUYHOTO KOJIa
€ Touka A abo Touka B (puc. 3 nyukry 2 tada. 30). Toxi

x=g+nk, ke Z.

Amnajoriugo cos x = 1 Togi i TiIbKM TOIi, KOJIU BiAIIOBiTHOIO TOUKOIO OANHIYHO-
ro Koja € touka C, omoxe, x = 2nk, ke Z.

Tarkox cos x =—1 Toxii TinTbKU TOAl, KOJM BiIIIOBiTHOIO TOUKOIO OJMHUUYHOT'O
KoJsa € Touka D, omoke, x =T+ 2k, ke Z.

Mpuknapu po3B'a3aHHA 3aBAaHb

. . 1
Ipuxkaax 1. Poss’saxkiTh piBHAHHA COSX = —5

PosB’as3anusda KomenrTap

- 1 . 1 .
> x—iarccos(—5)+2nn, nez, Ockinbkm |~ <1, To 3azane pis-

HAHHA BUAY COS X = @ Ma€ KOPeHi, AKi

- _r .
x= i(n 3 ) +2nn, MosKHa 3HaiiTH 3a hopmyoo (1).
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2n 1
x= i? +2mn. st obumcaeHHsA arccos(—;) MOK-

Ha cKopucratuca GPopMyJio:

. a4 2m
Bionosiow: i€+ 2nn, ne Z. <l arccos (—a) =1 — arccos a.

Toni
arccos(—l) =n- arccos(l) =q-T=2
2 2 3 3
Ipuxaax 2. Po3B’axiTh piBHAHHA COSX = V2.
PosB’asanusga Komenrap
P Ockinpru | V2 | >1, To KOpeHiB Ockinbprn |x/§ | >1, To 3amaHe piB-
HeMae. HSHHS He Ma€ KOpeHiB (To6To opmy-
Bionosidv: KopeHis Hemae. <] ay (1) He MOKHa BUKOPUCTOBYBATH ).
. . 1
Hpukaax 3. Poss’sKkiTh piBHAHHS COS 4X = 3
PosB’asanusga Komenrap
— 1 .
P 4x=tarccos 37 2nn, ne Z, OcCKinmbKu % <1, TO MOXHAa CKOpHC-

1 1 m Tatucs ¢gopmyaoio (1).
x=t=arccos=+-—, ne Z. 1
4 3 2 BpaxoByouun, 1o arccos7 Hee Tab-
Bionogidv: JNYHUM 3HAUEHHAM, AJISA ONep/KaHHa
1 1 . .. .
+Larccost+ 2%, 7. < | BLATIOBIAL IOCATH Mic/1s 3HAXOAMEHHA
4 3 2 4x 3a popmy.toio (1) o6uaBi yacTuHY OC-
TAHHBOTO PiBHAHHSA PO3AijuTU Ha 4.

3ayBaieHH d. IKII0O 32 yMOBOIO 3aBIaHHs IIOTPiOHO 3HAWTH HaOIMKeHe
3HAUEeHHS KOPEHIiB JaHOT0 PiBHAHHSA B AKOMYCh ITPOMisKKY, TO 3a TOIIOMOT'0I0 KaJIb-

1 1 s
KYJIATOPA BHAXOAMMO -, ArcCos - = 0,31, 57 1,57, zanucyemo HabausKeHe 3HAUCH-

Hs KopeHiBy Burianix ==+ 0,31+ 1,57n, n € Z,isnaxoqumMo HaOIMKeHe 3HaAUeH-
HAKopeHiBmpun =0, 1, £2...i3 3a7aHOT0 IPOMIiMXKKY.

V2

IIpukaax 4. Po3B’saxiTh piBHAHHA COS (Zx —g) ==

2
PosB’asanusga Komenrap
n J2 .
| 4 2x—§=iarccos7+2nn, neZz, OckinbKu ﬁ <1, TO MOXXHA CKOPU-

cratucda popmyaomwo (1) xirsa sHaxo-
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T T 7[ o o .
2x — 3 iz +27n, IKeHHSA BUPagy 2X — 7 AKMiA CTOITE Iz
- 3HakoM Kocunuyca. [Iicas imporo 3 ogep-
x=ctotmn, neZ KAHOrO JIiHIIHOrO PiBAHHHS 3HAXOAH-
. MO X.
. . T
Bionogiov: s ig +mn, ne Z. <

14.2. PIBHAAHHSA sinx=a

Tabanuma 31

1. NpadbivHa iMmoCcTpaLis | po3B'A3KM PIBHAHHA sinx = a

MpadhivHa intocTpaLisa

Ly

’\ T _/\ _/—\y=a

0 'le £| Xy 3_Irr X1+ 27 xz';- 2n ;
[z ] :

|
[NMIER &

y=sinx
~Iarcsina n —arcsina y=a(a<-1)
Po3B'askun Mpwvknagm
sinx=a 1. }sinx=%,

la|>1 laf<1 x=(—1)"arcsin%+nn,ne Z.

’RopeHiB HEMae ‘ x =(—1)"%+7m, ne Z. <

’x=(—1)"arcsina+nn,ne Z‘ 2. P sinx=+3.

KopeHiB HeMae, OCKiIbKU J3>1.<

2. OkpeMi BMNaaKM po3B'sA3yBaHHA PIBHAHHA sin x =a

Yy
A
1 sinx=0 x=mnk,keZ
D c sinx=1 x=§+2nk,kez
t
sinx=-1 x=—§+2nk,keZ
-1 B
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MosicHeHHs 1 0GIPYHTYBaHHS

1. Posp’sasku pisHARHA sin x = a. [Ipu| a | > 1 piBHAHHEA He Ma€ KOPeHiB, OCKiTbKM
| sin x | < 1 o151 6y ab-sikoro x (mpsiMa y = @ Ha pucyHKy 94 mpu a > 1 abonpua < —1 He
neperuHae rpadik GyHKIii y = sin x).

Hexaii | a| < 1. Toxi npama y = a nepetunae rpadik Gyukmii y = sin x. Ha
OPOMiKKY [—%; g} dyHKIig y = sin x 3pocrae Big —1 mo 1, Tomy piBHAHHA
sin x = a Mae TiNbKHU OAWH KOPiHB X, = arcsin a Ha nboMy IpoMikKy (puc. 94)
(i m1s BOTO KOPEHd Sin x = a).

Ha npomixkky [g, 3—27[} dyurIiay = sin x cnagae Big 1 1o —1, Tomy piBHAHHA
sin x = a Mae Ha bOMY IIPOMIKKY TeXX TiIbKYW OAWH KOPiHb X, = T — arcsin a
(puc. 94). [l mepeBipKy IPaBUILHOCTI 3a1IUCY 3HAYEHHS JPYTIOro KOPEHs X, 3a3-
HA4YMMO, IO X, =TT — X, TOAi sin x, = sin (T — x,) = sin x, = a. To6TO X, — KOpiHbL
piBHAHHA sin x =a.

OTike, HA IPOMIXKKY [—g; %} (moBxkMHOW 27TT) piBHAHHA Sin x =anpu|a |<1
Mae€ TiJIbKU KOpeHi x, = arcsina, X, =T— arcsina.

BpaxoByrouwn, 110 GyHKIiA Yy = sin x nepioguuna 3 mepiogom 27, yci iHIri KopeHi
BimpisuAioThCA Bij 3Halinenux Ha 2nk (k € Z), ToOTO oep:KyeMo TaKi popmyan
KOpeHiB piBHAHHA sinx = anpu| a|< 1:

x = arcsin a + 27nk; (1)
x=m—arcsina + 2nk, ke Z. (2)

Vci 3HaueHHA KOpPeHiB piBHAHHA sin x = a ipu | a | < 1, saki garoTs opmyau (1)

i(2), Mmo:xkHa 3amIcaTH 3a JOIIOMOT0I0 OHiel hopmyiu

‘ x=(—1)"arcsina+mnn,ne Z ‘ (3)

HiiicHo, 3 hopmyau (3) npu napHOMY 1 = 2k 0flepsKyeMO: x = arcsina + 2nk —
dopmyay (1), a mpu Hemapuomy n =2k + 1 — dopmyuay: x = —arcsina + n(2k + 1) =
= m—arcsin a + 21k, To6To hopmy.ry (2).

Yl
y=a(a>1)

’\ T A _/\y=d

Tz 0% gz X 3n X421 X+ 2nN\_ x
y=sinx 2 I 2 I 2

Tarcsina m© — arcsina y=a(a<-1)

Puc. 94
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> x

x=(-1)

2. Okpemi BUnagKu PO3B’A3yBaHHSA PiB-
HAHHA sin x = a.

® KopucHo nam’ATaTH crieniaTbHi 3anu-

cuposB’saskiBnpua=0,a=-1,a=1,
AKIi MOYKHA JIETKO OIeP2KaTH, BUKOPIC-
TOBYIOUM K OPIEHTUP OAMHUYHE KOJIO
(puc. 95).

Bpaxosyrouu, 1110 CHHYC JOPiBHIOE OpP-
OUHATI BiAMOBiHOI TOUKY OJUHIYHOT'O
Ko0JIa, OIePsKYy€EMO, 1110 sin x = 0, AKII0
BiJIIOBiHOIO TOUKOIO OJMHUYHOTO KOJI

y

11A

-11B
Puc. 95

aerTouka C a6o rouka D. Toxi

x=mk,ke Z.

Amnajoriugo sin x = 1 Togi i Tinexu ToAi,

KOJIM BiIIIOBiJHOIO TOUKOIO OZUHUYHO-

T
T0 KO0JIa € TOUKa A, OTiKe, X =E+2nk, ke Z.

Tarkox sin x = —1 Tomi i TibKu TOA1, KOJIX BiAIOBiAHOIO TOUKOIO OAUHIYHOIO

3 ~
KoJia € Touka B, oT:xe, x=§+2nk, ke Z.

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpuknarm 1.

PosB’aszauusga

-1)"aresin —ﬁ +mn, ne Z.
( 2

x=(-1)" (—g)ﬂm, ne Z.
Bidnosidv:

(1) (

&

3)+ nn, ne Z.<

. . . 3
Po3B’sKiTh piBHAHHS sinx = -y

KomenTap

s

OcKinbKu <1, To 3amaHe pis-

HAHHA BUAY Sin X = a Mae KOpeHi, AKi
MO:KHa 3HaWTHU 3a (hopmy.ioro (3).

. 3
Onsa obGuucieHHSA arcsm(—?)

MOKHA CKOPHCTATUCSA (DOPMYJIOO:
arcsin (—a) = —arcsin a.

Toni

]

arcsin| —
2

3

T

=—arcsin .
3

3ayBaeHHsd. Bigmosiap mo npukjgany 1 dacTo 3anuCylOTh Y BUTJIAIL

n+l T

3 +7n, n€ Z, ane TaKUH 3anuc
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IIpuxaan 2.
PosB’aszauusga

T

P Ockinbku |—|>1, To KOpeHiB HeMae.
2

Bidnogiov: KopeHis Hemae. <]

Ipukaag 3. PosB’axKiTh piBHAHHA sin(Zx + %) =5

PosB’aszauusga

| 2 2x+§=(—1)"arcsin%+nn, neZz,
T _ _ ﬂE
2x+z—( 1) PRI
x=(-1)"E-2+™ neZ.

12 8
Bidnogiov: (—1)"1—7T2—§+%”, neZ. <

2

14.3. PIBHAHHAtg x=aictg x=a

. . . T
Po3B’axiTe piBHAHHEA Sinx =—.
2

KomenTap

T

OcCKinBbKHI ke 1, ro 3amane piBHAH-

HS He Ma€ KopeHiB (To6To hopmynoio (3)
He MOKHa CKOPUCTATUCH).

1

KomenTap

. 1
OckinbKu ‘5 <1, To MOKHA CKOPHCTA-
TrCcA GopMyJIolo (3) NI 3HAXOAKEH-

T .
Hs 3HAUEHHS BUpasy 2x + e aroTimM 3

0JIePsKaHoro JIIHIHHOTO PiBHAHHS 3HA-
UTH 3MiHHY X.

Tabnuma 32

1. TpadivHa iMoCTpaLia | po3B’A3KM PIBHAHHA tg x =a

Y1

y=tgx/

/

[NIE]

0}51 3

arctg a

x,+x

®dopmyna

Mpuknag

tgx=a
x=arctga+mnn,neZ

OkpeMui BMNagokK

tgx=0
x=mn,neZ

tgx=1.
P x=arctgl+nn,ne Z.

T
x=z+nn, neZ.<
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IIpoxgoBxk. TabGu. 32

2. [padiyHa intocTpauis | po3B'sA3KM piBHAHHA ctg x =a

I

\y=ctgx
a y=a

0 X T X, +7 x
arcctg a
dopmyna Mpuknag
ctgx=a
x =arcctga+mn,ne Z
ctgx="1.

OkpeMun BMNagokK

P x=arcctg7+mnn,nec Z. <
ctgx=0

x=g+nn, ne’Zz

MosicHeHHs1 11 OGI'PYHTYBaHHS

. Po3p’a3ku piBHAHB tg x =aictg x =a.

_m.n

2’ 2
Tae (Big —o° 1o +00), ToMmy piBHAHHA tg X = a npu 6yab-AKOMY 3HAUE€HHI @ Mae
TiJIBKY OZIMH KOPiHb X, = arctg a Ha 1boMy IPOMisKKY (pHC. 3 TyHKTY 1 Tabu. 32).
Bpaxosyroun, 1o pyHKIig y = tg x mepioguuHa 3 mepiomom 1T, yci iHImi kopeHi
BiIPiBHAIOTHCA Bij 3HAIeHOr0 HA Tin (1 € Z), TOOTO 0ZIeP:KYyeEMO TaKky (hopMyJry
KOpEeHiB piBHAHHA tg x = a:

Posruanemo piBasanaa tg x = a. Ha mpoMiskKy ( ) dyHuKIig Yy =tg x 3poc-

’x=arctga+nn,neZ‘. 1)

ITIpua =0 arctg 0 =0, orxe, piBHaAHHA tg x = 0 Mae KopeHi x =TIn, € Z. ()

Posrisguemo piBaanua ctg x = a. Ha npomiskky (0; ) dyHKIiA y = ctg x ciagae
(Big +2© mo —00), Tomy piBHAHHSA ctg X = a npu 6yAb-AKOMY 3HAUYEHHI a Mae
TiJIbKY OIUH KOPiHb X, = arcctg a Ha 1boMy IPOMIKKY (pUC. 3 TyHKTY 2 TabJ1. 32).
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BpaxoByioun, 110 QyHKIIiA y = ctg x mepioguuna 3 mepiogom 7T, yci inmri KopeHi
BiZipisHAIOTHCA Bij 3HaAliAeHOr0 HATN (1 € Z), TOOTO OIEPKYEMO TaKy (DOPMYJTY

KOpeHiB piBHAHHA ctg x = a:

‘x=arcctga+nn,neZ‘. (2)

T . .
IIpua =0 arcctg 0= 52 OTUKe, DIBHAHHA ctg x =0 mae KopeHi x = g +mn, ne Z.

Mpuknagu po3B'a3aHHA 3aBAaHb

Ipurknax 1. Poss’sokiTs piBHAHHA tg x = -/3.

PosB’aszaunusga

> x=arctg(—x/§)+nn, ne Z.
x=—§+nn, neZ.

Bionosids: —%Jrnn, neZ. <l

KomenTap

PiBusannsa tg x = a mae pos3s’a3Ku Ipu
OyAb-sIKOMY 3HAUEHHI a, OT:Ke, 3aBIK U
MOJKHAa cKopucraTucs opmy.toro (1):

x=arctga+mnn,ne Z.

Hdna 3HaxomKeHHA arctg (—\/g)

MOJKHa BUKOPUCTATU (POPMYJTY
arctg (—a)=—arctg a. Toxi

arctg (—\/g) =-—arctg \/7 =-I

3

X I

IIpuknax 2. Poss’s:kiTh piBHAHHA tg ( P —) =1.

PosB’aszauusga
| 2 %—§=arctg1+nn, neZz,

X X _Ziqn,
2 4 4

x=n+2nn,ne Z.
Bionosidv: n+ 2nn,ne Z. <

4
KomenTap
Coouatky 3a ¢hopmy.toro (1) suaiige-
X T .
MO 3HAYEHHSA BUPA3y  ~7» a MOTIM 3

0JIeP>KaHoro JIiHITHOTO PiBHAHHS 3HAN-
IeMO 3HAUYeHHA 3MiHHOI X.

IIpuknax 3. Poss’skiTh piBHAHHS ctg x = 5.

PosB’aszauusga

P x=arcctg5+nn,ne Z.
Bionosidv: arcctg 5 +nn,ne Z. <

KomenTap

PiBusannsa ctg x = a mae po3s’A3KUu
mpu Oy Ab-AKOMY 3HAUEHHi a, OTKe, 3aB-
JKIW MOKHA CKopucratucsa popmy-
Joto (2):

x=arcctga+mnn,ne Z.
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Bpaxosytouu, mio arcctg 5 He € Tab-
JUYHUM 3HaUeHHAM (s taba. 8, Ha-
BezeHOl Ha c. 47), omepskaHa ¢popmyJa
Jla€ KiHIIeBY BiITIOBigb.

Ipuknag 4. Poss’sxiTs piBHAHHESA Ctg (3x +%) =-1.

—

PosB’as3anusga KomenrTap

Cmoouatky 3a popmy.ioro (2) 3uaiige-
> 3x+%=arcctg(—1)+7‘cn, nez, y a2 qoparyoio (2) A

T .
MO 3HAUEHHS BUPas3y 3X +E’ amorim 3

n_ 3n o . .
3x+ P +n, OIeP?KAHOr0 JiHiHOro PiBHAHHSA 3HAM-
IeMOo 3HAUeHHA 3MiHHOI X.
I, m ez Ona sHaxon:keHHa arcctg (—1)
= , .

36 3 MOJKHA CKOPUCTATUCSA (DOPMY IO

arcctg (—a) =mn—arcctg a. Toxi

Bidnosgios: %+%n, neZ. < o
arcctg(—1)=n—arcctg1=n—z=T_

3anuTtaHHsa ansa KOHTpOIJIIO

. AKi piBHAHHA HA3MBAIOTH HANIIPOCTIIIINMHI TPUTOHOMETPUYHNMU ?
. HasiTb hopmy. v po3B’si3yBaHHA HANIIPOCTIIIINX TPUTOHOMETPUYHIX PiBHAHb.

V¥V axux BUIIaAKaX He MOYKHA 3HAUTU KOPEeHi HaIIPOCTIiIIIOro TPUTOHOMETPHU Y-
HOTO PiBHAHHSA 3a iuMu hopMyaaMu?

.Busegite ¢popmyan po3B’si3yBaHHS HANIPOCTIIINX TPUTOHOMETPUUYHUX

PiBHAHB.

.Obrpyuryiite popMyJin po3B’A3yBaHHA HAMIIPOCTIIINX TPUTOHOMETPUUHUX

PiBHAHB IJIsI OKPEeMUX BUNAIKIB (Mg sin x =aicos x =aBunagkua=0;1; -1,
nnatg x =aictg x =asunanok a =0).

Bnpasu

PosB’sokiTs piBuanng (1—11).

.1) cosx=ﬁ; 2) cosx=£; 3) cosx=—l; 4) cosx=-Y2,
2 2 2 2
.1) sinx=l; 2) sinx=£; 3) sinx=—l; 4) sinx=—£.
2 2 2 2
A)tgx=1; 2) tgx=%; 3)tg x=—1; 4) tg x=—+/3.
3
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4°.

5.
6.

10.

11.

1ctgx=1; 2) ctgx=—;

) ctg ) N
1)sin x=-0,6; 2)cosx=0,3;
1) cos 2x=%; 2) sin 4x = 0;

in(—t)=_Y2. o A2,
1) sin(~)=-¥2; 2) cost = 2,
. 1) sin 2x=£; 2) cos¥=-1,
2 3 2
1) sin(~£)=Y2; 2) cos(-2x)= -8
x _m\_ /4.
1) 2cos<5—g)_\/§,

3) 251n(3x—§)=—\/§;
1) cos(E—Zx)=—1;
6

V3;

3) 2sin(ﬂ—£)
3 4

’

3)ctg x=—1; 4) ctg x=—+/3.
3)tg x =-3,5; 4)ctg x = 2,5.
3)tg3x=1; 4)tg 4x = 3.
x)__1. X _
3) tg( E)‘Jg’ 4) ctg? =1.
ox 1, _
3) sz_z’ 4) cos 4x = 0.
3) tg(—4x)=—2; 4 ctg(—£)=1.
) N ) 3

X T)_ a.
2) \/gtg(§+g)—3,
4) sin(f—E)Jrl:O.
2 6
2

2 ef2)

4) 2 cos(%— 3x)= V2.

3HaNAiTh KOPeHi piBHAHHA Ha 3aJaHOMY ITPOMiKKY (12—13).

12°.1) sin 3x = o

2

[0, 2mt];

3) tgf=£, [-3m, 3n];
2 3
13%.1) sin 3x=—%, [—4, 4];
3)cosx=1, [-6,16];

168

2) cos 3x =§, [-m, ®];

4)ctg 4x =-1, [0, x].

0, [-12,18];

N

4) cos3x=——,
2

« X
2) sin?

[1, 71.



PO3B'A3YBAHHA TPUTOHOMETPNYHUX PIBHSAHD,
K1 BIAPI3HAIOTLCA B HANMNPOCTILLNX

fAx npaBuso, po3B’A3yBaHHA TPUTOHOMETPUUHUX PiBHAHB 3BOAUTHCS 10 PO3-
B’sI3yBaHHSA HANIIPOCTIIINX PiBHAHD 3a JOIIOMOI'0IO IIePEeTBOPEHb TPUTOHOMETPH Y-
HUX BUPAasiB, PO3KJaJaHHA HA MHOKHIUKHY Ta 3aMiHU 3MiHHUX.

15.1. 3AMIHA 3MIHHUX NP PO3B‘A3YBAHHI
TPUTOHOMETPUYHUX PIBHAHDb

Caig mam’araTy 3arajJbHU OPi€HTUDP, KOJIU 3aMiHa 3MiHHIX MOJKe BUKOHYBa-
THCs 6e3 IePeTBOPEHH 3aJaHNX TPUTOHOMETPUYHUX BUPa3iB.

Axwo 0o pienannua, Hepiénocmi abo momoxcHocmi 3MinHa 6xo00umos 6
o0HOMY i momy camomy 6uzandi, mo 3pyiHo 6i0no6i0HUI 6upa3 i3 3MiH-
HO10 No3Haiumu 00Hi€ro 6YK6010 (HOE010 3MIHHOI0) .

Hpukaag 1. Posp’sokiTh piBHAHHA 2 sin?x — 7 sinx +3=0.

PosB’as3anusga KomenrTap
P Hexaii sin x = ¢, ToAi ogep:KyemMo: Amnajisyouu BUTIAM IIOTO PiBHAH-
22 -Tt+3=0. HSA, TIOMiuaeMo, II0 10 HbOTO BXOJUTH
TiJIbKY OJJHA TPUTOHOMEeTPUUYHA PYHK-
3sincut, =3; ¢, =3 mig sin x. OTske, 3py4HO BBECTU HOBY

3MiHHY sin x =t.

ITicsst po3B’A3yBaHHS KBAAPATHOTO
PiBHAHHSA HEOOXiqHO BUKOHATH O0epHe-
2. Hpu t= 1 vaemo sinx=1, HY 3aMiHy i po3B’A3aTH o/lepKaHi Haii-

2 2 IPOCTIiIlli TPUTOHOMETPUYHI PiBHAHHS.

1. Ilpu t =3 maemo sin x =3 — piBHAH-
HS He Ma€ KOPeHiB, ocKimpku 3| > 1.

rozi x=(-1)" arcsin%+ n,

x=(—1)”%+nn, neZ.

Bionosiow: (—1)”%+Tcn, ne Z. <

3ayBaieHH d. 3aNUCYIOUYN PO3B’ A3aHHA IPUKIaLy 1, MOXKHA IIPU BBEJeHHI
3aMiHu sin x = ¢ BpaxyBaTu, mo | sin x | < 1, i sanucaru obmesxenns | t | < 1, a gami
3a3HAYUTH, 110 OJUH i3 KOpPeHiB { = 3 He 3a/J0BOJIbHAE YMOBi | t | < 1,imicasa mboro

. . 1
o0epHeHY 3aMiHy BUKOHYBATHU TIIbKY IJIA t = 3
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Ipuxnax 2. Poss’skiTh piBHAnHS tg3 2x — tg 2x = 0.

KomenTap

o 3amaHoro piBHAHHA 3MiHHA BXOJUTH TiIbKY ¥ BUTJIALL tg 2x. OTiKe, 3pyUHO
BBecTH HOBY 3MiHHY tg 2x = t. ITicaiss BUKOHaHHA 00epHeHol 3aMinu i po3B’ A3yBaH-
HA OflepPKaHNX HAUMIPOCTIIINX TPUTOHOMETPUUYHUX PiBHAHB CJIiJT 10 BiAmoBiai 3a-
nucaTH BCi ofiepsKaHi KopeHi.

PosB’sasauus«a
P Hexaiitg 2x =t. Toni ogepsxyemo 2 —t = 0. 3sigcu t (12— 1) =0, To6ro t = 0 a6o
t2—1=0. 3 ocTauHbLOI0 PiBHAHHA MaeMo t2=1, rogit =1 ab6ot=—1.

Bukonyemo o6epHeHy 3aMiHy:

1. Iput=0wmaemo tg 2x =0, Toxi 2x =nn, n € Z. Omxe, x=”—2”, neZ.
2. Ilput=1maemo tg 2x =1, roni 2x = arctg 1 +m, 2x =§+Tcm. Or:xe,

x=£+ﬂ, meZ.
8 2

3. Ilput=-1wmaemo tg 2x =—1, Toni 2x = arctg (—1) + 1k, 2x=—%+7‘ck. Omxe,
x=-24+" LezZ.
8 2
Bidnogiov: ™, ne Z; 2+™ me Z; Itk hez. <
2 8 2 8 2

IIpu momyky miaaHy pos3B’s3yBaHHS OiJbII CKJIAJHUX TPUTOHOMETPUUYHUX
PiBHAHB MOKHA CKOPUCTATUCA TAKUM O Pi€ HTU P O M.

1. IIpobyemo 3e6ecmu 6ci mpuzoHomempuiri pynkuyii 0o 00H020 apzymenmy.

2. Axwo edanocs 3gecmu 00 00H020 apzymeHmy, mo npobyemo 6ci mpuzoHo-
MempuiHi 6upa3u 36ecmu 00 00HI€L PYHKYIL.

3. Axwo 0o 00Ho020 apeymenmy 8danocsa 386ecmu, a 00 00Hiel PYHKYIL — Hi,
mo npobyemo 3gecmu pi6HAHHA 00 00HOPiIOHO20.

4. Binwux eunadxax nepeHocuMo 6ci unenu 6 00un 6ix i npobyemo odeprca-
mu 000ymox ab0 6UKOPUCMOBYEMO CLeyianibHi nPULOMU PO36°A3Y6AHHA.

15.2. PO3B'A3YBAHHA TPUTrOHOMETPUYHUX PIBHAHb
3BEAEHHAM A0 OoAHI€l ®YHKUII (3 OOHAKOBUM APTYMEHTOM)
Ipuxkaax 1. Poss’skiTh piBHAHHA cos 2x — 5 sinx —3=0.
PosB’asanusga KomenrTap

P BuropucroByoun (JOpMYIIy KOCUHY- ¥Ycitpuronomerpuuti GyHKIiI 3B0-
ca IOABIAHOTO apI'yMEeHTy Ta OCHOB- | JAMMO IO OJHOT'O apr'yMeHTY X, BUKODPH-
HY TPUTOHOMETPUYHY TOTOKHICTh, | CTOBYIOUHU (DOPMYIIY
OZIEPAKYEMO: cos? 2x = cos? x — sin? x.
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cos?x —sin?x—-5sinx—-3=0,
1-sin?x-sin?x—-5sinx—-3=0,
—2sin?x—-5sinx—-2=0.
3amina sin x =t nae piBHAHHS
-2t2-5t-2=0.
Topi 26+ 5t +2=0,¢,=-2, t,=—.

Bukonyemo o6epHeHy 3aMiHy.
. IIpu t = -2 maemo sin x = —2 — Ko-
peHiB HeMae, ocKinbku | 2 |> 1.

. Ilpu t= —% MaeMo sinx = —%. Tomi
x=(-1)" arcsin(—%) +1n,
x=(-1)" (—£)+nn, ne Z.

6

Bionosiov: (-1)" (—%)H‘cn, neZ.<

ITorim yci TpuronomMeTpuyuHi BUpasu
3BOJAUMO J0 oaHiel PYHKINII sin x (Bpa-
XOBYEMO, 1110 cos? x = 1 — sin? x).

B onep:xaHe piBHAHHA 3MiHHA BXO-
IUTH B OMTHOMY i TOMY CAMOMY BUTJISAI1
sin x, oT:Ke, 3pYYHO BUKOHATHU 3aMiHY
sin x =t.

3aysBaxeHH da. [Ipu 6akanHi BiAIIoOBiAbL MOYKHA 3aIMCATH Y BUTJISAA1

n+l ¢

6

(-1)

IIpuxaarn 2.

PosB’aszauusga

| 4 tgx+ti 3. Bamina: tg x = t. Mae-
g x

. 2
Mo piBHsaHHS © +7
IIpu t # 0 oTpuMy€eMO PiBHOCUJIbHE
piBHaHHA 2 -3t +2=0.
3Bingcu t, = 1, t,= 2.
Bukonyemo o6epHEeHyY 3aMiHy:
1. Ilpu t=1mMmaemo tg x =1, Toxi
x = arctg 1 +mnn,
x=—§+nn, neZ.
2. Ilpu t = 2 maemo tg x = 2, Toxmi
x=arctg2+mm,me Z.
Bidnosioo: %Hm, ne Z;

arctg2+nm,me Z. <

7

+mn, ne Z.

PosB’sokiTh piBHAHHA tg x + 2 ctg x = 3.

KomenTap

VYeci aprymenTu BiKe ogHAKOBI (x),
TOMY 3BOJIIMO BCi TPUTOHOMETPUYHI BU-
pasu mo oxgHiel pyHKIii tg x (BpaxoBye-

1x)-

Mo, 1110 ctgx=—
tg
B onep:xaHe piBHAHHA 3MiHHA BXO-
IUTH B OJHOMY i TOMY cCaMOMY BUTJISAI1
tg x, oTiKe, 3pYYHO BUKOHATHU 3aMiHY
tgx =t.
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15.3. PO3B’'AA3YBAHHA OAHOPIAHUX TPUTOHOMETPUYHUX PIBHAHDb
TA 3BEAEHHA TPUTOHOMETPUYHOIO PIBHAHHA 4O OAHOPIAHOIO

Posrusanemo piBasaaHA sin? x — sin x cos x — 2 cos?x = 0. 1)
151 mOITyKY IJIaHy PO3B’ A3YBAHHS I[OTO PiBHAHHA (ajie He IJIs 10T0 PO3B’ -
3yBaHHA) BUKOHAEMO 3aMiHH: sin x = u, cos x = v. Toxi piBHAHHSA (1) MmaTuMe
BUTJLAL,
u?—uv—2v2=0. (2)
VYciogHoUuNe N, IKi CTOATH y JIiBill YaCTHHI IIHOTO PIBHAHHSA, MAIOTh CTEIeHi 2
(HaramaeMo, 110 CTeIliHb OJTHOUJIEHA LD TeK NOPiBHIOE 2). ¥ I[bOMY BUNAAKY PiBHAH-
H4 (2) (i BigmoBigHo piBHAHHA (1)) HA3WBAETHCA ONHOPIAHUM, i /18 pO3NisHABAHHSA
TaKNX PiBHAHD Ta IX PO3B’ A3yBAHH MOXKHA BUKOPHUCTOBYBATH TAKUI OPi€HTHD.

Arwo 6ci unenu pi6HAHKA, Y 1i6iil i nPABIl YACMUHAX AK020 CMOAMb MHO-
2ouseHu 8i0 080x 3MiHHUX (a60 8i0 080X PYyHKYilL 00HIEL 3MIHHOL ), maromeo
00HAKOBUY CY MAPHUL CMENiHb’, O PIBHAHKA HA3UEAEMbCL 00HOPIOHUM.
Po36’a3yemuvcs 00HOpiOHe pieHAHHA OileHHAM HA HATBUW UL cmeniHb 00HIEL
i3 3MIHHUX.

3ayBa’eHH 4. [JoTpUMYIOUNCH ITHOT0 OPiEHTUPA, JOBOAUTHCS J1IUTH 00U AB1
YacTUHU PiBHAHHA Ha Bupas i3 a3minzoi0. IIpu oMy MOKHAa BTPATUTH KOPEHi
(AKIII0 KOPEHAMH € Ti Umesa, Ipu SKUX JIIbHUK AopiBHIOE HYJI10). II06 yHUKHYTH
I[bOT'0, HE0OXiTHO OKPEMO PO3TJIAHYTU BUITAJ0K, KOJIM BUPa3, Ha AKUI Mu 30upae-
MOCS JiJINTH OOUBi YaCTUHY PiBHAHHSA, JOPIBHIOE HYJIIO, i JUIIIE Hic/Id I{bOT'0 BH-
KOHYBAaTH [IiJeHHs Ha BUPAaa, 1110 He JOPiBHIOE HYJIIO.

Hpukaag 1. Posp’sokiTh piBHAHHA sin’ x — sin x cos x — 2 cos? x = 0.

PosB’asanusga Komenrap
P> IIpu cos x = 0 piBHAHHA HEe Ma€ KO- 3amaHe piBHAHHSA OJHOPigHE, oC-
PeHiB, TOMY PO3IiJIMMO OOMABI 1OT0 | KiJIBKM BCi HIOTO UJIeHU MAaIOTh OMHAKO-
yacTuHU Ha cos? x # 0. Buil cymapHuii crenins 2. Moro mosxHa
Opnep:xyemMo posB’asaTu AiJleHHAM 000X YaCcTHUH Ha
sin? x _ sinxcosx 2 cos?x =0 sin’ x aGo Ha cos” x. X
cos’x  coslx olr fAxo mu 6ygemo giguTy Ha cos? x,
TO, 11100 He BTPATUTHU KOPEeHi, BUIa0K
106T0 % _sinx _o_0. cos x = 0 po3TITHEMO OKPEMO.
cosmx  cosx ITigcraBasrouu cos x = 0 B 3amaHe
Tonitg?x —tgx—2=0. piBHAHHSA, omepixyeMo sin x = 0. Axe
3amina: tg x =t. OJHOYACHO Sin x i cos X He MOMKYTBb J0-
Orpumyemo piBusanHA t* ~¢t—2=0, | piguiosaTu Hymx0 (OCKinBKH sin? x +
t,=-1,¢,=2. + cos? x = 1). Orxe, Ti 3HaUEHHA 3MiH-

* 3BUUalHO, AKINO PiBHAHHA Mae BuraApn f = 0, #igeTbcsa TiAbKYW IPO CTENiHb UJEHIB
MHOTOWJIeHa [, OCKiIbKM HYJAb-MHOTOUJEH (To6TO 0) cTemens He Mae.
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Bukonyemo o6epHeHy 3aMiHy:
1) Ilpu t =—-1 maemo tg x = —1, Toxi
x=arctg (— 1)+ nn,

x=—§+nn, neZ.

2) Ilpu t = 2 maemo tg x = 2, Toxmi
x=arctg2+mm,me Z.

Bionosidv: —%H‘m, ne ZzZ;

arctg2 +nm,me Z. <

IIpukaan 2.

Posp’ssaunsa
P Ilpucos 3x =0 piBHAHHA He Ma€ KO-
peHiB, ToMy po3aiairMo 001 ABi ftoro
yacTuHU Ha cos 3x # 0.
Opnep:ryemMo
S3% _ 5 ro6To tg 3x = 5. Toxi

cos3x
3x=arctgb5+mnm,

x=%arctg5+%, meZ.

Bidnogiov: %arctg5+%, me Z. <

IIpuxaan 3.

Posp’ssaunsa
P Buxopucrosyoun GopMyJIy CHHYCA
TOJIBiiiHOT'0 apTyMEHTY, MAEMO
6 sin?x +sinxcos x —cos? x=2. (1)
3anuiiemo e piBHAHHA TaK:

HOI X, 1151 AKUX cos x = 0, He € KOpeHs-
MU 3aaHOTO0 PiBHAHHA. A mpu cos x #0
MOKHAa PO3AiIUTH O0UIBi YacTUHY Ha-
HOTO piBHAHHA Ha cos? x # 01 ogepakaTu
PiBHSHHS, piBHOCHUJIBHE 3a7aHOMY (Ta

sinx
BpaxyBaTH IIPU IIbOMY, IO~~~ = tgx).

B onep:xaHe piBHAHHA 3MiHHA BXO-
IUTH B OMHOMY i TOMY CAMOMY BUTJISAI1
tg x, ToMy 3pyYHO BUKOHATH 3aMiHy
tgx=t.

PosB’sakiTh piBHAHHEA sin 3x = 5 cos 3x.

KomenTap

3asaHe piBHAHHS OMHOPiHE, OCKiIb-
KU BCi HI0ro 4jieHd MAlOTh OJHAKOBUI
creminp 1. Moro moskHa po3B’sasaTu
IimeHHAM 000X yacTHH Ha sin 3x abo Ha
cos 3x.

Ao mu 6yaemo aiauTu Ha cos 3x,
TO, 11100 He BTPATUTHU KOPEeHi, BUIIaJ0K
cos 3x = 0 posrIsTHEMO OKPEMO.

ITigcraBasaioun cos 3x = 0 B 3agaue
piBHSHHS, ofep:Kyemo sin 3x = 0. Ame
onHOYAaCHO Sin 3x i cos 3x He MOKYTbH
nmopiBuioBatu HyJgio. OT:ke, npu
cos 3x = 0 piBHAHHA He Mae KOPEHiB.
A mipu cos 3x # 0 MoKHaA PO3AIIUTHU
00MBl YaCTHUHM JAaHOI'O PiBHAHHSA HA
cos 3x #01i omep:kaTu piBHAHHSA, PiBHO-
cuybHe 3ajjaHoMYy (i BpaxyBaTU IPU IO~
MY, 110 sindx _ tg 3x).

cos 3x

. . . 1 .
Posp’saxiTs piBHARHEA 6 sin?x +Es1n 2x—cos?x=2.

KomenTap

CrouaTky 3Be[eMO BCi TPUTOHOMET-
pUuHi QYHKITII 10 OMHOTO apryMeHTy X,
BUKOPUCTOBYIOUHN (POPMYJaY Sin 2x =
= 2sinxcos x.
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6 sin?x +sinxcosx—cos?x=2-1
iBpaxyemo, 110 1 =sin? x + cos? x.
Toxi 6 sin? x + sin x cos x —cos?x =

= 2 (sin? x + cos? x).
3Bigcu
4 sin®?x +sinxcosx—3 cos?x=0. (2)

ITpu cos x = 0 piBHAHHSA He Ma€ KO-
PeHiB, ToMy Po3IiiuMO 00M/Bi 1OT0 Ua-
cruuu Ha cos? x # 0. OgeparyemMo

) .
4sm x+smx_3=0,

0082 X Cos X

4tg2x+tgx—3=0. (3)
3amina: tg x = t. OrpuMyemMo piB-
Hauua 412+ t-3=0,
3
.
Bukonyemo o6epHeHy 3aMiHy:

t=-1,t,=

1. IIput=-1maemo tg x =—1, Toxi
x = arctg (—1)+mnn,

x=—%+nn, neZ.
3 3 .
2. Ilpn t=Z MaeMo tgx=z, TOI1
x=arctg%+nm, meZ.
Bidnosiow: —%-FTCTL, ne Z;

arctg%ﬂtm, me Z. <

V aisiit wacmumi odepranozo pis-
HaHHA (1) cmoimb 00HOpiOHULL 8upas
0pyzoz0 cmenensa, a 8 npasiit wacmu-
Hi — yucno 2. Axuwo domnoxrcumu 2 Ha
1, a 00uHuY 0 po3nucamu 3a 0CHO8HOW
MPUZOHOMEMPULHOI MOMONCHICMIO
1 =sin? x + cos? x, mo 6 aisiil i npasiil
YACMUHAX 00ePHAH020 PIBHAHH 8CL 8U-
pasu 6ydymos 0pyz0z0 cmenems, moomo
00eprcumo o0HopiOHe pieHaAHH (2), AKe
MOJKHA PO3B’ A3aTH JiJIeHHIM 000X yac-
TuH abo Ha sin? x, abo Ha cos? x.

fAxo mu 6yaemo giguTy Ha cos? x,
TO, 11100 He BTPATUTHU KOPEeHi, BUIa0K
cos? x = 0 pO3IJITHEMO OKPEMO.

ITincraBasioun cos x =0y piBHAHHS
(2), omep:xyemo sin x = 0. Aje ogHOUAC-
HO Sin xi cos x He MOKYTbh JOPiBHIOBATH
myaio (ockinbku sin? x + cos? x = 1).
Or:xe, npu cos x = 0 piBHaHHA (2) He
Mae KopeHiB. A mpu cos x # 0 Mo:kHa
posaimuTy 00MABI YaCTUHU I[HOTO PiB-
HaHHA Ha cos? x # 0 (i BpaxyBaTu npu

IBOMY, IIIO = tgx).
Cos X
B ozmep:xane piBuanug (3) 3MiHHA
BXOIUTH B OMHOMY i TOMYy caMOMYy BH-
rasiai tg x, uepes Te 3pyYHO BUKOHATH
3aminy tg x = t.

sinx

15.4. PO3B'AA3YBAHHA TPUTOHOMETPUYHUX PIBHAHb BUAY f(x) =0
3A Jonomoroto Po3KJIAOAHHA HA MHOXXHUKHA

IIpuxnan 1.
PosB’asanusga
P sin Tx —sin 5x =0, Toxi

Tx—-5x Tx +5x
——=cos———==0
2 2
2 sin x cos 6x = 0.
OpnepesxyeMo:

2sin

’

PosB’sokiTh piBHAHHSA sin Tx = sin 5x.

KomenTap

JocuTh BaXXKO BCi TPUTOHOMETPUYHI
(GYHKIIII B IbOMY PiBHSHHI 3BeCTH 10 O]~
HOTO apr'yMeHTY.

YV TakoMy BUIIaAKY JOBOAUTHCA KO-
pUCTYBaTHUCSA YeTBEPTUM IIYHKTOM Opi-
eHTHpAa, HaBegeHOro Ha c. 170: nepe-
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sin x =0 abo cos 6x = 0.
PosB’a3yioun ocranHi HaimpocTimri
TPUTOHOMETPUYHI PIBHAHHA, MAEMO:

x=mn,ne Z,abo 6x=%+nm,

T06T0 x ==+ me Z.
12 6

Bionosidv:n,ne Z; %+n?m, me Z.<

IIpuxaarn 2.
Posp’ssaunusa

. 3 -3 .
b 2sin T cos 2% _gin 4x =0,
2

2 sin 2xcos x —sin4x =0,

2 sin 2x cos x — 2 sin 2x cos 2x =0,
2 sin 2x (cos x —cos 2x) =0,
sin 2x =0 abo cos x —cos 2x = 0.

3 mepIIoro 3 MuX PiBHAHD:

T
2x =T7n, x=?, neZz.

Hpyre piBHAHHA IePETBOPUMO TaK:

X+ 2x

. . -2
-2 sin Tsmu =0,

2

2 sinﬁsinﬁ =0.
2 2

3Bizcu sin %x =0 ab6o sin% =0.

3 UX PiBHAHB OJEePIKYEMO:

3x x
5 T, me Z, abo E=7Tk, ke Z.

HOCUMO 8Ci UJleHU PIBHAHHS 8 00UH Oik
i npobyemo odeprcamu 006Yymok, uso 0o-
PIBHIOE HYILIO.

st mboro cKopucraeMocs Gopmy-
JIOIO0 TIePeTBOPEHHS PiB3HUILL CHHYCIB
y TOOyTOK:

sin oo —sin =2 sin 9P oog OB,
2 2

Aute K110 100YTOK JOPiBHIOE HYJIIO,
TO X0ua 6 OJMH i3 CIIiBMHOMXHIKIB JOPiB-
HIOE HYJIIO, a iHITi CHIBMHOMXKHUKY Ma-
I0Th 3MicT. ¥ JaHOMY BHUOAJIKYy BCi 3a-
IaHi i ofepsKaHi BUpasyu MamTh 3MiCT
Ha BCili MHOKUHI JIFICHIX YKCeJI.

V¥ kiHIIi BpaxoByeMoO, II10 3aaHe PiB-
HAHHS PiBHOCUJIbHE CYKYITHOCTI piB-
HAHB sin x =0 a6o cos 6x =0, i uepes Te
y BigmoBixi matoTs OyTH 3ammcaHi Bci

KOPEeH1 KOKHOTO 3 [[UX PiBHAHbD.

PosB’s:kiTh piBHAHHEA sin x + sin 3x = sin 4x.

KomenTap

3pas3y CKOPUCTAEMOCS YeTBEPTUM
IIyHKTOM ODi€eHTHpa, HaBeJeHOro Ha
c. 170: neperocumo 6ci uneHu pi6HAH-
Hs 8 00uH OiKk i npobyemo odeprcamu 0o-
6ymok, u,0 0Opi6HI0€ HY.LIO.

s mporo 3acTocyemMo GopmMyry
IIepeTBOPEHHA CYMU CUHYCIiB, iKa CTO-
iTh y JiBi#i vacTHHi piBHAHHS, Ha 100Y-
TOK:

sin o+ sinf =2 sin %Bcos %B

(i Bpaxyemo, 1110 cos (—x) = cos X).

s Toro mjo6 BUHeCTU AKUI-He-
Oy/ab BUPAs 3a Iy KKHU i oeprxaT 100y-
TOK, JOCUTDH 3aIllKCaTH Sin 4X K CUHYC
HOABiliHOTO apryMeHTy (TOMi 3a IYKKH
BUHOCHUTBCS sin 2x).

AK1mo 106yTOK JOPiBHIOE HYJIIO, TO
xoua 0 OVH i3 CIIiBMHOMKHUKIB JOPiB-
HIOE HYJIIO.
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x =2 4260 x= onk, ke Z. Y apyromy 3 OflepIKaHuX piB'HHHb
epeTBOPUMO Pi3HUII0 KOCHHYCIB Ha
Io0yTOK. ¥ KiHIII BpaxoByeMoO, II[0 BCi
Bidnosidv: n—zn, neZz 3amaHi i omep:xaHi BUpasy icHYIOTH Ha
BCil MHOMKUHI AiicHux uucesa. OTiKe,
3a/jaHe PiBHAHHS Ha i MHOKUHI PiBHO-
CUJIbHE CYKYITHOCTi piBHAHB:

2tm
’

2nk, ke Z. <

meZ;

sin 2x = 0 abo sin%x =0 abo sin% =0,

iTomy mo Bifgmosini moTpi6HO 3ammcaTu
BCi KOpeHi KOKHOTO 3 IIUX PiBHAHbD.

3ayBaieHH d. 3anuc Bigmosiai moxxkHa ckoporuTu. Tak, AKIO 300pasuTu
BCi 3HAMEeHI po3B’ A3KY HA OMMHUYHOMY KOJIi, TO ITI00aunMO, 1110 PO3B’I30K X = 27k

Jla€ Ti caMi TouKH, 110 ¥ (popmysaa x = % npu n, Kparaomy 4 (n = 4k), abo ¢popmy.ia

x=§7‘cm upu m, kparaomy 3 (m = 3k). Takum unzoM, popmyJia x = 21k He 1ae

. . . n 2mtm . . .
HOBUX PO3B’sI3KiB y HOpiBHSHHI 3 hopmyaamu x = % abo x = 5 iTomy BifTIOBigB

MoO:Ke OyTHU 3alicaHa y BUTJISALL TiJIbKY JBOX OCTAHHIX (popMyJi. AJie TaKe CKOPO-
YyeHHSA BiAIOBiAl He € 000B’ A3ZKOBUM.

15.5. BIABIP KOPEHIB TPUTOHOMETPUYHUX PIBHAHb

Ax1o npu pos3B’ A3yBaHHI TPUTOHOMETPUUHNX PiBHAHBb HEOOXiJHO BUKOHYBA-
TH BifOip KOpeHiB, To HaifuacTilie e poOUTHLCA TAK:

3HAXOOATH (0a’KaHO HAMMEHIIN ) CIIIJIFHUM IIEPiofT yCiX TPUTOHOMETPHUUYHHUX
(pyHEKILIiH, {0 BXOOATH Y 3aIUC PiBHIHHA (3BUYANHO, AKIIO IeH CHLJILHUN ITepios
icHye); moTiMm Ha nbOMy Iepioxi BinOuUparoTs KOpeHi (BifKuaarOTh CTOPOHHI),
a Ti, o 3aIHIIAI0OTHCS, IIEPiOTUIHO IIPOTOBIKYIOTh.

IIpuknag. Poss’saKiTh piBHAHHSA

sin4x tg x=0. (1)
I cmoci6 poss’a3yBanus
PosB’asanusga Komenrap
P sindx =0 a6otgx = 0. SKII0 YMcIo X € KopeHeM PiBHAH-

H4 (1), To npu MbOMYy 3HAUEHHIi X piB-

Toai 4x = mn (To6TO X =n74n, n € Z) | micts (1) € IpaBUIBHOIO YMCJIOBOIO PiB-
abox=nk, ke Z. HicTio. J[Io6YTOK JBOX UKCe] MOXe 10~
®dyukuig y = sin 4x Mae mepiog | PIBHIOBATH HYJIIO TLIBKHU TOAL, KOJIM XO-

om ) ) 4ya 6 ofMH i3 MHOKHUKIB OpiBHIOE HY-

T, = 3 o8 dynriiay =tgx —Nepion | 1, Omxe, Kosken Kopias pisHsHEs (1)
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T, =m.Toxi T =7 € cniybHUM IIepiogoOM
nisa o6ox pyukIifi. Ilosmauumo Bci
oJlep:KaHi KOpeHi Ha OqHOMY IIepiofi, Ha-
IPUKJIAML, Ha TPOoMiKKY [0; 7]:

T
T X

EER
IMER
.J>|'Sfl

hd
0
T .
Ilpu x =5 3HaueHHd tg x He icHye,
T
oTiKe, x=§ He € KOpeHeM 3aJaHOoro

PiBHAHHA.
ITpu 3Hauenuax 0, %, %, T ozep-
sKyemo piBuicTs 0 = 0. OT:Ke, 1i 3Ha-

YeHHA € KOpeHaMU piBHAHHA (1).
Toxi poss’sA3KaMu 3a1aHOTO PiBHAH-

OyJae KOpeHeM CYKYHHOCTi piBHSHB
sin 4x = 0 abo tg x = 0.

3aminuBmu piBHAHHA (1) Ha 110 Cy-
KYIHICTH, MU He 3ary0MMO KOPEHiB 3a-
JAHOTO PiBHAHHS, ajie MOKEeMO O[epsKa-
TH CTOPOHHIi AJd HbOro KopeHi. Ha-
OPUKJAL, TaKi, IpU AKUX IIepIIui
MHOKHUK JOPiBHIOE HYJIIO, a IPYTUM
HeicHye.

1106 BigKMHYTH TaKi 3HAUEHHS, BU-
KOHaEMO IIEPEBiPKY O/Iep:KaHNX KOPeHiB
TiICTAHOBKOIO B MOUYATKOBE PiBHAHHS
HAa OTHOMY NePio/i — IPOMIisKKY TOBXKH-
HOIO TT.

Ha nromy mepioni Bigdupaemo Ko-
peHi (BizKmmaemo cTOpoHHi), a Ti, 110

HA GYyAYTh: 3aJININAIOTHCS, IEPIOAMYHO IIOBTOPIOE-

MO (TOOTO KOIAEMO [0 OfePsKAHUX KO-
peHiBTEk, k€ Z).

x=Tmk;

x="+1k;
4

x=374”+nk, ke Z.

Bionogidv: nk; §+ Tk; % +7k; ke Z. <

3ayBaxeHHd. [Ipu poss’asyBanns piBuaHEA (1) MU He CTEKUIN 3a PiBHO-
CUJIbHICTIO BUKOHAHUX IIEPETBOPEHD, ajle BUKOHYBAJM TaKi IepeTBOPeHH A, IKi He
TIPUBOIUIIN 10 3ary0JieHHs KopeHiB. Tofi roBopaTh, 110 MU KOPHUCTYBAJINCS PiBHAH-
HAMU-HACIiIKaMU (IKUL0 8Ci KOPeHi nepuLozo PiBHAHHSA € KOPEHAMU OPY2020 PiBHAH-
Hsl, Mo Opyze PiBHAHHA HA3UBAEMbCA HACLIOKOM nepuLozo)’. Y bOMY BUIAIKY MU
MOTJIX OTPUMAaTH CTOPOHHI JJIS 3aJaHOTO PiBHAHHS KopeHi (To0To Ti KopeHi oc-
TAaHHBOT'O PiBHAHSA, AKi He € KopeHAMH 3a7aHor0). I1]06 11H0ro He cTaI0CA, MOYKHA
KOPHUCTYBATUCA TAKMMOPi€HTHU PO M.

Axwo npu po3é’a3y6anni pi6HAHHA MU KOPUCMYEANUCA PDi6HAHHAMU-
Hacnidkamu, mo nepesipra 00eprcanux KopeHié nidcmaHo6Ko0 6 nowam-
K06e PiGHAHHA €006068°A3K06010 CK1A006010 HACMUHOI0 PO36°A3Y6AHHA.

Ax1mo a5 po3s’ A3yBaHHA [[HOr0 camMoro piBHAHHA (1) Mu 0yZeMo BUKOPUCTO-
BYBaTU PiBHOCHUJIbHI IepeTBOPEHHS, TO Bi/I0ip KOpeHiB Oyie opranisoBaHUN TPOXU
inakire. 30KpeMa, HaM HoBeeTbcs BpaxyBatu O/]3 pieHAHHA, TOOTO CILIBHY 00-
JIaCTh BU3HAYEHHS JIJIA BCiX PYHKIIII, AKi BXOAATH 10 3aIlI1Cy PiBHAHHA.

* Bigbin moBHO Mpo piBHAHHA-Hacaiaku que. vy § 17.
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II coci6 poss’asyBanus piBHAHHA sin 4x tg x = 0.

PosB’aszaunusga

> 0113: x;tgﬂtk, ke Z.

sin4x =0a6otg x =0.

Toni 4x = mtn, Tod6TO x=%n, nelZz,

abox=mk,ke Z.

dyaKIia y = sin 4x mae mepiof

T =274n =§, a dysKIigy =tg x — mepi-

on T,=mn.ToniT =7 e cuinpaum nepio-

JIOM 17151 000X (pyHKIii. [TosHaummo Bei

oJlep:KaHi KOpeHi Ha OqHOMY IIepiofi, Ha-

OpUKJIaL, Ha npoMixkKy [0; 7], i HA ITBO-

MY K IPOMIKKY ITI03HAYMMO O0MEeKeH-
Ha OJ13:

S
INER
SEX

Bidnosidv: nk; §+ ks % ik, ke Z. <

3anuTtaHHs gs KOHTpOIJIIO

—

Hasenits npukagu.

KomenTap

Bci pigHocunvHi nepemeopenna pis-
HAHb BUKOHYIOMbCA Ha Ix o6aacmi 0o-
nycmumux 3Havenv (O/13), momy no-
mpiono epaxysamu O/[3.

Jo0yTOK IBOX MHOYKHUKIB JOPiBHIOE
HYJIIO TOAi i TiAbKU TOAi, Koo xoua 6
OIVH i3 MHOKHUKIB MTOPiBHIOE HYJIIO,
a apyruit MHOKHUK Mae 3mict. Ha O[3
00uaBa MHOKHUKHU MalOTh 3MicT, TO-
my Ha O3 3amaHe piBHAHHA PiBHO-
CUJIbHE CYKYITHOCTI piBHAHB sin 4x =0
abotg x =0.

Ti KopeHi cyKynHOCTi, AKi BXOAATH
no O13, nmocuthk BifmibpaTu HA OZHOMY
nepiofi — IPOMiKKY MTOBXKUHOIO T, a
OTiM OZlep>KaHi po3B’ I3KU IIePiOANUHO
TTOBTOPUTH.

3HaUEHH X = g He BXoauTh 1o O3,

OTJKe, BOHO He € KOpeHeM 3aaHoTo PiB-
HSHHS.

3uauenHda 0, %, 3%, T BXOAATDH IO

013, oT:xe, 11l 3BHAYEHHA € KOPEHAMU
3a/IaHOTO PIBHAHHA.

Axi croco6u BUKOPHUCTOBYIOTH IIPY PO3B’ A3yBaHHI TPUTOHOMETPUUYHNX PiBHAHD?

2. fxy3aMiny sMiHHMX MOXHA BUKOHATH IIPU PO3B’sI3yBaHHI PiBHAHHSA
8cos?x—2cosx—1=07? fike piBHAHHA OLEPKUMO IIicasa 3aMiHn?

3. a)IlosacHiTs, YoMy piBHAHHS 3 sin? x —sin x cos x — 2 cos? x = 0 € ogHOPigHUM.
6") fIK MOKHAa PO3B’A3aTH Ile OAHOPiAHE PIBHAHHA?

4. fx MoXHA BUKOHATH BiZi0ip KOPeHiB TpuroHoMeTpuuHoro pisuauusA? ITpoiro-
CTPYHTE Bifi0ip KOPEeHiB TPUTOHOMETPUYHOrO PiBHAHHS HA IIPUKJIAMI].

Bnpasu

PosB’saxiTh piBHanaa (1—20).

1. 1) 38sin®x —5sinx—2=0;

3)4sin?x +11sinx—3=0;
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2)3sin?2x +10sin 2x + 3 =0;

4) 2sin2 £ -3sin<+1=0.
2 2
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2. 16 cos?x+cosx—1=0; 2) 2 cos?3x — 5 cos 3x —3=0;

3) 2cos?x —cosx—3=0;
3. 1) 2sin?2x + 3 cos x=0;

3)5cos?x +6sinx—6=0;
4. 1)3tg?x+2tgx—-1=0;

4) 2c0s2§+3c0s§—2=0.
2) 8 sin? 2x + cos 2x + 1 = 0;
4) 4 sin 3x + cos? 3x = 4.
2)ctg?2x —6ctg 2x +5=0;

3)2tg2x+3tgx—2=0; 4)7ctg2§+2ctg§=5.

&

1) 3 cos 2x = 7 sin x; 2) 2 cos 2x = 7 cos x.
6. 1)sin®?x + 2sin x cos x —3 cos? x =0;

2)sin? x — 4 sin x cos x + 3 cos? x = 0;

3) sin? x + sin x cos x — 2 cos? x = 0;

4) 3 sin®? x +sin x cos x — 2 cos? x =0.

7. 1) cos%=1+cosx;

3)5cosx+12sinx=13;

8. 1) 1—c0sx=2sin§;

3) cos2x = 2% sinx;

9. 1)cos x +sinx=0;

3) 3 cos? x =4 sin x cos x — sin? x;

_ 5 _
3sinx + 4

10. 1) —2 =2

3cosx +4 B

11. 1) — 2 =1 2) — 3
5tgx+8

12. 2sinx+7 _

1,5sinx+3

6
tgx+2

3) =3-tgx;

15
sinx +1
3) —.

tgx+1
14.1) sin x + sin 3x = 0;
3) cos 2x — cos 6x = 0;

13. 1) =11-2sinx;

=2ctgx-1;

15*.1)|sinx|=|cos x [;

16°.1) sin (2x —%)+ cos (% —zx) =0;

Sctgx+8

2) tgx—tg(%n—x)=1;

4)3 cos x — 2sin 2x = 0.
2) 1+c0sx=2cos§;

4) V3sinx—cosx =0.

2)cos®? x —3sinxcos x=-1;
4) 4 cos? x — 7sin 2x = 2.

2
3) 2 -1 4) —2—=1.
3v2sinx -1 3V2cosx -1
4 1 2 1
3)—:—‘ 4)—:—.
\/gtgx+5 2’ \/gctgx+5 4
2cosx+ 7
—:2;
1,5cosx +3
4) 8 _3_ctgx.
ctgx +2
2) 15 1=11—2cosx;
cosx +
4) 10 =3-ctgx.
tgx+2

2) sin 5x —sin x = 0;
4) cos 4x + cos 2x = 0.

2) |sin2x|=‘x/§cos2x‘.
in(X+T)= Am_x
2) s1n(5+§)—\/§cos( 3 2).
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17°.1) sin? x — 5 cos x = sin x cos x — 5 sin x;
2)cos?x — 7sin x +sin xcos x =7 cos x.

18. 1) sin?x+cos (%—x)sin (%— x)—Z cos?x=0;

2) sin?3x+ 3 cos?3x—4 sin (%+ Sx)cos (g+ Sx) =0;

3)sin? x + 2 sin (1 — x) cos x — 3 cos?(2n — x) = 0;

4) sin?(2n—-3x)+5 sin (n—3x)cos 3x + 4 sin? (3—;— Sx) =0.
19. 1) 3sin? < +sin Zsin (£—£)=2;
2 2 2 2
2) 200s25—3sin(ﬂ:—ﬁ)cos(Zﬂ:—ﬁ)+7sin2£=3;
2 2 2 2
3) 4cos2(g+x)+ 3sin(%—x)sin(n+x)+300s2(n+x)=3;
4) 3sin? (x—g—zn)—Z cos(3—2n+x)cos(1t+x)+2 sin?(x—m)=2.
20. 1) 2sin? (n+x)—5cos(%+x>+2=0; 2) 200s2x+5cos(§—x)—4=0;

3) 2cos2x+ sin(%—x)—1=0; 4) 5 - 5sin 3 (1 — x) = cos?(n — 3x).

PO3B'A3YBAHHA CUCTEM
TPUTOHOMETPUNYHWNX PIBHAHDb
CucreMu TPUTOHOMETPUYHUX PiBHAHD PO3B’ A3YIOTHCSA 3a JOIIOMOI'0OI0 TUX Ca-

MHUX METOJiB, ITI0 I anredpaiuHi cucreMu. 30KpeMa, I1e BUKJIIOUeHHS HeBiJOMUX i
saMina sMiHHEX. BUK/IIOUNTH HeBijoMi MOJKHA 3a JOIOMOI'OIO0 OZHOTO 3 JABOX
IPUAOMiB: 3 OHOr0 PiBHAHHSA BUPA3UTHU AKech HeBimome (a00 GyHKIII IO BiJ HHOT0)
imigcraBuTH foro B iHII 60 MePeTBOPUTH AAaHi PiIBHAHHA 1 IOTiM CKJIACTH 3 HUX
KOMOiHAIi1, y SKMX YKMCJIO HeBiJOMUX 3MEHIITYETHCH.
xty=7,
cosx+siny=1.

IIpuknaxg 1. Posp’saxiTh cucTeMy PiBHAHD

P 3 mepuoro piBHAHHA 3HAXOAUMO y=g—x i migcraBiasiemo B apyre. Omep-

. 1
JKYEMO COS X+ sin (E—x)=1, TO6TOCOS X +cosx=1,2cosx=1, cosx=§. Orxe,
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x=t2+2mn, ne Z. (1)
3
1) A =T 4 2mn, 1o y="— =£_(£ )=£_ _
) fkmo x 3 n,TO Y=o —x=7 3+21m 5 2nn

2) Axmo x=-=4+21n, TO y=£—x=£—(—£+2ﬂn)=@—2nn.
3 2 2 3 6

Bidnogiow: (§+2nn;g—2nn), (—§+2nn;%”—2nn), neZ.<

3ayBaieHHsd. IKOU MU AJ151 3HAXO/JKEHHS 3HAUEHHSA J He PO3TJIAHYJIU OK-
pemo dopmyay (1) i3 3HAKOM «+» i BHAKOM «—», TO Pa30M 3 TPABUJIbHUMU PO3B’ 3~
KaMuy M 0 0J[epiKaJii i CTOPOHHI po3B’ A3KM 3aJaHOI CCTEMH.

T
x=x=+2nn,
HificHo, y TAKOMY BUNIAAKY MAEMO

y=%—(i§+2nn), ne Z.
x=i§7 x=i§,
Toni, manpukiazn, npu n = 0 ogep:RyemMo TOOTO
y=£_(+£) _ T ago y=O"
2 \"3/) Y=% ¥y=%"

Omxe, KpiM po3B’sA3KiB, AK1 BBIMIILIN 10 BiAIOBiAl, MU MaeMO IIie JBi MOKJIM-
BOCTi:

_ T _ T
X = g, X = —g,
5 o AJer1imapu 3HaUeHb X i Y He € po3B’ I3KaMU 3aJaHOI CUCTEMH,
iyl Uars

OCKiJIbKY BOHU He 3a0BOJILHAIOTH IIEPIIIOMY PiBHAHHIO.
Tomy cuing samam’saTaTu:
Koau po3B’aA30K PiBHAHHS COS X = @ JOBOAUTHCA BUKOPMCTOBYBATH [IJIA II0-

JaJbIIUX IEPEeTBOPEeHb, TO 3PYYHO 3aIMCYBATH HOTO y BUTIAAL ABOX (dopmyr:
OKpPEeMO i3 3HAKOM «+» i OKpeMO i3 3BHAKOM «—».

COSXCOSY =

b

IIpukmxanx 2. Po3B’sKiTh cucTeMy PiBHAHB
sinxsiny =-=.

[ING U NG

P IlounennomomamoiBigniMeMo1ipiBuaaHA. OQep:KUMO PiBHOCUILHY CUCTEMY
cos(x—y)=1, x-y=2nk, ke Z,

3Bigcu
1
cos(x+y)=—§. x+y=i2?n+2nn, ne Z.
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ITomamo ocTaHHIO cCTEMY Y BUTJIA1 CYKYITHOCTI JBOX CUCTEM, 3aIIMCYIOUHN PO3-
B’SIBKU APYTOr0 PiBHAHHSA OKPEMO i3 BHAKOM «+» 1 OKpPeMO i3 3BHAKOM «—»:
x—y=27tk, kEZ, x—y=27'5k, kEZ,
9 abo o
TT —
x+y=?+2nn,neZ, x+y_—?+27m,neZ.

ITounenno momaroum i BifHiMar0uu piBHAHHSA IIUX CUCTEM, 3HAXOAUMO X1 J:

x=§+nn+nh x=—"+tnn+nk,
abo
T
y=gtnn-nk y=—g+nn—nk.

Bidnosiow: (§+nn+nk;§+nn—nk), (—g+nn+nk;—§+nn—nk), neZ, ke Z. <

3ayBakeHHd. [losanucy Bixmosiai BBilinIu n1Ba mapameTpu 1 i k, 1o Hesa-
JIe?KHO OJTVH BiJl OHOTO «IIPO0iraroTh» MHOMKUHY IMIJINX UKces. SIKIo cirpodyBaTu
Ipu PO3B’A3yBaHHI 3a/jaHOI CUCTEMU CKOPUCTATHUCSA JIUIIIE OAHUM IIapaMeTpPOM,
HAIPUKJALI, 1, TO Ile CIPUYNHUTD BTPATy POo3B’a3KiB. OTiKe, y KOMKHOMY BUIIAJ-
KY, KOJU CUCTeMa MPU2OHOMEMPULHUX PIBHAHb 38600UMbCA 00 CUCTEMU, UL0 CKAA-
daemucs 3 eleMeHmapHuxX mpPuzoHOMeMPULHUX PiBHAHD (TOOTO 3 PIBHAHDL BULY
sinx=a,cosx=a,tgx=a,ctg x=a), npu po36’a3y6anHi KO#HO020 3 YUX PDI6HAHD
Heo0xi0HO0 8UKOPUCMOBYB8AMU CBill UiA0UUCeJbHULL napamemp.

3anuTtaHHs gs KOHTpOIJIIO

1. fxi MeToau BUKOPHCTOBYIOTHCS [IJIsI PO3B’ I3yBAHHSA CUCTEM TPUTOHOMETPHUY-
HUX PiBHAHBL?
2 TlosicHiTh, Yy AKOMY BUIAAKY Ipu (OPMaJIbHOMY PO3B’sI3yBaHHI CHCTEMU
sin(x+y)=0,
)= 1 MU MOXeMO BTPATUTH YaCTUHY PO3B’fA3KiB, a B AKOMY BUIA/-

2
Ky — OJIepsKaTH CTOPOHHI po3B’s13Ku. P03B’ sIoKiTh 1110 ccTEMY .

cos(x-y

Bnpasu
PosBp’sakiTh cucremy piBHAHB (1—8).
1° sinx+siny =1, cosx+cosy=1,
’ X+y=m X+y=2m.

tgx+tgy=1, cosx—cosy=%,

2°.1) . 2)
Y=y x-y= %
sinx+siny =0,5, cosx +cosy =-0,5,

3°.1) 4 . . 2
sinx-siny =-0,5. cosx-cosy =-0,5.
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sinx +cosy =0,
.1

4 .
sm2x+cos2y=%;
cosxcosy = 0,75
5. 1) [COSTCOSY=RI0
sinxsiny =0,25;
. . 1
cosxcosy+sinxsiny ==
6. 1) y V=y
sinxcosy+cosxsiny=1;
7.1) cosxcosy =sin?y,
’ sinxsiny = cos?y;
cos?x+cos?y=1
8.1) | oS Y=
sin?x + sin? y = cosx;

T

x+y=-,
2) *
tgxtgy =%.
9 sinxcosy =0,75,
) sinycosx = 0,25.
sinxsiny —cosxcosy =-1,
2) 4 . 1
sinxcosy —cosxsiny = .
9 sinxcosy =sin?y,
) cosxsiny =cos?y.
2) sin?x+cos?y =1,
cos?x +sin?y =sinx.

PIBHAHHA-HACNIAKN

TA PIBHOCWJIbHI NMEPETBOPEHHSA PIBHSAAHDb

Tabnumsa 33

1. [TOHATTA PIBHAHHS | NOrO KOPEHIB

O3Ha4eHHs

Mpuknag

PigHicmb i3 3MiHHOW0 HA3UBAEMbCS
PiBHAHHAM. ¥ 3araJibHOMY BUTJIAIL
PiBHSHHS 3 OHi€I0 3MiHHOIO X 3aIN-
cyIoTh TaK: f (x) = g (x).

ITix 1M KOPOTKUM 3aIIICOM PO3Y-
MilOTh MaTeMaTUUYHUN 3aluc 3amaui
PO 3HAXOAKEeHHA 3BHAUEHb apryMeH-
Ty, IPU AKUX 3HAYEHHSA JBOX JAHUX
(QYHKITiH piBHI.

2x =—1 — JjiHiliHe piBHAHHS;
x2—3x+ 2=0 — xBagparHe
PiBHAHHS,;
Vx+2=x — ippamionanbue
PiBHAHHSA (MiCTUTH
3MiHHY OiJl BHAKOM
KOpEeHs).

Koperem (a60 po3B’ A3KOM) PiGHSH-
Hs HA3WBAETHCS 3HAUEHHS 3MiHHOI,
sKe IIePeTBOPIOE IIe PiBHAHHSA Ha ITpa-
BUJIbHY UYHCJIOBY PiBHiCTB.

Po3B’a3aTu piBHAHHSI — 03HAUYa€
3HAWTH BCi iioro KopeHi a6o JoBecTH,
1o ix HeMae.

X = 2 — KOpiHb piBHAHHA VX +2 =X,
OCKIJMIbKY IIpU X = 2 0JIep:KyeMO mIpa-
BUJIbHY PiBHICTB: N 2,

T06TO 2 = 2.
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IIpogoB:x. Tabua. 33

2. 06nacTb 4ONYCTUMMX 3HadeHb (O13)

O6nracmio donycmumux 3Ha- Ina piBaarrEa Vx+2=x OJ[3:

yens (a00 00,1aCTIO BUSHAYECH-
Hf) PiBHAHHS HAa3UBAETHCHA
CIIiIbHA 00JIaCTh BU3HAYEHHS
masa pyukuiit f(x) i g (x), mo
CTOATH y JiBiii i mpaBiit yacTu-
HaX PiBHSIHHA.

x+ 220, T00TO X 2 —2, OCKiIBKM 00IaCTH
BusHaueHHA QyEKIii f(x)=+x+2 BusHa-
4aeThesa yMoBOIO X + 2 = 0, a 06J1acTio Bu-
3HaUeHHA PYHKIN] g (X) = X € MHOYKMHA BCiX
OiTICHUX YmCeJI.

3. PiBHAHHS-Hacnigkm

SAKIMo KOKeH KOPiHb NeplIoro PiBHIHHS €
KOpPeHeM JIPyroro piBHAHHS, TO ApPyre piB-
HAHHA Ha3UBA€ETHCA HACNi0K0M IIePIIOTo.

SKI10 3 MpaBUJIBHOCTI MepuIoi piBHOCTI
BHUILINBA€E MPABUJIbHICTh KOSKHOI HACTYITHOT,
TO OJIEPSKY€EMO PiBHAHHA-HACTIIOK.

ITpu surxopucmanHi pi6HAHb-HACAIOKIB He
6i00y6aemuvcsa 6mpamu KOpeHie nouamrKoe0z0
PiBHARHA, AJLe MOHCAUBA NOABA CTOPOHHIX KO-
penie. Tomy mpu BUKOPUCTAHHI PiBHIHD-
HACJIIKiB mepeBipKa onepskaHUX KOPEHiB
IIiICTAHOBKOIO B IIOYATKOBE PiBHAHHA € CKJIA-
JTOBOIO YaCTUHOIO po3B’sa3yBaHHdA. ([{us.

Nx+2=x.

P IligHecemo 00U ABi YaCTUHNA
PiBHAHHSA J0 KBajpara:

(\/x+2)2 =x2,

x+2=x2
x2-x-2=0,
x,=2,x,=-1.

ITepeBipka.x=2—KopiHb
(nuB. Bue); x =—1 — cTopoH-
Hilt Kopiub (mpu x = —1 oxep-
JKYEMO HeIIPaBUJIbHY PiBHICTH
1=-1).

OYHKT b 1iel Tabiumii).

Bionosidv: 2. <|

4. PIBHOCUNBHI PIBHAHHS

O3HavyeHHs

HamnpocTiwi Teopemu

JBa piBHAHHA Ha3UBAIOTHCH
PiéHOCUNbHUMU HA NeAKil
MHOSKHMHI, SKII0 HA I[ill MHO-
JKMHI BOHM MalOTh OTHI M Ti
caMi KopeHi.

Tobmo Koicern KopiHb nepuLo-
20 PiBHAHHSA € KOpeHeM 0pY2020
i, Hagnaku, KoxceH KOpiHb OpYy-
2020 € KOpeHeMm nepuLozo (cxema
pPO3B’sI3yBaHH PiBHAHB 32 JIOTI0-
MOT'0I0 PiBHOCUJIBHUX IIEPETBO-
peHb HaBeJleHa B IIYHKTI b 1iel
Tadauni).

1.

k1o 3 ogHi€el YacTUHU PiBHAHHSA ITepe-
HEeCTH B iHIIIy YACTHHY JOAAHKH 3 IIPO-
THJIeKHUM 3HAKOM, TO O/IEPIKMMO PiB-
HAHHS, PiBHOCUJIbHE 3aJaHOMYy (Ha
OyIb-SIKill MHOKWHI).

Axo o6uaBi YacTUHN PiBHAHHS IIO-
MHOKUTH a00 MOAIJIUTH HA OOHE i Te
caMe 4YMCIIo, SIKe He TOPiBHIOE HyJII0 (200
HA OIHY i Ty caMy (DYyHKIIif0, II[0 BU3HA-
yeHa i He mopiBHIoE Hy 110 Ha O]13 3ama-
HOT0 PiBHSIHHS), TO O€PKMMO PiBHIH-
Hd, piBHOCU/IbHE 3aganomy (Ha 013 3a-
JTAHOTO).
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IIpoxgoBxk. Tab6u. 33

5. Cxema nouyKy naaHy po3B’'s3yBaHHA PIBHAHb

[ Po3p’s13yBaHHA PiBHAHD ]

3a JOIIOMOI'OO 3a JOIIOMOT0I0
PiBHAHB-HACITKIB PiBHOCUJIBHUX IIEPETBOPEHD
@ IlepeTBOpeHHS, 110 Bpaxysauns O/13
‘ rapaHTyIOTh 36epesKeH MOYATKOBOTO PiBHAHHA
@ IpaBUJIbHOI PiBHOCTL
@ 36epesxenna Ha OJ13
IlepeBipka KopeHiB T i IpaBUJIBHOI piBHOCTI
IiICTaHOBKOIO IPpU OIPAMUX i 3BOPOT-
B IIOUYAaTKOBE PiBHAHHS @ HUX II€PETBOPEHHAX

[ 3aCTOCYBAHHAM BJACTHBOCTEH (PyHKIii ]

@ — IIOYaTKOBE PiBHAHHS;
@ — piBHAHHS, OJlepiKaHe B Pe3yJIbTaTi IepeTBOPEeHHSA II0UYaTKOBOTI0;

4, T — cumBoiune 306paskeHHA HAIPAMKY BUKOHAHUX IIePETBOPEHb

MosicHeHHs1 11 0GI'PYHTYBaHHS

1. IlouarTs piBHAHHA i #ioro KopeHiB. PiBHAHHA B MaTeMaTHIIi HaliyacTiie po-
3YMiIOTh AK aHAJIITUYHUI 3alKC 3aavi IPO 3HAXOAKEeHHA 3HAUeHb apryMeHTY,
OpU AKUX 3HAUEHHS NBOX NAaHUX (PYHKIi piBHi. ToMmy B 3araJbHOMY BUTJISIL
PiBHAHHSA 3 OHi€I0 3BMIHHOIO X 3aIUCYIOTh TaK: f (x) = g (x).

HocuTh yacTo piBHAHHS 03HAYAIOTH KOPOTIIIEe — SIK PiBHICTH i3 3BMiHHOIO.

Haragaewmo, 1110 kopernem (a6o po36’a3K0M ) PiBHAHHA HA3ZUBAEMbCA 3HAYEHHA
3MIHHOL, AKe nepemeopIoE ue pi6HAHHA HA NPABUJbHY YUCL08Y pieHicmb. Po36’ -
3amu PiBHAHHA — 03HAYAE 3HAUMU 8Ci 11020 KOpeHi abo dosecmu, U0 IX HeMAE.

. o . 1 .
Hanpuxnaz, pisaauns 2x = -1 Mae efuHuil Kopinb X =, a piBHAHHA |x|=-1
He Ma€ KOPeHiB, OCKiIbKY 3HAUeHH | X | He Moake OyTH BiJi’ € MHUM UHCIOM.

2. O6mxacrp monycrumux 3nauenb (0/13) pisuauusa. Ko 3agano piBHAHHS
f (x) = g (x), To cuizibHa 00J1aCTh BUBHAUEHHS IJIA QYHKIIH f (x)i g (x) HasuBaeTh-
cs 06iacmio 0onycmumux 3Ha4eHsb 1boro pieHaHHA. (IHOAI BUKOPUCTOBYIOTHCA

* 3acTOCYBaHHSA BJIACTUBOCTEH DYHKIIM 10 pO3B’sA3yBaHHSA PiBHAHL PO3rjasHyTO B § 18.
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TAKOYK TEPMiHU «00JaCTh BUBHAUEHHS PiBHAHHA» a00 « MHOXKMHA JOTYCTUMUX
3HAauYeHb PiBHAHHA».) Hanpukian, nid piBHAHHA x2 = x 00JIaCTIO JOIIYCTUMUX
3HaUYeHb € Bci gilicHi uncia. e mosxkHa 3anucaTu, HaTpukKJIanm, tak: O3: x € R,
ocKinpku QyHKIII f (x) = x%i g (x) = x MaroTh o6JiacTi BusHaueHHA x € R.

3po3yMiJio, 110 KOKEeH KOPiHb 3aJaHOT0 PiBHAHHA BXOAUTH AK 0 00J1aCTi BU-
3HaueHHd QYHKII f (x), Tak i mo obacTi BusHauenus GpyHKIii g (x) (iHaKIle Mu He
3MOJYKEMO OTPUMATHU IIPABUJIbHY YUCJIOBY PiBHiCTB). OTIKE, KOMCEH KOPiHb PIBHAH-
Hs 0008’13K060 8x00umv 0o O[3 yvozo pieHanHs. Ile 103BOJIsAE B JeAKUX BAIIAT-
Kax BukopuctoByBaTu aHauaisd O/13 piBHAHHSA Ipu 11010 Po3B’A3yBaHHi.

Hanpuxaan, y piBHAHHL /x -2 ++/1—x = x QyHKIiaA g (x) = x BU3HaAUeHAa IPUA

BCiX JifiCHHX 3HAUEHHAX X, 8 QyHKLiA f (x)=+x -2 ++/1-x TiIbKHN 38 yMOBH, IO
i 3HAaKOM KBaJAPATHOT'O KOpPeHsA 0y AyTh CTOATH HeBix emui Bupasu. Orike, Ol13
x-220, x=2,

I[LOI'0 PIBHAHHA 3a1a€THCA CUCTEMOIO 3 AKOI OIEPHKYEMO CUCTEMY
1-x2>0, x<1,

110 He Mae po3B’A3KiB. Takum unnom, O[3 3agaHoro piBHAHHSA HE MiCTUTD KO-
HOT'O YMCJa, i TOMY Ile PiBHAHHS He Ma€ KOPeHiB.

3asHauuMo, 1110 3HaxomkenHa O[3 3agaHOT0 PiBHAHHS MOKe Oy TH KOPUCHUM
ILJIs1 Ioro po3B’A3yBaHHS, ajie He 3aBK AU € 000B’ I3KOBUM €JIeMEeHTOM PO3B’A3y-
BaHHA PiBHAHHA.

3. Mertoau po3B’a3yBaHHA PiBHAHB. [[J151 pO3B’A3yBaHHA PiBHAHb BUKOPUCTOBY-
IOTh METOIU MOYHO020 i HAOJUNEH020 P038°A3Y8aHHA. 30KpeMa, AJIsI TOUHOI'0 PO3-
B’sI3yBaHHS PiBHAHB Y Kypci MaTeMaTuKu 5—6 KJiaciB BUKOPHUCTOBYBAJIMCS 3a-
JIEKHOCTI MisK KOMIIOHEHTAMY Ta Pe3yJIbTaTaMHU Jili i BJIaCTUBOCTI YMCJIOBUX PiBHO-
cTeil; y Kypci anredpu 7—9 KiaciB — piBHOCUJIBLHI IIepeTBOPEHHSA PiBHAHD, a AJIs
HAOJIMKEHOro po3B’ A3yBaHHA PiBHAHL — rpadiuHuil MeTOI.

Tpadiunuii MmeTos po3B’sI3yBaHHSA PiBHAHB He Ja€ BUCOKOI TOUYHOCTI 3HaXO0-
I:KeHHs KOPeHiB piBHSIHHS, i 3a 10r0 [OTIOMOTOI0 HaiiuacTillie MOKHA TiCTaTH JIUIITe
rpy6i HaOIMKeHHA KopeHiB. IHoi 3pyuHo rpadiuno BU3SHAYNTY KiJIbKiCTh KOPEeHiB
pPiBHAHHSA a00 3BHAWTU MeXKi, Y AKUX 3HAXOAATHCA I[i KOPeHi. Y JesIK1UX BUIIagKax
MO:KHa rpadiuHO JOBECTH, 110 PiBHAHHA He Ma€ KOPeHiB. 3 yKasaHUX NPUYNH
y IIKiJILHOMY Kypci aire0pu i mouaTkiB aHAJIi3y i L BUMOTOIO « PO3B’sI3aTH PiBHSAH-
HsI» PO3YMi€ThCsI BUMOTA «BUKOPUCTOBYIOUM METOAU TOUHOTO PO3B’A3yBaHH,
3HANTKU KOpeHi maHoro piBHAHHSA». Habam:KeHUMU MeTogaMHu PO3B’sI3yBaHHS
PiBHSHB MOKHA KOPUCTYBATHUCS TiJIBKU TOJi, KOJH PO Ile TOBOPUTHLCA B YMOBI
3aaui (HAIpUKJIaI, AKIO CTABUTHCS 3a4a4a PO3B’ A3aTHU PiBHAHHA rpadiuHo).

B ocHoBHOMY ITpM O3B’ A3yBaHHI PiBHAHB Pi3HUX BU/iB HAM JOBEE€ThCs BUKO-
PHCTOBYBATHU OJMH i3 IBOX METO/iB PO3B’A3yBaHHsA. IlepIiii 3 HUX MOJIATae B TOMY,
110 3aJaHe PiBHAHHS 3aMiHIOETHCS OiJIBII IPOCTUM PiBHAHHAM, AKe Ma€ Ti cami
KOpeHi, — piBHOCUJIBLHUM PiBHAHHAM. ¥ CBOIO Uepry, oJep:KaHe PiBHAHHA 3aMi-
HIOETHCA ITe IIPOCTIIIINM, PiBHOCUJIBHUM HIOMY, 1 T. I. ¥ pe3yJIbTaTi 0ep:KyeEMO
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HaWmOpocTimie piBHAHHSA, SKe PiBHOCUJIbHE 3aIaHOMY i KOPEeHi SKOT0 JIeTKO 3HAXO0-
nATbes. 111 KopeHi i TinbKY BOHY € KOPEHSAMY JaHOTO PiBHAHHA.

Hpyruit meTon po3B’A3yBaHHSA PiBHAHB IIOJISTA€E B TOMY, 1110 3ajaHe PiBHAHHS
3aMiHIOETHCS IIPOCTIIIINM PiBHAHHAM, cepe]l KOPeHiB AKOro 3HaXOAAThCS BC1 KOpeHi
JIaHOI'0, TOOTO TaK 3BAHIM PiBHAHHSIM-HACIIAKOM. ¥ CBOIO UepIr'y, Ofiep Kake PiBHAH-
HsI 3aMiHIOETHCA I11e OiJIBII IPOCTUM PiBHAHHAM-HACJIIIKOM i TaK JaJIi 10TH, HOKHU
He 0JIeP:KUMO HANUIIPOCTiIlle piBHAHHSA, KOPeHi SKOT0 JIETKO 3HAX0AAThCcs. Tomi Bei
KOpEeHi JaHOTO PiBHAHHSA 3HAXOASAThCS cepell KOPEHiB OCTaHHbOTO PiBHAHHA. Tomy,
11100 3HANTH KOPeHi 3a[aHOr0 PiBHAHHS, TOCUTH KOPEHi OCTAHHKOI'0 PiBHAHHSA IicTa-
BUTH B 3aJIaHe i 3a TOTIOMOT'0I0 TAKO1 IEPEeBipKY BiIiIUTH KOPeHi JaHOoro PiBHAHHS
(i BMIyYnTH TaK 3BaHI CMOPOHHI KOPeHi — Ti KOPeHi OCTaHHBOI'O PiBHAHHSA, AKi HE
3aJI0BOJIbHAIOTE 3aJaHOMY ).

Y HacTynHOMY mmaparpadi 0ye Tak0o:K IOKa3aH0 3aCTOCYBaHHS BJIACTUBOCTE
(GYHKILiI 10 po3B’ A3yBaHHA PiBHAHb IIEBHOT'O BUY.

PisHaHHA-HACAIOKU

Poarasimemo 6i/IbIII feTalbHO, AK MOXKHA PO3B’ A3yBaTHU PiBHAHHSA 32 JOIIOMO-
roio piBHAHb-HacHigkiB. IIpu poss’A3yBaHHi PiBHAHL IOJIOBHE — He 3aryOUTH
KOpeHi 3a/laHOT0 PiBHAHHS, i TOMY B IIePIITy YePry MU IIOBUHHI CTeKUTHU 34 TUM,
11100 KOKeH KOPiHb II0YATKOBOI'0 PiBHAHHSA 3aJIMIIIABCA KOPEHEeM HaCTyIIHOTO. PaK-
TUYHO IT€ 1 € 03HAYEeHHAM PiBHAHHA-HACJIIAKY: Y TOMY BUIIAJKY,

KOU KONHCHUT KOPiHb LePUL020 PiGHAHHA EKOPeHem 0pY2020, 0py2e PiGHAH-
HA HA3UBAEMBCA HACTLIOKOM nepuLozo.

ITe osHaueHHs O3BOJISAE OOI'PYHTYBATU TAKUIL O P i€ H T U P: AJs Odep:KaHHS
PiBHAHHA-HACTIIKY JOCUTH PO3IJITHYTH 3aJlaHe PiBHIHHSA AK IIPABUJIbHY YU CJIO-
BY pPiBHicTH i rapaHTyBaTHu (TOOTO MATH MOKJINBICTh OOI'DYHTYBATH), 1[0 KOKHE
HACTYIHE PiBHAHHS MU MOKEMO OJI€PIKATHU AK IIPABUJIbHY YHCJIOBY PiBHICTb.

HificHO, AKIIIO JOTPUMYBATHUC I[HOT'0 OPIEHTUPY, TO KOKEH KOPiHb IIEPIIIOTO
PiBHSHHS IIePEeTBOPIOE e PiBHAHHSA HAa IPAaBUJIbHY YHCJIOBY PiBHICTB, ajie Toi i
Ipyre piBHAHHS Oy/e IPaBUIBHOIO YHNCJI0BOIO PiBHICTIO, TOOTO PO3IJIAyBaHe 3HA-
UYeHHS 3MiHHOI € KOpeHeM i Ipyroro piBHAHHS, a Iie i 03HAYaE, 1110 IPyre PiBHAHHS
€ HACJIi TKOM IIepIIIoro.

x% -1

3acTocyeMO HaBeleHU i OPiEHTUD 0 PiBHAHHA =0 (IIOKHU 1110 He BUKOPU-

CTOBYIOUHY BiZJOMY YMOBY PiBHOCTI Ipo0y HYJIIO).

SAxI110 IpaBMIILHO, 1110 APi0 JOPiBHIOE HYJIIO, TO 000B’ I3K0BO MOr'0 YHMCEIbHUK 10~
piBHIoe Hy10. OTsHe, 13 JaHOT0 PIBHAHHS OJePKyEMO PiBHAHHA-HACHILOK x2— 1 =0.
Auge Toni npaBuIbHO, 1110 (X — 1)(x + 1) = 0. OcTaHHE PiBHAHHS Ma€ ABa KOPEHi:
x =1Tax=-1.IligcraBadmoun iX y 3afjaHe piBHAHHA, 6aUNMO, 1110 TLIbKY KOPiHb
x =1 3a10BOJILHSE IOYATKOBOMY pPiBHAHHIO. YoMy 11e cTamocsa?

ITe BinOyBaeThCs TOMY, 1110, BUKOPUCTOBYIOUY PiBHAHHA-HACALAKY, MU TrapaH-
TYE€MO TLJILKHU Te, 1[0 KOPeHi 3aJaHOT0 PiBHAHHS He BTPaualoThCA (KOKHUI KOPiHb
IepIIoro PiBHAHHSA € KOpeHeM Apyroro). Aje npyre piBHAHHS, KPiM KOpPeHiB mmep-
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IIIOTO PiBHAHHSA, MAae€ Ie I iHIMni KOPiHb, AKUH He € KOPeHeM IIePIIIoTro PiBHAHHA.
s mepmioro piBHAHHSA el KOPiHb € CMOPOHHIM, 1, 11100 #IoTO BigciATH, BUKO-
HYETBCS IIePeBipKa IIiICTaHOBKOIO KOPeHiB y mouaTKkoBe piBHAHHA. (BisbIln moBHO
NPUYNHYA I0OSIBY CTOPOHHIX KOPEHiB po3riAaHyTo B Tabaumni 34 na c. 192.) Orxe,
1100 ITPaBUJILHO BUKOPUCTOBYBATH PiBHAHHA-HACIIAKY 1151 PO3B’ I3YBaHHS PiB-
HSHb, HEOOX1HO IMamM’sATaTU I1le OJUH O P i€ H T 4 P: MPH BUKOPUCTAHHI PiBHAHB-
HACJIiTKiB MOKJIMBA II0ABA CTOPOHHIX KOPEHiB, i TOMy mepeBipKa IIiIcCTaHOBKOIO
KOPEHiB Yy IOYaTKOBE PiBHAHHS € CKJIaT0BOI0 YACTUHOIO PO3B’ A3yBaHHA.

Cxema 3acTOCYBaHHS ITUX OPi€HTUPIB mojgana B TadauIli 33. ¥ nyHKTI 3 1iel
TabJINII HaBeJeHO PO3B’ A3aHHA PIBHAHHSA

NJx+2=x. (1)

151 po3B’A3aHHSA I[[OT'0 PIBHAHHS 3a JOIIOMOT0I0 PiBHAHb-HACHIAKIiB JOCUTH
3aJaHe PIBHAHHSA POSTJIAHYTH AK IPABUJIbHY UYMCJIOBY PiBHICTH i 3a3HAYUTH, IO
Yy BUIIQJKY, KOJIU JBa YKCJa PiBHI, TO i iXHiI KBajgpaTu Tex OyayTh piBHi:

(Va+2) =z @)

OT:ke, MU rapaHTYEMO, [0 y BUIIAJAKY, KOJU piBHicTh (1) mpaBuabHA, TO
i piBHicTs (2) Texx Oyme IpaBUIBHOIO, a ITe i 03Hauae (AK 0yJI0 IOKasaHo BUIIE),
1o piBHAHHS (2) € Hacaigkom piBHaHHA (1). AKImo Mmu xoua 6 oquH pas BUKOPUC-
TaJy PiBHAHHA-HACTIAKY (2 HEe PiBHOCUJILHI IepeTBOPEHHS ), TO MOYKEMO OTpruMa-
TH CTOPOHHI KOpeHi, i Toi 10 po3B’a3aHHs 0008’ A3K0BO BXOAUTH IIePeBipKa ofep-
JKaHUX KOPEeHiB IIi/ICTaHOBKOIO B 3a/laHe PiBHAHHS.

3ayBasxeHH d. [lepexin Bif 3aganoro piBHAHHS 10 PIBHAHHA-HACJIIIKY MOXK-
Ha IO3HAYUTH CIeliaJbHUM 3HAYKOM =, aJie f10ro BUKOPUCTAHHS I 3aII1CY PO3-
B’A3aHHd He € 000B’A3K0BUM. PasoM 3 TuM, AKIIO 1€l 3HAYOK 3aIlMCAHO, TO Iie
CBiJUUTE IIPO Te, 1110 MU CKOPUCTAJINCS PiBHAHHAMMI-HACIiAKaMu, i ToMy 000B’ 13-
KOBO /IO 3aIIMCY PO3B’ I3aHHA He00XiTHO BKIIOUNTH II€PEBiPKY OepKAaHNX KOPEHiB.

Pignocusbri pi6HAHNA

3 MOHATTAM PiBHOCUJIBLHOCTI BU 3HAMOMI I1Te 3 Kypcy ajaredbpu 7 KJjacy, e piBHO-
CUJIBHUMY HA3WBAJIVICS Ti PIBHAHHSA, AK1 MaJiu ofHi i Ti cami KopeHi. 3ayBasKuMo,
110 PiBHOCUJIBHUMU BBasKaJIuCs i TaKi Ba piBHAHHA, IKi He MaJiu KOpeHiB. @Pop-
MaJIbHO Oy/IeMO BBAsKaTH, II[0 i B IILOMY BUIIAIKY PiBHAHHSA MAlOTh OHI I Ti cami
KOpeHi, OCKiJIbKU BiAOBii 0 TaKUX PiBHAHDb OJHAKOBi: « DIBHAHHS He Ma€ KO-
peHiB» (TOuHiIIIe: OMHAKOBMMY € MHOMKMHI KOPEHiB TAKMX PiBHAHBL — BOHM 00U B
TOPOXKHi, ITT0 ITI03HAYAETHCSI CUMBOJIOM J).

V¥V Kypci anrebpu i mouarkis anaisy Mu 0yeMo posTIAgaTy OiabII 3arajibHe
HOHATTSA PiBHOCUJIBLHOCTI, a caMe — PiBHOCUJIbHICTD Ha IeBHill MHOMKIHI.

Jl6a piéHAHHA HA3UEAI0OMbCA PIGHOCULLHUMU HA 0eAKITL MHONCUHL, AKUL0
Ha Yyill MHONCUHI 60HU Matomb 00HL i mi cami KopeHi, moO6mo Koxcer KOPiHb
nepuLozo Pi6HAHHA €EKOpeHeMm 0PY2020 i, HABNAKU, KOX}CEeH KOPiHb 0pY2020
PiIBHAHHA €KOpeHeMm nepuLozo.
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Hnsa piBHAHB, AKi 3aaHi HA MHOMKMHI BCix MificHUX ymces (HAIIpUKJIAL, I
JiHIAHNX ), MA MOK€MO OJHO3HAYHO JaTH BiAIIOBi/Ib HA TUTaHHS: « Y1 piBHOCUIBHI
sajgaHi piBHaHHA? » Hanmpukian, piBuaaaa x +3 =01 2x + 6 = 0 — piBHOCHIBHI,
OCKiJIbKM 00MBa MAIOTh OAHAKOBUI KOPiHb X = —3 i iHIIINX KOpPeHiB He MaIOTh,
OTiKe, KOJKHe 3 HIX MAae Ti cami po3s’aA3Ku, 110 i gpyre.

ITpu posrasanai piBHOCHUIBHOCTI PiBHAHb HA MHOMKHWHI, AKa BipisHAETHCS Bix
MHOKHWHU BCiX NiiICHUX YMCeJI, BiIIIOBiAb HA MUTAHHA: « Y1 piBHOCHJIBbHI 3amaHi
PiBHAHHA?» MOXKe CyTTEBO 3aJI€KATHU BiJl TOr0, HA K1l MHOMKIHI MU PO3TJISLAEMO
i piBuaaHA. Hanpukianm, SKIo pO3TJIAHYTH PiBHAHHA:

x%2-1_
EITE 3
x2-1=0, (4)

TO, AK 0YJI0 IIOKa3aHO BUIIEe, PiBHAHHA (3) Mae TiIbKY OAWH KOPiHb X = 1, a piBHSH-
HA (4) — nBa KopeHi: x = 1 ta x = —1. OTiKe, Ha MHOXKUHI BCiX OICHUX YMCeJI ITi
PiBHAHHS He € PiBHOCUJIBHUMU, OCKLJILKY ¥ PiBHAHHA (4) € KOpiHb x = —1, axoro
HeMae y piBHAHHA (3). AJle Ha MHOMKUHI JOJATHUX MIACHUX YMCeJI ITi PiBHAHHS PiBHO-
CUJIbHI, OCKiJIbKY HA ITill MHOXKWHI piBHAHHA (3) Mae eIMHUN JOJaTHUNA KOPiHb X = 1
ipiBHaAHHA (4) TeK Ma€ TiAbKY €IUHUNA JoAaTHUN KOpPiHb X = 1. OT:Ke, HA MHOXKIHI
IOJATHUX YMCeJ KOXKHE 3 IINX PiBHAHb Ma€ Ti caMi po3B’sI3KH, 1110 i1 ApyTre.
3a3HaunMo, 1110 MHOKHWHA, Ha AKiH PO3TIAlaeThCA PiBHOCUJIBHICT PiBHAHD,
SAK IPaBUJIO, He 3aJJa€ThCA IIITYYHO (K B OCTAHHBOMY BUMAJKY ), a HaiiyacTiie 3a
Taky MHOKUHY Bubupaiorsb Q13 saganoro piBHanHA. [loMoBUMOCS, 1110 HAKATL

BCi piBHOCWJIBHI IIepeTBOPEHHSI PiBHIHG (2 TAKO0K HEPiBHOCTEH i cucTeM PiBHAHD
Ta HepiBHOCTEI) MU O0ymemo BukonyBatu Ha O/13 3anmanoro piBHsaHHA (HepiBHOCTL
9y cucTeMu). 3a3HAUYMMO, 110 B TOMY BHUNAAKY, Kouu Q13 3agaHoro piBHAHHA €
MHOKIHA BCiX HilICHUX YKCceJI, MU He 3aBK A1 Oy eMo ii 3arcyBaTu (K He 3auCy-
Basim OJ13 mpu posB’A3yBaHHi JiHITHUX YK KBaZpaTHUX PiBHSHB). | BiHININX BUnaz-
Kax rosiopue — He samucatu O[3 10 po3B’a3aHHsA PiBHAHHS, a PeaJbHO BpaxyBaTu
ii Ipu BUKOHAHHI PiBHOCUJIbHUX IIEPETBOPEHD 3a/JaHOTO PiBHAHHA.

Hanpuknan, qus pisaanaaa Vx+2 =x OJ13 sagaeTbesa HepiBHicTIo X + 2 > 0.
Ko Mmu nepexogumo 10 piBHAHEA X + 2 = x2, TO /15 BCiX 10r0 KOPEHiB 1e piBHAH-
HS € IpaBUJILHOIO piBHicTIO. Tomi Bupas x2, AKuUil CTOITH y IpaBiil yacTuHI 1miel
piBHOCTI, 3aBxkau HeBin emumii (x2 > 0), oTske, i piBHMI oMy Bupas X + 2 Texx Oy e
HeBix emuum: x + 2 > 0. Aure e i o3Hauae, o O[3 sagamoro piBaAHHA (X + 2 > 0)
BpPaxoBaHO aBTOMATHUYHO JIJIsI BCiX KOPEHiB APYyroro piBHAHHA i TOMY ITPU IIEPEXO0Ii
Bijg piBHAHHA VX +2 =x g0 piBHAHHA X + 2 = x2 O[3 3a1aHOr0 PiBHAHHA MOXKHA
He 3allCyBaTH [0 PO3B’ I3aHHA.

151 BUKOHAHHS PiBHOCUJIBHUX II€PETBOPEHD CIIPOOYEMO BUAIIUTH 3arajabHi
OpieHTHPU, aHAJIOTiUHI BiAIIOBifHNM OpieHTHpaM o/lep;KaHHA PiBHAHb-HACTiIKiB.

fAx ykasaHo BUIlle, BUKOHYIOUU PIBHOCUJLIbHI NEePemeEeopeHHs PIBHAHb, HEO0Xi-
"o BpaxyBaTu O/13 3amaHoro piBHAHHSI — Iie If € IePINUi 0 Pi€ H T U P JJId BUKO-
HaHHS PiBHOCUJILHUX II€PETBOPEHD PiBHAHbD.
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3a 03HAYEHHAM PiBHOCHJILHOCTI PiBHAHB IIOTPiOHO rapaHTyBATH, II[00 KOXKEH
KOPIiHb IEPIIIOro PiBHAHHSA OYB KOPEeHeM APYIroro i HaBImaky — KOKeH KOPiHb Apy-
roro piBHAHHS O0yB KOpeHeM mepIoro. s mepiroi yacTuHY 1iel BUMOTru MU BiKe
BUILININ 3arajJbHUM OPi€HTHP: JOCUTH rapaHTyBaTH 30eperKeHHsa IPaBUJIbHOI
piBHOCTI IIpu mepexo/i Bijx mepiroro piBHEAHHSA 00 Apyroro (c. 187).

Aune Toni, 1106 BUKOHATH IPYTy YaCTUHY I[i€l BUMOTHY, JOCUTH IPyTe PiBHAHHA
POBTIIAHYTH K IPABUILHY PiBHiCTE (TOOTO B3ATH TaKe 3HAUEHHS 3MiHHOI, IKe €
KOpeHeM JAPYroro PiBHAHHS) 1 rapaHTyBaTH, 110 IPU IePexo/i A0 IepIIoro mpa-
BUJIbHA PiBHICTH 306epiraerbed (Il KOPiHb 3aJUMIAETHCA i KOPEHeM IIePIIOoro
piBHAHHSA. PaKTHUYHO 3 03HAUEHHS PiBHOCUJIBHOCTI PiBHSIHB OJIePsKYEMO, IO KOXMC-
He 3 PIBHOCUJIbHUX PIBHAHb € HACAIOKOM OpY2020 Pi6HAHHA). TakuM YNHOM, IPHU
BHUKOHAHHI PiBHOCUJILHUX II€PETBOPEHb MU MIOBMHHI TAaPaHTYBAaTHU 30epesKeHH s
IPaBUJIBHOIL PIBHOCTI HA KOSKHOMY KPOIIli pO3B’I3yBaHHS He TiIBKHU IIPU IIPSIMUX,
a ¥l Ipu 3BOPOTHUX IMEPETBOPEHHIX — I1e I € APYyTruii 0o pi€ H T U P IJid PO3B’ A3y-
BaHHS PiBHSHB 3a JOIIOMOT'0I0 PiBHOCUJIBHUX IIepeTBOpPeHb. (BixnoBigHi opienTn-
PU cXeMaTUYHO IIOAAHO B IYHKTI 5 Tabaurii 33.)

Hanpuknang, mo6 po3s’s3aTu 3a JOMOMOI'0I0 PiBHOCHJIBHUX IIE€PETBOPEHD

2
. x® -1
PiBHAHHA

= 0, mocuts BpaxyBatu itoro O13: x + 1 # 0 i ymoBy piBHOCTI 1p0o0y
X+

HyJI10 (Api0 JOPiBHIOE HYJIIO TOMAI i TIMBKY TOMI, KOJIU YHCEIbLHUK APO0Y TOPiBHIOE
HYJII0, a SHAMEHHUK He ToPiBHIOE HYJI10). TaKoK CJIif 3BepHYyTH yBary Ha Te, 10 Ha
OJ/13 Bci moTpi6Hi MepeTBOpeHHA MOKHA BUKOHATH SIK YV IPSAMOMY, TaK i y 3BOPOT-
HOMY HaIIPAMKAaX i3 30epesKeHHsIM IIPaBUJIbHOI PiBHOCTI.

3arnuc po3B’sI3aHHA B IILOMY BUIAAKY MOJKe Oy TH TAKMIM:

x—+_11=0. P OO3: x +1#0. Toxi x2—1 = 0. OTxe, x = 1 (3a40BONbHSIE YMOBI
X

0Ol13) a6o x = —1 (ze 3agoBosbHsE ymoBi O13). Bidnosiows: 1. <

151 BUKOHAaHHA PiBHOCUJIBHUX IIEPETBOPEHb PIBHAHD MOKHA TAKOXK KOPUCTY-
BaTHCSA CHeIiaIbHIMY TeOPEeMAaMU IIPO PiBHOCUJILHICTD. Y 3B’ A3KY 3 YTOUHEHHAM
0O3HAUYEeHHs PiBHOCHUJIBHOCTI PiBHAHB y3araJbHIMO TaK0K (DOPMYJIIOBAHHS Hali-
MPOCTIIIINX TEOPeM PO PiBHOCUIBHICTh, BiIOMHUX 3 Kypcy ajarebpu 7 Kjacy.

Teopemal. Axu0 3 00Hi€l HacmMUHU PIGHAHHA NePeHeCcMuU 6 iIHUWLY Hac-
MuHY 000aHKU 3 NPOMULEHCHUM 3HAKOM, O 00ePHCUMO PIEHAHHA, DIEHO-
cunvHe 3a0anomy (Ha 6Yy0vb-aKili MHONCUHL).

Teopema2. Axuo0 06ud6i wacmuru Pi6HAHHA NOMHONCUMU ABO NOJiNU-
mu Ha o0He Ui me came Hucno, ake He QOPiGHIOEHY IO (ab0 Ha 00HY Ui my camy
dynruyiio, uo 6usnaienaine dopienioe nyaro Ha O] 3 3a0anozo pieHAHHA),
mo o0epiicy EMO pi6HAHHA, pi6HOCUNbHe 3a0anomy (Ha O/ 3 3a0anozo).

OOr'pyHTYBaHHS IIUX TEOPEM IIOBHICTIO aHAJIOTiuHe OO PYHTYBaHHIO OPi€HTUPIB
I PiBHOCUJIBHUX IIEPETBOPEHD 3aJaHOT0 PiBHAHHS.

3ayBa‘keHHd. 714 mo3HAUEHHA ITIePeX0Ay Bijl 3a1aHOT0 PiBHAHHS 10 PiBHO-
CUJILHOTO TOMY PiBHSHHS MOYKHA BUKOPUCTOBYBATH CIIEIiaJIbHUN 3HAUOK <, aje
10ro BUKOPHUCTAHHS IIPU 3aIIKCY PO3B’sI3aHb He € 000B’ 13KoBuM. (Xoua inoai mu

190



§ 17. PiBHAHHA-HACNIAKM Ta PIBHOCUIIbHI MepPeTBOPEHHS PIBHAHb

1oro 6y 1eM0 BUKOPHCTOBYBATH, 11100 i K PECINTH, 1110 0YJI0 BUKOHAHO caMe PiBHO-

CUJIbHI IIepeTBOPEHHH. )

IIpuxxan 1.

PosB’aszauusga

P O03:x—2#01i x—1+#0.
Ha it O13 3agane piBHAHHA PiBHO-
cUJbHEe PiBHAHHAM:

. . 5
Po3B’s:KiTh piBHAHHSA Y a1
—9 x_

3

KomenTap

Bukopucraemo piBHOCUJIBHI IIepe-
TBOPEHHS I PO3B’ A3yBaHHS 3a[aHOT0
piBHaHHA. [[/1g 1iboro HeobOXxigHO Bpa-

xyBatu OI13, Tomy 3adikcyemo ii obme-

JKeHHs Ha [I0YaTKYy PO3B’ A3aHHs.
3a3HAYMMO, 110 8 PIBHAHHAX 00Me-

scerns O3 mosxcna miavku 3aikcysa-

5 3 _
x-2 10 (1)

x-1

5(x-1)-3(x-2) _

(x-2)(x-1) 0, (2) | mu,aneneposs’asysamu, a 8 kinui ne-
pesipumu, YU BUKOHYIOMbCA Ui 00Mme-

2+l gy | Henna 0215 3HATLOCHUX KOPeHis.
(x-2)(x-1) (3) IIpu mepeHeceHHI ueHa 3aaHOIO
2x+1=0, (4) PiBHSHHS 3 OMHi€l YaCTUHU PiBHAHHS

B iHIITY 3 IPOTUIEIKHUM 3HAKOM OJ[eP-
JKyemo piBHAHHA (1), piBHOCHIBHE 3a-
JaHoOMY.

ITpuBoasiumM 10 CUiIBHOrO 3HAMEH-
HUKAa, PO3KPUBAIOUY IYKKHU i 3BOASAUN
noai0HI YIeH’, 3HOBY OZIePsKYEMO ITpa-
BUJIBHY PiBHICTE 1 MOKeMO OOI'pyHTyBa-
TH, 1110 IIPY BUKOHAHHI 3BOPOTHUX Jilt
PiBHICTB TeK He IMOPYIIYETHCA, OTIKE,
onep:kaHi piBHAHHS (1—3) piBHOCHIBHI
3amanomy (Ha iioro OJ13).

Ilpi6 dopientoe HYAO MOOJi i MmiabKU
modi, Koau ywuceavbHUK 0poby 0opieHIoE
HYJLI0, @ BHAMEHHUK He Q0PIBHIOE HYLIO.
AJne npyra ymoBa B;Ke BpaXoBaHa B 00-
mesxkeHHax 0113, oTxe, oep:KyeMO piB-
HIHHSA (4), piBHOCUJIbHE 3aJaHOMY
piBuauHIO Ha oro O13. OckinbKu Bei
nepeTBOPeHHA OyJiM PiBHOCHUIBHUMU
TinbKu 3 ypaxyBanHam O[3, To mu mo-
BUHHI IepeBipuTu, UM 3aJ0BOJIbHSIE
onep:rkane yncyo oomesxeHnaam OI13.

TOOTO x=-1.
2
Bpaxyemo OI13. IIpu x=—% :
x-2=-2_2=-2120,
2 2
x-1=-1-1=-11z0.
2 2
Or:xe, x=—% — KOpiHb.

Bionosiov: —% . <

4. IIpyuyuHY MOSIBY CTOPOHHIX KOPEHiB Ta BTPATH KOPEHiB IIPH PO3B’A3yBaHHI
piBHAHB. Haii6igbIir THIIOBI BUIIaIKU ITOABYU CTOPOHHIX KOPEHIiB Ta BTpPaTU KO-
peHniB HaBemeno B Tabauili 34. Tam sKe BKasaHo, AK Y KOXKHOMY 3 IIX BUIIAAKIB
oJlepsKaTy IIpaBUibHe (UM IOBHE) PO3B’ A3aHHA.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

Mpw Akmx
MpranHa NepeTBOpeHHsX Lie MNpviknag HenpasubHoro
Moxe BinbysaTucs (41 HENOBHOIO) PO3B'A3aHHSA
1. MosiBa CTOPOHHIX KOpeHIB
Opepsxanusa
24 Jr_9— Jx—

pPiBHAHB-HACTIIKIB X +Vx—-2=6x+Vx-2.
3a paxyHOK: Ilepenecemo 3 mpaBoi UacTUHU

a) mepexomy xo
piBHAHHA,
y sixkoro O/13
IIUpIIA, HiXK
Y 3a/1aHOTO
piBHAHHS;

1. 3BemenHs moxi6- | PIBHAHHS B JiBY /JOZAaHOK
HHUX 4JIeHiB. VX —2 3TPOTUIIEKHUM 3HAKOM
isBememo nmoaiOHi uIeHN .
Opepaxumo x2—6x=0,
x,=0,x,=6.
4 7 4
+ == .
2. 3BemeHHT 060X Yac- *+2 x+3 x"+5x+6
TuH piBHaHEa mo | lloMHOKMMO 00UABI YacTUHM
CIIIJIBHOTO 3HAMEH- | PiBHSHHS HAa CIILJIbHUNA 3HAMEH-
HUKA (npu Bigkm- HUK yCix ILpO6iB (x+ 2)(x + 3).
maHHi 3HamMenHuka). | OmepiEuMO
4(x+3)+T(x+2)=4,
11lx=-22, x=-2.
3. IlinHecenna o60x

yacTHUH ippanio-
HAJIBHOTO PiBHIHHA
IO KBaJpaTa.

V2x+1=+x.
2x +1=x,
x=-1.

0) BUKOHAHHSA
nmepeTBOPEeHb,
IIPpU AKUX
BinOyBa€eThCH
HesdBHEe MHO-
JKEeHHS HA HYJIb;

MHuoskeHHA 000X yac-
TUH PiBHAHHSA Ha BUPa3
i3 3MiHHOIO.

x>+x+1=0.
ITomHOXKMMO 00U ABI YacTHNI
piBHAHHA Ha x —1.
(x=1)(x2+x+1)=0.
Opepaxnumo x3—1=0,
x=1.
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§ 17. PiBHAHHA-HACNIAKM Ta PIBHOCUIIbHI MepPeTBOPEHHS PIBHAHb

Tabnumsa 34

[e nomunka

Ik ofepkaTv NpaBuibHe
(41 NoBHE) PO3B'A3aHHA

MpuvKknag npaBuibHOMo
(411 NOBHOrO) PO3B'A3aHHS

NPV PO3B'A3yBaHHI PIBHAHHS

x, = 0 He € Kope-
HEeM 3aaHOTO PiB-
HSIHHS.

X = —2 He € Kope-
HeM 3aJJaHOTO PiB-
HSIHHS.

x = —1 He € Kope-
HeM 3aJaHOT0 piB-
HSHHS.

x =1 He € KOpeHEM
3aJaHOTO PiBHSAH-
Hs.

BurkonaTu nmepe-
BipKy ImigcTaHOB-
KOIO KOPeHiB

y 3aaHe PiBHAHHSI.

x2+x-2=6x+x—-2.
» x*-6x=0,x,=0,x,=6.
IlepeBipka mmokasye, 1o
x, =0 — cTOpOHHI# KOPiHB,
x,=6 — KopiHb.
Bionosidv: 6. <|

4 7 4
+ = .
x+2 x+3 x2+5x+6

P 4(x+ 3)+ T(x + 2) = 4;

11x=-22, x=-2.
IlepeBipka mmokasye, 1o

X =—2 — CTOPOHHIi#l KOPiHb.

Bionogidv: kKopeHis Hemae. <]

Vox+1=x.
b 2x+1=x, x=-1.
IlepeBipka mmokasye, 110
X =—1 — CTOPOHHIiII KOPiHb.
Biodnogidv: KopeHis Hemae. <]

VYV nanomy piBHAHHI He OyJI0 He-

obxigHocTi MEHOXKHUTH Ha X — 1.
x2+x+1=0.

> D=-3<0.

Bionogidv: KopeHis Hemae. <]

SKI10 BUKOPUCTATA MHOMKEHHSA

000X yacTuH piBHAHHA Ha X — 1,

TO IepeBipkKa mokKasye, IO

X = 1 — CcTOPOHHIi KOPiHb, TOO-

TO PiBHAHHSA HE Ma€ KOPEHiB.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

MNpr4mHa

Mpu AKNX NepeTBo-
PEHHSX Lie MOXe
BinOyBaTMCS

Mpuknag HeNpPaBMIbHOMo
(41 HENOBHOIO) PO3B'A3aHHS

1. MosiBa CTOPOHHIX KOpeHIB

B) 3aCTOCYBAHHA 10
000X YaCTHH
piBHAHHSA
pyHKILIII, aKa HE
€ 3pOCTaI0UO0IO0
a00 cIagHoIo.

ITigHecenus 000x yac-
TUH PiBHSAHHA 10 Iap-
HOTO cTelneHd abo 3a-
CTOCYBaHHS 10 000X
YACTHH PiBHSIHHS TPU-
TOHOMETPUYHUX (PYyHK-
miit (nusB. c. 214)

x—1=2x+1.
ITigHecemo oOuBi YacTHUHY PiB-
HSHHA J0 KBajpara
(x—=1)2=(2x + 1)2
Opepaxumo 3x%2+6x =0,
x,=0,x,=-2.

2. BTpata kopeHiB

SIBHe uMm HedABHE
3eyscenna O/ 3 3a-
0ano020 pié6HAHHA,
30KpeMa, BHKOHAH-
HS NMepeTBOPEHb,
y mpoueci dKux
BinOyBa€ThHCA HEAB-
He TiJICHHS HA HYJIb.

1. Iinenns o6ox yac-
THH PiBHAHHS Ha
BHpa3 i3 3MiHHOIO.

x2=x.
ITominusmiu obuaBi yacTuHMU
PiBHAHHSA HA X, OEPIKIMO
x=1.

2. lomaBaHHA, BigHi-
MaHHSI, MHOKE€HH S
a0o mimeHHdI 000X
YACTHUH PiBHAHHSI HA
BHMpas, y akoro 0/13
BY:K4Ya, HisK y 3ama-
HOTO PiBHAHHS.

x2=1.
Ax10 10 060X YaCTUH PiBHAH-

HS TomaTu X, TO OLEPIKUMO
PiBHSHHS

x? +Vx =1+/x,

Yy SIKOTO TiJIbKY OJVH KOPiHb
x=1.
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§ 17. PiBHAHHA-HACNIAKM Ta PIBHOCUIIbHI MepPeTBOPEHHS PIBHAHb

IIpoxmoB:x. Tabu. 34

[e nomunka

Ik ofepkaTv NpaBuibHe
(41 NoBHE) PO3B'A3aHHA

MpuvKknag npaBuibHOMo
(411 NOBHOrO) PO3B'A3aHHS

NPV PO3B'A3yBaHHI PIBHAHHS

x, =0 ne e KopeHeM
3aaHOr0 PiBHSH-
Hs.

BurkonaTtu nmepe-
BipKy ImigcTaHoB-
KOIO KOPeHiB

y 3aaHe PiBHAHHS.

YV manomy piBHsSHHI He OyJ0 He-
obxizHOoCTi migHOCHUTH IO KBaj-
para.
x—1=2x+1.
b x—-2x=1+1,x=-2.
Bidnosidv: —2. <

SKI10 BUKOPUCTATH ITi JHECEHHA
JIo KBajapara, To IIepeBipKa moKa-
3ye, 10 X, = —2 — KopiHb, a
x, = 0 — CcTOPOHHI# KODiHb.

NPV PO3B'A3yBaHHI PIBHAHHS

Brpartuiu KopiHb
x =0, ockKiabkm
mIicJis JiJIeHHA Ha X
(PaKTUYHO OZieprKa-
JIA PiBHAHHA

X X
y axkoro OJ13:
x #0, To6TO 3BY3U1-
au Ol13 samasHoTO
PiBHAHHA.

Brparunu Kopiub
x = —1, OCKiJIbKU
0OJ13 samanoro piB-
HAHHA: X — Oyab-

SAKe 4HCJOo, a VX
icHye TiJIBKM IIpu
x =0.

TisnaueHHsd, Ha AKi
3By3uaacsa 0/13,
HeoO0XimHo
POBTIAHYTH OKPEMO.

x%=x.
P 1. IIpux=0ozmepxyemo
02=0 — mpaBuabHA PiB-

HiCTB, OTKe, X = 0 — KOpiHb.
2. IIpu x # 0 omep:xyeMO
2
— = 27 X = 1 .
X X

Bidnosiov.0; 1. <
(3Buuaiino, 3pyuriuLe po3s’a3y-
samu makx: x2—x=0,

x(x—1)=0,x=0abox=1.)

YV nanomy piBHsSHHI He 0YJI0 HE0O-
xXigHoCTi momaBaTu 4O 000X dac-

THUH \/;

b x?=1,x==1.

Bidnosidv: 1. <|

(AAxOu moBeJsiocA KogaBaTH 10 000X
YaCcTUH \/;, To ipu x < 0 3aymame
PiBHAHHSA, IOTPIOHO PO3TIAHYTH
OKpeMo, i ToAi ofep:KuMo Iie U
Kopiab x =—1.)
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

3anuTtaHHs gs KOHTpOIJIIO

IITo HasuBaeThcsA KopeHeM piBHsHHA? HaBeiTe npukaamgu.

HatiTe o3HaueHHs oOJsacTi gonyctumux 3Hadensb (Ol13) piBaauna. HaseniTs
IPUKJIaIN.

HaiiTe o3HaueHH PiBHAHHA-HACIIAKY AaHOro piBHAHHA. HaBeniTs mpukaagu.
ITosicHiTh, y AKOMY BUIIAJIKy MOKHA rapaHTyBaTH, 1110 B Pe3yJIbTaTi IepeTBo-
PEeHHS PiBHAHHSA OleprKaju PiBHAHHSI-HACTiIOK.

HatiTe odHaueHHA piBHOCUIBHUX piBHAHL. HaBeniTe npukaagu. IloacHiTs,
y IKOMY BUIIQIKy MOYKHA TapaHTyBaTH, 1110 B PE3YJILTATI IEPETBOPEHHA PiBHAH-
HA oflepsKajiu PiBHAHHSA, PIBHOCUJIbHE 3a1aHOMY.

CdopmyaioiiTe OCHOBHI TeopeMu IIPO PiBHOCUJIBHICTh piBHAHL. HaBeaiTh mpu-
KJaau iX BUKOPUCTaHHA.

ITosicHiTh, y pes3ybTaTi AKUX IIEPETBOPEHD 3aJaHOT0 PIBHAHHSI MOYKHA 0JIep-
JKaTU CTOPOHHI IJId TaHOTO PiBHAHHSA KOpeHi. IK MoKHA BifciaTH cTOpPOHHI
Kopeui? HasemiTh mpuKIagm.

ITosicHiTh, y pesybTaTi AKUX IIEPETBOPEHD 3aJaHOT0 PIBHAHHSI MOYKHA BTpa-
TUTU KOPeHi ganoro piBHauHA. HaBeniTs mpukaanu. [loscHiTs HA TpUKJIagax,
AK HeoOXiJHO JOTOBHUTHY BifITIOBiHI TIepeTBOPEeHHA, 11100 He BTPATUTH KOPEHi
JIaHOTO PiBHAHHA.

Bnpasu

3HaliTe obsacThb fonyctTumMux suavensb (OI3) piBHsaHHS:

1) x—5_2x—3=0; 2) 2¢+1 «x —0; 3)\/;=3x—6. 4)\/x2—+5_jz;i=0‘

x+2 x 3 x%+1 x-1"
3’scyiiTe: a)uue Apyre piBHAHHSA HACILAKOM II€PIIIOro;
0) uM € Ii piBHAHHS PiBHOCHJILHUMH (BiAIIOBiAbL OO PYHTYIITE):
2 _ .
1)2x2-8x-9=0ix?2-4x—-4,5=0; Z)x—4=0 ix2—4=0.

x2-5x+6

OOr'pyHTyIiTe PiBHOCUIBHICTD PiBHAHB:
1)5x—-8=7T-38xibx+3x=7+8; 2) 2x—1)(x2+5)=x(x2+5)i2x—1==x.
OOr'pyHTyiiTe, 1110 3aJaHi PiBHAHHSA He € PiBHOCUJIBHIIMI

1 1 . .
1) xz+m=9+m ix2=9; 2)2x - 1)(x2-5)=x(x2-5)i2x—1=x.
ITosicHiTh, AKi mepeTBOpeHHA OYJI0 BUKOPUCTAHO IIPU ePeXo/i Bij IepIimoro
PiBHSAHHS [0 IPYTOTro0 i UM MOYKYTb BOHU IIPUBOIAUTH [0 IIOPYIIIEHHS PiBHOCUIb-
HOCTi:
1)3x+1,1=6,8-2x i 3x+2x=6,8-1,1;
2) ’“2‘21+3x2—1=0 i x-9+3x2-1=0;

X+

5
3x—1

4)Jx?-1=x-2 i x2-1=x%-4x+4.
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§ 17. PiBHAHHA-HACNIAKM Ta PIBHOCUIIbHI MepPeTBOPEHHS PIBHAHb

6.

10.

11.

Yu e piBHOCHMIBbHUMY 3a1aHi piBHAHHA HA O]13 m1epIrioro 3 HUX:

DS5—x=x+T7 1

12—2x=x—5
x -2 x -2
3) 6-x+Jx—-x=10 i 6—-x=10;

4) (x2+2x - 3)(x2+6)=5(x2+6) i x2+2x—3=25;

2)

i 12-2x=x-5;

2
x“-1_6x-1 .
5) ——=—"— i x2-1=6x-1?
X X
Po3B’s1kiTh PiBHAHHA 1 BKAXKiTh, dKe IIePETBOPEHHS MOTJIO IIPUBECTHU 0

TOpYIIeHHA PiBHOCUIBHOCTI

)§_5 x_8+3x . 2)£+(x—2f+8=(4—xx2—x%
2 x 4

7 1 6 x—4 1 x—6 1
3) - =" ; 1) 5 = -

x+3 3-x x°-9 3+«x x-2 3x°-12 2-x
Po3B’saKiTh PiBHAHHSA 3a JOIIOMOTOI0 PiBHAHL-HACJHIAKIB i BKaKiTh, AKe
IepeTBOPEHHS MOTJIO IPUBECTH IO IOPYIIeHHA PiBHOCUIBLHOCTI:

1) Bx+vx—-2=5x-1+~x—-2; 2) V2x+5=x+1;
3) V3-2x=1-x; 4) V5+x2 =x—4.

3a TK01 yMOBUY PiBHSAHHS € PIBHOCUJIbHIMU

1) [ _g(x) i @)= g (2x-3)

2) f(x)+Vx =g (x)+Vx i f(x)=g(x)?

Yu moxke BinOyTHcsa BTpaTa KOPeHiB ab0 mosBa CTOPOHHIX KOPeHiB, SKIIO:
1) piBuanusa (x2+ 7) f (x) = 4x% + 28 saminuTu piBHanaam f (x) =4
2)piBuaaHa (x — 1) f (x)=(x — 1) g (x) saminuTu piBuguaaam f (x) = g (x);

f(x) _g(x)

x+3 «x+3

f(x)

4) piBHAHHA
3x?

3) piBHAHHA — saMinuTu piBHAHHEAM [ (X) = g (X);

5= 0 saminuTu piBHgHHAM f (x) =0?

Po3B’sixiTh piBHAHHSA i 00T PYHTYITE, 1110 II00Y/I0BAHO JAHITIOKOK PiBHOCHUIIL-
HUX PiBHAHB:

1)183-(x—-12+2x—-1)(x+1)=(x+ 2)%

2)(x— 12— (x—3)>=3x + 26;

(x+1P-(x—-1P¥=6(x2+x+1);

4)(Bx— 1)+ (6x—3)2x+1)=(x—1)2+ 5(2x + 1)2
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3ACTOCYBAHHSA BJIACTUBOCTE
A0 PO3B'A3YBAHHSA PIBHAHDb

N ®YHKUIA

Tabnuma 35

OpieHTUp

| Mpviknag,

1. CkiH4eHHa O/13

SAxuro o61acTh JOMyCTUMUX 3HAYEHD
(OA3) piBHAHHS (HepiBHOCTI a0 cuc-
TeMH) CKJIAJAETHC i3 CKiHUeHHOTO
YypcJia 3HaYeHb, TO JJIsI PO3B’I3yBaH-
HSA JOCUTH IepeBipuTH Bcei 1i 3HA-
YeHHA.

Va2 -1+x=1++2-2x2.

> OlIB: {x2—1>0, - {x2>1,@
“l12-2x2>0 x2<1
oxt=le x=t1.
ITepeBipka.

x =1 — KopiHb

(Vo+1=1++0, 1=1),
x =-1— He KOpiHb (\/(_)—1¢1+\/6).
Bidnosidv: 1. <

2. OujiHKa NiBo1 Ta NPaBOIl YaCTUH PIBHAHHSA

TEETCIRR
[(x)>a,
gx)<a

Ax1mo moTpidHO Po3B’A3aTH PiBHIH-
HaBuny f (x) =g (x)is’sacyBamnocs, mo
f(x) 2 a, g (x) < a, TO piBHicTH MiK
JIiBOIO i MpaBOIO YaCTHHAMY MOKJINBA
JUIIe Y BUMAAKY, SIKIIO OJHOYACHO
f (x)ig (x) nopiBHIOIOTH .

1-x2=\1+ ] x].

P f(x)=1-x2<1,

g (x)=y1+[x[ >1 6o [ x[>0).

Oroxe, 3a7aHe PiBHAHHSA PiBHOCUJIbHE
crcTeMi

1-x2=1,
< x=0.
1+ x| =1

Bionosiov: 0. <|

fl (X)=O,
f1 (x) + f2 (x) + fz(x)= 0,
tot £ @) =0 | T ),
fl(x)>09 fn(X)=O
f,(x) =0,
£ (6)>0

Cyma KiavKox Hegid eMHUX PYHKUIL
Odopierioe Hyato modi i minvku modi,
KoaU 6¢i PYyHKUIL 00HOLACHO DOpi6HIO-
10Mb HYLIO.

Ja=2+|x2 - 2x |+ (x2 - 4)* =0.

> fi(x)=Nx-220, f,(x)=

=]x2=2x[>0, f,(x)=(x*-4)2>0.

Omxe, 3aaHe PIBHAHHSA PiBHOCUJIb-
Vx-2=0,

He cucreMi || x2 - 2x|=0,
(x2-4)*=0.

3 mepuIoro PiBHAHHA OLEPKYEMO

X = 2, 1110 3aJOBOJILHSE BCii cucTeMmi.
Bidnosiov: 2. <|
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§ 18. 3acTocyBaHHA BNacTMBOCTeM OYHKLiM 40 PO3B’'A3yBaHHA PIBHAHb

IIpoxmoB:x. Tabu. 35

3. BUKopUCTaHHA 3pOCTaHH$A Ta CnadaHHs PyHKLIN

Cxema po3B’A3yBaHHS PIBHAHHS

1. ITid6upaemo o0uH a6o 0eKiibKa KOPeHi8 DiBHAHHA.
2. Toodumo, w0 iRWUxX KOPeHi6 ue pi6HAHHA He Ma€ (BUKOPUCMOBYIOYL Meo-
pemu npo Koperi pi6HAHHA A60 OUIHKY Ji60L Ma Npa6oi YacmMuH Pi6HAHHA ).

Yi

Y

X

Teopemy Npo KOPEHi PIBHAHHS

1. fdxmo B piBHAHHI [ (x) = a pysEUia f (x)

3pocrac (crmagae) Ha e IKOMY IIPOMiKKY, TO
1e PiBHAHHSI MOJKe MAaTH! He O1JIBII HisK OTH
KOPiHb Ha IIbOMY IIPOMIiSKKY.

Mpuknag
PiBuauua +/x + 2x3 = 3 Mae equHU KOPiHb

x=1 (\/i +2.13 =3, T06T0 3 = 3), OCKiNbKU

dyuruia f(x)=+x+2x? spocrae Ha Bciii
obJsacTi BusHaueHHs x > 0.

y=g(x)

< \/'
\Cl‘)

. SIxmo B piBHaHHI f (x) = g (x) dyHELia f (x)

3POCTAE HA IeSTKOMY IIPOMiKKY, a QyHKIIisT
g (x) cmamae Ha IOMY CAMOMY IIPOMIiKKY
(a00 HaBMaKM), TO Iie PiBHIHHA MOKe MATH
He 0iJIbII HiK OTUH KOPiHb Ha I[OMY IIPO-
MIiKKY.

Mpwknag

Pimsausa x +x3 =3—x Mae €OUHNI KO-
pimpbx =1 (\/i+13 =3-1, TooTo 2 = 2), oc-

KiIbKHT f(x) =+/x + x3 3pocrae Ha Bciii 06-
sgacti Bu3HaueHnHda x >0, a g (x) =3 — x cua-
nae (Ha mHO:KUHI R, a oTike, i mpu x > 0).

MosicHeHHs1 11 OGI'PYHTYBaHHS

1. Crinuenna OJ/[3. Haragaemo, 110 y BUIOAAKY, KOJU 3aJaHO PiBHAHHSA
f (x) = g (x), cuinbHa obyiacTh BU3HAUEHHA A QYHKIN f (x)ig (x) HasuBaeTbCs
obacmio 0onycmumux 3Ha4eHsb IbOro PiBHAHHA. 3p03yMiJIo, 1110 KOXKEeH KOPiHb
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

3aIaHOT0 PiBHAHHA BXOAUTH AK 0 00jacTi BusHaueHHs QyHKII f (x), Tak i mo
ob6sacTti BusHaueHHS QYHKIII g (x). OT:Ke, KOXCeH KOPiHb DIBHAHHA 0008’ 13K080
8xo00umbv 0o OJ13 uvozo pieuaHHs. Ile 103BoJIsAE B [eAKUX BUMAAKAX 38 PAXYHOK
anauisy O3 omep:xkaTu po3B’ A3KY PiBHAHHA.

Hanpukaazg, aximo sagaio piBHIHHES VX —2++4—-2x =3x -6, To itoro O13

x—-220,
MOKHA 3aIaTH 3a JOTIOMOT'0I0 CUICTEMU 4—9%>0 Posp’s3yroun 1110 cucremy, oep-
—aXxX Z V.
x=2, .
JKYEMO <9 T06TO X = 2. OToRe, O13 3amaHoT0 PiBHAHHSA CKJIAJAETHCA JIUIIIE
XX 4,

3 OJJHOI'0 3HAUYEHH X = 2. AJle IKIIO TiIBKHY [JIS OJHOI'0 YKCJa II0TPi6HO 3’ sacyBa-
TH, Y4 € BOHO KOPEHEeM 3aaHOT'0 PiBHAHHSA, TO AJ I[bOTO JOCUTH IIiICTABUTH IIe
3HAUEHHS B PiBHAHHA. ¥ Pe3yJbTaTi ofep:KyeEMO IPAaBUJIbHY YUCJIOBY PiBHiCTH
(0 =0). OT:xe, x =2 — KOpiHb JaHOTrO PiBHAHHA. [HIITNX KOPEHiB y IILOTO PiBHSAH-
Hs O0yTH He MOJKe, OCKiJIbKU BCi KOpeHi piBHAHHA 3Hax0qAThCs B fioro OJ13, a Tam
HeMae iHMuX 3HaYeHb, KpiMm x = 2.

PosrisgayTuil npuKIas J03BOJIAE BUALINTH OPi€HTHD JIA PO3B’ A3yBaHHSA aHa-
JIOTIUHUX PiBHSAHB:

axuyo O/]3 pienanna (a maxosxi nepienocmi abo cucmemu) cknadaemovpesa
i3 CKiH1eHHO020 YUCLa 3HALeHb, MO 0 PO368°a3Y6annsa docums nepeagi-
pumu 6ci yi 3HaAUeHHA.

3ayBaeHHS. Y momy sunadky, koau O3 — nopoxus mHoxuHa (He
Micmumbo #00H020 HUCAA), MU MO}CemO 3pa3y damu 8i0nosidv, w0 3adaHe pis-
HAHHS He MAE KOPEeHIE.
Hanpukiaz, skimo norpioHo poss’s3aTu piBHAHES X — 3 =+/2— x + 5x, To ioro
x—320, x=3, , .
TOOTO AKa He Ma€ po3B’aA3KiB. OTike,
2—-x20, x<2,

OJ13 sagaHoT0 PiBHAHHA HE MiCTUTD »KOJHOTO UMCJIA, i TOMY Ile PiBHAHHSA HE Mae
KOpeHiB.

013 3aaeThCs CUCTEMOIO

2. Owinka xiBoi Ta mpapoi yacTuH piBHAHHA. [[eAKi piBHAHHA MOKHA PO3B’sI3aTH
3a IOIIOMOT00 OI[IHK U JIiBO1 Ta MPaBOi YaCTUH PiBHAHHSI.

Hexait Mmu poss’asyemo piBuauHA f (x) = g (x), i Ham ymagocs 3’ acyBaTu, 1o
JIJIsI BCiX TOIYCTUMUX 3HAUEHD X 3HaueHHA f (X) > a, a 3HaueHHA g (X) < a.

® Posraanemo gea Bunanku: 1) f(x)>a; 2) f (x)=a.
Axo f (x) > a, To piBHicTs f (x) = g (x) He MOJKe BUKOHYBaTHCsH, 60 g (¥) < a,
ToOTO 1IpU f (X) > a 3amaHe PiBHAHHSA KOPEHiB He Mae. SaIUIIAETHCA TiIbKHU
Bunanok f (x) = a, ajge, BpaXoBYyIOUHN HeOOXifHicTh BUKOHAHHSA PiBHOCTI
f (x) = g (x), maemo, 1m0 Toxii g (x) = a. OToKe, M1 OOI'PYHTYBAJIH, 1[0 BUKOHAH-
Hsa piBHOCTI f (x) = g (x) (3a y™mOB f (x) = a i g (x) < a) rapaHTye ogHOUYACHE
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§ 18. 3acTocyBaHHA BNacTMBOCTeM OYHKLiM 40 PO3B’'A3yBaHHA PIBHAHb

BUKOHaHH piBHOCTE! f (X) =aig (x) =a (i, HaBIaKu, AKII0 OAHOYACHO BUKO-
HYIOThCs piBHOCTI f (x) =aig (x) =a, To BUKOHYeThC: i piBHiCTS f (x) = g (x)).
Ax 6yno moxkaszamo B § 17, 1e it osHauae, 110 piBHAHHA [ (x) = g (X) piBHOCHIBHE

| f®)=a,
cucreml ROpOTKO IIe MOJXKHa 3anucaTii Tak:
g (x)=a.
f=gm] & {[H=%
F(x)>a, g(x)=a.
g(x)<a O

ITpuKam BUKOPHUCTAHHS TAKOI'0O IPUITOMY PO3B’ I3yBaHHA PiBHAHDL HABEIEHO
B IyHKTI 2 Tabauiri 35.

AmnajoriuHo 10 monepesHixX MipKyBaHb OOI'PYHTOBYETLCSA i OPi€HTHP 110 PO3B’ -
3yBaHHIO piBHAHHA [, (X) + ,(x) + ... + [ (x) = 0, y axomy Bci PyHKIii-n0gaHKH
mesin’emHi (f, (x) = 0; f,(x) = 0; ...; f, (x) = 0).
® Axuo opUIycTATH, 110 f,(x) > 0, To cyma Bcix QyHKIii, IO CTOATH Y JiBii

YaCTUHI IIbOTO PiBHAHHSA, MOKe JOPiBHIOBATH HYJIIO TLILKU TOi, KOJU CyMa

f,(x)+ ...+ (x) Oyze Bin’emHOI0. AJle Ile HEMOYKJIUBO, OCKIIBKY 38 YMOBOIO

BCi pynKmii HeBix’emui. Omoxe, pu f, (x) > 0 3a1aHe DIBHAHHA He Ma€ KOPeHiB.

ITi cami MipKyBaHHA MOKHA IIOBTOPUTHU AJIA OyAb-AKO1 iHII0l QyHKIIII-T0MaH-

Ka. 3aJuIaeThCAd €IMHA MOMKJINUBICTh — yci QyHKIIII-gomaHnKy JOPiBHIOIOTH

HYJII0 (OY4eBHU/IHO, 110 B IbOMY BUNAAKY PiBHICTS [, (x) + [, (%) + ...+ [ (x)=0

000B’s13K0BO Oyie BUKOHYBaTHCA). TaKUM YMHOM, CYMA KilbKOX Hegi0 e MHUX

@yHKuyill dopieHtoe HYya0 Mmodi i miabKu modi, Koau 6ci QYHKYIT 00HOLACHO

dopierioromb nyio.

Hanpuxknag, mo6 poss’as3atu pisaanns x* + | x — 1 |= 2x% — 1, focuTs nepeHe-
CTH BCi uJeHu B OfiMH 6iK, 3amucaTu PiBHAHHESA y BUTaALi (x2— 1)2+|x—1|=0
i B3aTu 10 yBary, mpo (x> — 1)?i| x — 1| — mesix’emui dynkmii. Otsxe, 3agane pis-

(x2-1)°=0,

| -1 | -0 3 Ipyroro piBHAHHA ofiep:KyeMo x =1,

HAHHS PiBHOCHUJIbHE CUCTEeMi

110 3a/T0BOJIbHAE 1 BCili cuctemi. OTiKe, 3a7aHe PiBHAHHS Ma€ €EUHUNA KOPiHb x = 1.

3. BukopucTraHHA 3pOCTAHHSA Ta CIIAAHHA (PYHKIi 10 PO3B’ A3yBaHH PiBHIHD
CIIMPAETHCA HAa TAKY BJIACTUBICTH: 3pocmania abo cnadrna QYHKYis HabY8ae KOic-
H020 8020 3HAYEHHA MIAbKU 8 00HIlL moyuyi il o61acmi 6U3HAUEHHA.

KopucHo mam’ssTaTu creriajbHi TeOPEeMHU IIPO KOPEHi PiBHAHHS.

Teopema l. SIkmo B piBHaHHI f (x¥) = a dyHKLia f (x) 3pocTae (cnagae) Ha
IeAKOMY IIPOMIisKKY, TO Ile PiBHAHHS MOKe MAaTH He O1JIBII Hisk OIMH KOPiHb HA
IBOMY IIPOMIiKKY.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

Yl
- )
y‘ ‘%‘\ Y g(x) O
&/ / ~
7 N
y=a |a N a
o« = b= o« = b %
Puc. 96 Puc. 97

TI'padiuno TBepKeHHA TeOpeMU IIPoijifocTpoBaHo Ha pucyHKY 96. [Ipamay = a
neperuHae rpadik 3pocrarouol Ha mpoMixkKy [o; B] byHKIil y = f (x) TinbKY B 0Hil
Tourri. Ie it odHauae, 110 piBHAHEA f (X) = @ He MOsKe MaTH OiJIbIlle OMHOI'0 KOPeHs
Ha mpoMikKy [0; B]. [loBeeMo 1ie TBepAKeHHS aHAIiTUIHO.
® Sxmo va mpomixkky [o; B] piBEHAHEA Mae KOpiHb Xy 10 f (x,) = a. Inmux Ko-

PeHiB OyTH He MOJKe, OCKIIbKY 1J1d 3pocTarodol GyHKII f (x) mpu x > x oxep-

wyemo [ (x) > f (x))=a,anpux <x, maemo f (x) <f (x,) = a. Orsxe, mpu x # X,

f (x) #a. Amanoriuno i s cnaguoi pyHKIil mpu x # X onepaxyemo f (x) #a.

Teopema?l. Axmo B piBHAHHI f (x) = g (x) dyHKLiA f (x) 3pocTae HA TeAKOMY
NIPOMIiKKY, a PyHKLia g (x) crmagae Ha bOMY CAMOMY IPOMiskKy (a0o HaBma-
KH), TO IIe PiBHIHHA MOKe MaTH He OiJIbII HisK OOMH KOPiHb HA I[LOMY IIPO-
MIiXKKY.
I'padiuno TBepa:KeHHSA TEOPEMU ITPOLTIOCTPOBAHO Ha PUCYHKY 97.

® SIxuo Ha mpomiskky [0; B] piBHAHEA Mae KOPiHb X, Tof (x,) =8 (x,) = a. [amux
KOpeHiB 0yTH He MOJKe, OCKIJIbKY, HAaIPUKJIAL, IJII 3pocTarouol PyHKILI f (x)
i cnagnol yHKLII g (x) mpu x > x MaeMo f (x) > a,a g (x) <a, omoxe, f (x)#g (x).
Amnanoriuroinpux < x,f (x)#g (x). O

KovxHa 3 1UX TEOpEM CTBEPIIKYE, ITI0 8 PO32JAHYMOMY NPOMIHCKY 3a0aHe DI6HAH-
Hs MOXHce mamu He Oisibul Hid 00UH KOPiHb, moOmMo abo ue Pi8HSAHH 308CiM He MaE
Koperia, abo 80HO mae minvku €OUHULL KOPiHb. SIKIITO HaM BAasIoCcA migiopaTu oquH
KOpPiHb TAKOI'0 PiBHAHHS, TO iHIITX KOPEHiB y 3aIaHOMY IIPOMiKKY PiBHSIHHS He Ma€.

Hanpuxaaz, 1mo6 poss’asatu piBHaHEHS X2 + x = 10, JoCUTL IOMITUTH, IIIO
dyurmia f (x) = x® + x € 3pocTaryoi0 Ha BCill YMCJIOBi# MpAMil (AK cyMa JBOX
3pocrarounx GYHKIiN) i mo x = 2 — Kopiup” nporo piBuauuA (22 + 2 = 10;
10 =10). Ot:xe, samane piBHauuda f (x) = 10 mae eguHMI KOPiHb X = 2.

3aszHauumMo, 10 KOJKHA 3 I[UX TeopeM rapaHTy€e €INHIiCTh KOPeHA PiBHAHHS
(AKIIO BiH €) TiIbKY Ha IPOMIMKKY 3pocTaHHA (UM cHaJaHHA) BiATTOBiAHOI QyHKITIT.

“ Kopiab x = 2 omepakaHo migbupanHAM. K mpaBuio, migbGip MOYMHAIOTH 3 IMiJNX 3HAUEHD:
x=0, £1, +2..., aki nigcraBas0THCSA B 3a/aHe PiBHAHHS.
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§ 18. 3acTocyBaHHA BNacTMBOCTeM OYHKLiM 40 PO3B’'A3yBaHHA PIBHAHb

SAKImIo QyHKIiA Mae neKijJbKa IPOMisKKiB 3pOCTaHHS i clafjaHHA, TO JOBOIUTHCS
poOsTIALATH KOYKEH 3 HIX OKPeMO.

. 2
IIpukaan. Posp’s:KeMo 3a [OIIOMOTOI0 TeopeMu 2 PiBHAHHA X3 +x ==,

>

X

Coouatry cain ypaxyBaru itoro O[13: x # 0 i sragaTu, 1o GyHKIia y=E Ha
xX

BCiif o6JsiacTi BUBHAUEHH He € Hi cIIagHoI0, Hi 3pocTaiouoio (c. 22), ajie BOHa cIa-
JIa€ Ha KOMKHOMY 3 IPOMisKKiB (—20; 0)i (0; +00). Tomy po3riasgsHeMO KOKeH 3 IIUX
TIPOMIiKKiB OKpemo.

1)

2)

ITpu x> 0 3agaHe piBHAHHA Ma€ KOPiHb x = 1 (13 +1 =%, 2= 2).

Dyurmisa f (x) = x® + x 3pocrae npu x > 0 (4K IOKa3aHO BUIIle, BOHA 3POCTAE HA

MHOkuHI R), a pyHKIia g (x) =2 crazae Ha MpoMikKy x > 0. OTike, 3amaHe
xX
piBuauua f (x) =g (x) upu x > 0 Mmae equHNHA KOpiHb x = 1.

IIpu x < 0 3agaHe piBHAHHS Ma€ KOpiHb x = —1 ((—1)3 +(—1)=_£1, —2=—2).

Dynxria f (x) = x*+ x 3pocrae mpu x <0, a GyHKHia g (x) -2 cnanaec na IHEOMY
X

npomixkky. Tomy 3agane piBasauusa f (x) = g (x) npu x < 0 Mae eqUHNHA KOPiHb

x=-1.

V¥ BiamoBinb ciaif 3anucaTu Bei 3HAIeHI KOpeHi (X04 Ha KOKHOMY 3 IPOMisKKiB

KODPiHb €IMHUI, aJIe BChOT0o KOpeHiB — aBa). OTiKe, 3ajaHe PIBHAHHA Ma€ TiJIBKU

nBaxopeni: 1i—1. <

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukaaxg 1. Poss’soxiTh piBHAHHA

PosB’aszauusga

» ONI3: x # 0. Ha ONI3 x* > 0. Toxi

dyHKIia f(x)=x4+i4>2 (2K cyma
X

JIBOX B3Aa€EMHO 00ePHEHUX JONATHUX UK~
cen), a pyrknia g(x)=2-(x —1)2 <2.
Or:xe, 3ajaHe PiBHAHHS PiBHOCUJIbHE
ERE % =2,
cucreMi x
2
2- (x -1)" =2.

HAHHA CUCTEeMU ojep:xyemMo X =1, 1o

3 Ipyroro pis-

1 2
x4+F=2—(x—1) .

KomenTap

SAKIO POBKPUTHU AYKKHU i 3BECTH
00MABi YaCTUHU PiBHAHHSA [0 CILIBHO-
ro 3HAME@HHUKA, TO AJIs 3HAXOIKEeHH
KOpPEeHiB 0/Iep:KaHOTr0 PiBHAHHSA TOBe-
JeThCs PO3B’sI3yBaTHU IMOBHE PiBHAHHSA
BOCBMOT'0 CTEIIeHs, YCi KOpeHi TKoro Mmu
He 3MOYKeMO 3HANTHU.

Capobyemo ominuTy obJsacTi 3Ha-
uyeHb PYHKIIIN, AKi CTOSATH y JIiBi#i i mIpa-
Bilt vacTuHax piBHAHHS. OCKiIbKY HaA
O13 (x # 0) x* > 0, To B JxiBiit vacTuHi

203



PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

3aJI0BOJIbHSE i mepHIioMy PiBHAHHIO.
Or:xe, cucTeMa (a 3HAUUTH, i 3ajaHe
PiBHAHHS) Ma€ € AUHNHA PO3B’A30K X = 1.
Bidnosidv: 1. <

IIpuxaan 2.

PosB’aszauusga

x=0,
> 0I3: y>0. Posriaremo pyHKIIi0

f(t)= Jt +t3. Ha cBoiit o6;racri BusHa-
yenHud (¢t 2 0) ua GyHKIia € 3pocTaio-
1010 (K CyMa JBOX 3POCTAI0UNX PYHK-
nii). Toxi mepirte piBHAHHS 3a4aHO0I CHU-
cremu, ke mae Buraan f (x) = f (y),
piBHOCMIBbHE PiBHAHHIO X = Y. OTiKe, HA
OJ13 3agana cucTeMa piBHOCHJIbHA CHC-

x=y,
TeMi x? 1 3y? = 36. ITigcraBnaioun

X =y BAPyTe PiBHAHHSA CUCTEMU, MAEMO
4y? =36, y? =9, y = +3. BpaxoBywuu,
mo Ha O03 y = 0, omepsxyemo y = 3.
Tomix=y=3.

Biodnosids: (3; 3). <

Po3B’sKiTh cucTeMy PiBHAHD

PiBHSHHS CTOITH cyma 080X 83AEMHO
obepHeHux 000aMHUX YUCe, IKA 3a6-
JHcou 6intbuia abo dopisrioe 2. Y mpaBiii
yacTuHi Bij 2 BifHiMaeThCsa HeBix eMHe
unceao (x — 1)2. OTsxe, Ipu BCixX 3HAUEH-
HSAX X OfIePyKYEMO 3HAUCHHS, MEHIIIi a00
piBHi 2. PiBHicTB MiXK JiBOIO i TpaBOIO
YyacTUHAMU MOJKJIMBA TOA1 1 TiMbKY TOI],
KOJIZ O0M/Bi YACTHUHY JOPiBHIOIOTH 2.

x/;+x3=\/§+y3,
x2%+3y? =36.
KomenTap

IxHoxi B1acTuBOCTI PYHKITIN yIA€TH-
Cs1 BUKOPUCTATH IIPY PO3B’ A3y BaHHi cu-
cTeM PiBHAHB. SIKIO IIOMiTHUTH, IO
B JIiBiMl i mpaBili yacTuHAX IEPIIOTO
PiBHAHHSA 3aaHOI CUCTEMU CTOSATH 3HA-
yeHHsA oxHiel i Tiel :k PyHKITI, SKa € 3po-
CTaouoio (4K cyMa ABOX 3POCTAIUMUX
dbyuKIii), To pignicmy f (x)=f (y) 014
3pocmarioi QYHKYil moxrcausa mooi
i miavku modi, KU X =Y, OCKIbKU 00-
HAKO0BUX 3HAYEHb 3POCMAYA PYHKUYLA
MoxHce Habysamu miabKu Npu 00HOMY
3HaYerHi apeymenmy. (3ayBasKuMoO, 110
TaKa caMa BJACTHUBiCTh MaTHIMe Miciie
i muisa cmagHOI PYHKITIL.)

3ayBaeHHd. TBepAKeHHA, SKe 0yJ10 OOI'PYHTOBAHO B KOMEHTAapPi 0 IIpu-
KJIangy 2, Moxke OyTH BUKOPHCTAHO IIPHU PO3B’ A3yBaHHi aHAJIOT YHMUX 3aBaaHb. Ko-
POTKO #10T0 MOKHAa c(hOPMYJIIOBATU TaK: AKIIO (PyHKIis  (x) € 3pocTarouoro (a60
CIIATHOI0) HA MEeBHIi MHOMKMHI, TO Ha wiit MHOKKUHI f () = (B) @ a=f.

3anuTtaHHs gs KOHTpOIJIIO

1. IlosicHiITH Ha MPUKJaAax, SK MOKHA BUKOPUCTATU BJIACTUBOCTI PYHKIIil K0

pO3B’sA3yBaHHA PiBHAHD.
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§ 18. 3acTocyBaHHA BNacTMBOCTeM OYHKLiM 40 PO3B’'A3yBaHHA PIBHAHb

2%, O0r'pyHTyiiTe IpaBUIbHICTE OPI€HTUPIB 10 PO3B’ A3YBAHHIO PiBHAHD 3 BUKOPH-
CTaHHAM BJIaCTUBOCTel (PYHKIIIN, AK1 HaBemgeHO B TabauIi 35 (c. 198).

Bnpasu

Posp’saxkiTes piBHauHA (1—4), BUKOPUCTOBYIOUHN BJIACTHUBOCTI BiAmoBigHMX
(QYHKILiH.

1. 1) Je-2+x2=4-2c+x+2;

2) 2x+«/m=x2+«/W—3;

3) V1—x2 +\1+3x +/4x2 +y? -2y -3 =/x* -1 -2y +3.
2. 1)@:2—3&; 2)1+|x5+3x|=m;

1 1
3) x6+—=1-2x—x2 4) V2x +——=2-2x 1.
) : ox

3. 1) |x2—Tx+12|+|x2-9]|+|6—2x|=0;
2) |x+2|+|y—-5|+|2x2-8|=0;
3) J1-y+vJx2-9+/x2-3x =0;
4) Va2 -4 +Jx -2 +Jx? - x = 0;
5) x*+y?+5=4x+2y;
6) 3x?+y?+2z22=4y - 6x — 122z — 25.
4. 1) Vx-2+Jx-6=2; 2) x+yx+x°=3;

3) 2Vx+1+vVx+9=5-x; 4) x/x—2+x=ﬂ;

x-1

5) V2x+5+ x+2=%; 6) 2x++x =+/10—-x.

5. Po3B’sokiTh cucTeMy PiBHAHD:

{x+x5=y+y5, 2) {V—X—X=H—y,

x2+3y=10; x3+y%=-16;

3) {x3—y3=y5—x5, 1) {\/—Sx—\/—3y:x—y,

X+y’ =1 3x* -y* =8.
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MPUKNAAN PO3B'AA3YBAHHS BlIbLL CKITAAHUX
TPUTOHOMETPUYHUX PIBHAHb TA IX CUCTEM

Imoni moBoAMTHCA PO3B’A3yBATH TPUTOHOMETPUYHI PIBHAHHSA, 10 IKUX BXO-
IUTH JUIIe cyMa a00 PisHUIA CUHYCA 1 KOCHMHYCA OJHOI0 1 TOr0 CaMOr'o apryMeHTY
Ta iX 100yTOK. ¥ TAKOMY BUIIAAKY AOIiJIBHO I[f0 CyMY (200 PisHUII0) TO3HAUUTHU
HOBOIO 3MiHHOIO.

IMpuknaxg 1. Poss’suxkirs piBHAHHA 3 (sin x + cos x) = 2 sin 2x.

KomenTap
SKIr0 B 3ajaHoMy PiBHSAHHI 3BeCTH BC1 TPUTOHOMETPUYHI GYHKILIT 10 OHOTO
apryMeHTy X, TO ofep:;kumMo piBHAHHA (1) (AuB. pO3B’si3aHHS), 10 AKOT'0 BXOASATH
JIMIIIe cyMa CUHYyca Ta KOCHUHYCAa OJTHOTO i TOro caMoT0 apryMeHTy X i1 iX 1o0yToK.
151 po3B’A3yBaHHS IIHOT'0 PiBHAHHSA BBEIeMO HOBY 3MiHHY Sin x + cos x = y. I1106
oJlepskaTu JOOYTOK Sin X cos X, JOCUTH ITi THECTH IO KBaipaTa O0UBi YaCTUHU PiB-
HocTi 3aMiHM i Bpaxysaru, 110 sin? x + cos? x = 1. Bukonyiouu o0epHeHy 3aMiHy,

3pY4YHO BpaxyBaTH, 110 Sinx +cosx = Ng) sin(x + %)
PosB’asanusga
P Bazane piBHAHHA PiBHOCUIbHE PIBHAHHIO
3 (sin x + cos x) =4 sin x cos x. (1)
ko nosHauury sin x + cos x =y, To sin?x+ cos?x+2sinxcosx =y2. Toxi

. 2.1 . . .
sinxcosx = yT IlincraBisamoun i sHaYeHHA B piBHAHHEA (1), 07epKyeMO

3y=2y*-2, 2y*-3y—2=0,y,=2abo y2=—%.

Or:xe, sin x + cos x = 2 abo sinx +cosx = —%.
Tomi x/isin(x + %) =2 abo \/Esin(x + %) = —%. OnepxyemMo

sin(x + %) =2 (KOpeHiB HEMa€E, OCKITIbKU V2> 1) abo sin(x + %) =1 3Bincu

22

T n . 1 . T n . 1
x+Z=(-1)"arcsin| ——= |+7n, nene Z. Toxi x =—-—+(-1)"arcsin| ——— |+ nn.
4 (-1) ( ) 4 22

22
1

Bidnoeidv: —Z+(-1)" arcsin(——)+ nn, gen€ Z. <
4 2+/2

3ayBaxeHHd. [IpumiguecenHi 000X YacTHUH PiBHAHHS 0 KBaApaTa MOYKHA
OJIePyKaTHU CTOPOHHI KopeHi (quB. Tadauiio 34). Ae nidnecennus 060x vacmuH
piseHocmi 3aminu 00 kK8eadpama € PiBHOCUJLbHUM nepemaopeHHsAM. [[ificHo, y 1boMy
BUIIAAKY JIiBa i IpaBa YaCTUHY PiBHOCTI MAIOTh OJHAKOBIL 3HAKHY, iTogia =b < a? = b2,
Ax1o o6uaBi yacTuHY piBHOCTI @ = b momaTHI, TO IJIs JOAATHUX 3HAYEHD { (DYHK-
nisi y = ¢? 3pocTrae i TOMy KOKHOTO CBOTO 3HAUEHHS HAOyBAa€ TiJIBKY IPU OTHOMY
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§ 19. Mpurknaam po3B’s3yBaHHS OibLL CKNAAHNX TPUTOHOMETPUYHMX PIBHSAHB Ta X CUCTEM

3HaueHHi aprymeHTy. OT:ke, mpu a > 0, b > 0 3 piBHOCTI @ = b BUILINBA€E PiBHICTH
a? = b? i, HaBmaku, 3 piBHOCTi a? = b? BUILINBAa€E PiBHICTL @ = b, 1[0 I rapaHTye
PiBHOCHJIbHICTH BUKOHAHOTO IIePEeTBOPEHHS IJIS JONATHUX @ 1 b. AHaoriuHO Aj1s
a <0, b< 0BUKOPUCTOBYEMO Te, 110 AJs BiJ e MHUX 3HAUEHb ¢ PyHKIig t2 crmagae
i TOMY KOJKHe CBO€ 3BHAUeHHA HAa0yBa€ TLILKY IIPU OMHOMY 3HAUEHHI apryMeHTYy.

151 po3B’ A3yBaHHS NeAKNUX TPUTOHOMETPUYHUX PIBHAHB MOYKYTh 3aCTOCOBY -
BaTHCS BJIACTUBOCTI PYHKIIIH (BigmoBigHi 3araabHi migxoau g0 po3B’A3yBaHHS
0yJio posrasiayTo B § 18), 30Kpema, oliHKa JIiBoi i mpaBoi yacTuH PiBHAHHS.

. . .5
Ipuknax 2. Poss’saxiTh piBHAHHEA €OS 6X + s1n?x =2.

» Ouinmmoo6iacTs3HauensGyHruii f (x)=cos 6x+ sin%x.

Ockinbku | cos 6x < 11i sin5—2x <1, To| f(x)|< 2, To6TO -2 < f (x) < 2.

3’scyeMO, UM iCHYIOTh TaKi 3HAUEHHA X, IPU AKUX QYHKINA f (X) MOsKe mocsara-
T HafbiabIIoro suaueHHs 2. Ko cos 6.x 6yae MeHIIuii Bifg 1, To AJ1d TOTO, 11106

. bx . . . bx
cyma cos 6x+ s1n? nopiBHIOBaJIa 2, HEOOXigHO, 00 3HAUEHHS s1n? OyJio
. . . .. bx
GinpImmM Bif 1, 110 HEMOXKINBO. AHAJIOTIYHO, AKIIO IPUITYCTUTH, 1110 s1n? MeH-
o . . bx . .
mnii Bix 1, To ajis Toro, 11100 cyma cos 6.x + s1n? JopiBHIOBaJa 2, He00XiaHO, 11100

3HaueHHs cos 6x OyJ1o 6iabium Bifg 1, 1110 HeMosKaAnuBO. TakuM YMHOM, PiBHICTH

. . c. . . . . bx .
Yy TaHOMY PiBHAHHI MOKJIMBA TO/I i TiIBKY TOA1, KOJIM cos 6.x i Sln? IOPiBHIOIOTH

onuuuiti. Tomy 3ajjaHe piBHAHHA PiBHOCUJIbHE CUCTEMI

k
cos 6x =1, 6x=2nk, ke Z, x=%,
3Bigcu Tonai
sin®* =1, 5% _ T omn, ne Z. o= Tt dn
2 2 2 5

ITpupiBHIOIOUM ITPABi YACTUHU IIUX PiBHOCTEI, 0ePIKYEMO

n_kz n+41m- Bgincu k= 3+12n‘
3
Ockinbku k i n — 1iJi uncsa, To crrpodyeMo IIiICTaBUTH B IPaBy YaCTUHY OC-
TAaHHBOI PiBHOCTI 3aMicTh n mijii unciaa i 3HAWTU, OJId AKUX 3HAUEHB N 3a IIi€I0
GopmyJioio k Tako:xk Oy e miaum urucaom. Ilpu n = 1 ogep:kyemo k= 3. Y BUOagKy,
KoJiu Koe(irrieHT 12 npu 3MiHHiN  y YMCeIbHUKY APo0Yy i 3HAMEeHHUK 5 — B3aeM-
HO ITPOCTi Ymcjia, IOBTOPEHHS IIOiJIbHOCTI HAI[iJI0 Oy /e TiIbKY uepes 3BHaMeHHUK,
T0OTO uepes 5. TomMy ocTaHHE PiBHAHHSA MA€ PO3B°A3KHU B I[LJINX YNCJIaX BUTJIALY
n=1+5m, me Z. IlincraBiAmoun 3HaUYeHH 71 B OAUH i3 po3B’A3KiB cucTemMu,
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

omep:xkyemMo x =T + 4nm. I1i 3HaueHH i € po3B’sI3KaMU OCTAHHBOI CUCTEMU, OTIKeE,
i po3B’A3KaMU JAHOTO PiBHAHHI.
Bionosidv: x=n+4mm,me Z. <l

Ipuxnax 3. Poss’sxiTs piBHAHEA J2 | sinx +cosx | =2+sin®8x.
KomenTap

ITeperBopuMO JiBy UacTHHY 3a (QOPMYJIOIO Sinx + Ccosx = J2 sin(x + %) iominu-

MO 00JIaCTh 3HAUEHb (DYHKIIi, III0 CTOATH y JIiBill i MpaBiii yacTUHAX PIBHAHHS.
Posp’sa3youn ofep;KaHy CUCTEMY ABOX PiBHSAHB 3 OMHNM HEBiJOMIM, MOMKHA JEII0
CIIPOCTHUTH BUKJIAAKH i PpO3B’I3aTH JIUIIIE OJHE PiBHAHHSA CUCTEMH, a AJIA iHIIIOTO
mepeBipuTH, UM 3aJ0BOJbHAIOTE HOMY OJ[ePyKaHi po3B’ A3K M.

PosB’aszaunusga

P Bazane piBHAHHSA PIBHOCHIbHE PIBHAHHIO

. m|_ s 6
2 sm(x+4) 2+ sin® 8x. (1)
ITosraummo: f(x)=2 sin(x+§) , &(x)=2 +sin® 8x. Ockinbku
0< sin<x+%) <1, To0< f(x)< 2.IIpore 0 <sin®8x <1, Tomy 2 < g (x)< 3.

JIiBa yactuua piBHAHHA (1) MeHIIa abo fOpiBHIOE 2, a TpaBa yacTuHAa OiabIIa
a60 popiBHioe 2. PiBHiCTh MisK HUMM MOJKJIMBA JIUIIIE TO/Ii, KOJIU JIiBa i mpaBa yac-
TUHY PiBHAHHSA JOPiBHIOIOTE 2, TOOTO JaHe PiBHAHHS PiBHOCUJIbHE CHCTEMi

2

sin(x + E)‘ =2,
4
2+sin%8x = 2.
3 mepIIoro piBHAHHS CUCTEMU MaE€MO sin(x + %) =+1, 3BigKku x + % = % +T7n, e
ne Z.Toni x=§+nn.
IlepeBipuMoO, Y1 3a10BOJBHAIOTE 3HAIeH] 3HAUEHHSA IPYTrOMY PiBHAHHIO CHC-
TeMu. Ko x =%+Tcn, 10 8x = 2+ 8nn, Tomi sin 8x =0 i Tomy 2 + sin® 8x = 2.

Bionogios: %-FTUI, neZ.<

Txoni ay1si po3B’ A3yBaHHSA TPUTOHOMETPUYHUX PiBHAHB JOBOAUTHCS 3aCTOCOBY-
BaTU TPUTOHOMETPUYHI (OpMYyJn, AKi IpuBoAATH A0 3BYy:KeHHA O3 3amanoro
piBuAHHS. Taki mepeTBOpPeHHS MOKYTh IPUBOAUTH 10 BTPATH KOPEHiB PiBHAHHA.
1106 mboro He cTajgocsd, MOYKHA KOPUCTYBATHUCSA TAKUM OPi€HTHU PO M:
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AKUL0 0NLA PO36°A3Y6AHHA PI6HAHD (WU HepieHOocmell) 00600umbea 6UKO-

HYyéamu nepemeopenns, u,o 36yxrcyromdv O 3 nowamro6020 pi6HAHHA (YU

HepieHocmi), mo mi 3HaveHHs, Ha AKi 36Yyrcyemubes O/ 3, nompi6ro pos-

zaadamu oxpemo.

¥ rabauii 36 ykaszaHo TPUTOHOMETDPUYHI OpMYLU, AKL MOKYMb NPUE0OUMU

0o 36yscenns OJ]3, Ta BinnoBiHi 3HaUeHHA 3MiHHOI, AKi JOBOAUTHCA ITIepeBipaATH
IIPY BUKOPUCTAHHI UX GOPMYJI.

Tabnumsa 36

3HayeHHs 3MiHHOT, AKi Tpeba nepesipUTH
OKpeMo, AKLLLO BOHU BXxoaaTb no O3
NO4aTKOBOrO PIBHAHHSA

®opmyna
(BMKOPWCTOBYETLCSA 3MiBa HaNpPaBo)

1

ctgx =—
tgx
+
tg(xioc)=m((x¢5+nn,ne Z) x=24+nk ke Z
1Ftgx-tga 2 2
tg2x=2t—g§
1-tgex
tgx = L
ctgx
ctg(xto)=TEX LT (o mpy pe Z) x=nk ke Z
ctgotctgx
240
Ctgz_x:M
2ctgx
x _1l+4+cosx
Ctg§=m x=n+2nk,keZ
t x _1l-cosx
g T Tanr x=2nk, ke Z
2tg£ Ztg£
sinx = 2 tgx= 2
1+tg2§ 1—tg2§
x=n+2nk,keZ
l—tgz£ 1—tg2£
CosSX = 2 ctgx = 2
1+tg2 % 2tg >
€ 2 g2
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

1106 yreBHUTHCSH, 1110 HaBeAeHI (D OPMYIU IPUBOAATE A0 3By:KeuHs O3, mo-
CHUTb IIOPiBHATH 00JIACTi JOIIYCTUMUX 3HAUEHD IX JiBUX i IpaBUX YACTHH.

Hanpukian, posrasaaemo popmyay ctgx = j .
X

® 0]13 niBoi wactunu: x # nn, n € Z. [lna saaxomxenna OJI3 mpaBoi yacTuHI
dopMyIu BpaxoBYy€EMO, IT[0 SHAMEHHUK AP00y He TopiBHIOE HyJIi0: tg x #0, oTiKe,

. . T
X #7n, n € Z, 1 TakKOXX YMOBY iCHyBaHHSA TaHTeHCA: X # E+Tck, ke Z. Tob6To

X#mn, nc Z,

OJI3 npaBol YacTHHU 3aJa€ThCA CUCTEMOI0 0OMexXeHb n
x¢5+nk, ke Z.

ITopiBuioroun OJ13 1iB01 i mpaBoi YacTUH POITIAHYTOI PopMyaH, GaUNMO, IIT0

. . T
013 npaBoi yaCTUHU MiCTUTD JOJZATKOBE OOMEKEHHS (x # 2 + nk). Or:xe, npu
mepexofi 3a 1miero GopmMyJoio Bix il JiBoI wacTUHM M0 IIpaBoi BigOyBaeThCs
s3By:kenHa O3 (BizkugaroThcs caMe Ti 3HaUeHHs, sIKi BKasaHO B TaOJIMILi:

x= g +mk, keZ ) 11106 He 3ary0uTU KOPEHi 3aaHOT0 PiBHAHHS, IPY BUKOPUC-

. 1 T .
TauHi popmyan ctgx = ey SHAUEHHT X = 5 + 1k, k€ Z noTpiGHO POSTIAHYTH
gxX
OKpeMo (3BUUANHO, TIILKY B TOMY BUIAAKY, KOJIU BOHO BXoauTh o OI13 3ana-
HOro piBHAHHA).

Hasemgemo nipukJiag BUKOPUCTAHHS BKa3aHOT0 OpieHTHUpA.

IIpuxknag 4. Poss’s:KiTh piBHAHHSA
ctgzx—tg<x+§)=1. (1)

KomenTap
Axio ckopucTaTHCA IePIINMY ABOMA (popMytamMu TadauIli 36, To Mu 3Be1eMO
BCi TPUTOHOMETPUYHI BUPas3y B [[bOMY PiBHAHHI ¥ J0 OMHOTO apryMeHTY, i 10 ogHiel
dyHKIII — tg x. Aje Ipu BUKOpUCTaHHi 3a3HaUeHUX (OPMY.JI BifOyBaeThCS 3BY-

T . .
skeHHsa O3 Ha 3HaueHHA X =E+nk’ k € Z, i yepes Te MOKHA BTPATUTU KOPEHi

PiBHAHHSA, AKIIO YKcJa Takoro Bugy Bxoauau B O3 mouaTKoBOro piBHAHHA i €
tioro kopensamu. 11106 1150T0 He cTaIOCs, PO3i6’eMO PO3B’ A3yBaHHA Ha IBi YaCTUHMU.
1. ITigcraBiasemo Ti 3HaYEeHHA 3MiHHOI, HA AKi 3BYy'KyeThcsa O3, y pisaannusa (1).

ITpu oO6uMcIeHHSX BpaXx0BYEMO IIepioguUHicTh PYHKILIN i (hopMyJIu 3BEIeHH.

2. Ilpnu xi%-knk (ma O/13 piBuauHA (1)) BUKOopucTaHHA (QOPMYJI ctgx=tL

gx
s tgx+ th tgx+1
i tg(x + —) = 4 = 1g oy TPHBOAHUTD 1O piBHsHE (2) (ZUB. PO3B’A3aHHA),
1- tgxtgg Tlex
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§ 19. Mpurknaam po3B’s3yBaHHS OibLL CKNAAHNX TPUTOHOMETPUYHMX PIBHSAHB Ta X CUCTEM

fAKe piBHOCUIBHE fanomy (Ha it vactuni O3, ne x # g + Tck), 60 11i hopmyanu

30epiraroTh IPaBUJIbHY PiBHICTB AK IIpU Hepexoai Big piBaocTi (1) 10 piBHOCTI
(2), Tak i mpu obepHEeHOMY HepexoAi Bix piBHocTi (2) mo piBHOCTI (1). S3amina
3MiHHOI (i 06epHEHA 3aMiHA) TAKOYK IPUBOAUTD 0 PiBHAHHA, PiBHOCUJIBHOT'O
nanomy (Ha sasHaueHil uactuHi O[3 mouaTKOBOTO PiBHAHHS).

3ayBakumo, 1o O3 piBusanus«a (2) Bigpisasaerseda Bix O3 piBuanusa (1) siurre
THM, II10 4O Hel He BXOLATHh 3HAUEHHA X =§+7‘Ck, aki Bxoxats 1o O3 piBHAH-

Hs (1). OcKiIbKY ITi «IOTaHi» 3HAYEHHS MU BpaxyBaJIl B IIPOIleci po3B’ s3yBaHHI,
10 OI13 piBHAHHA (1) MOYKHA B ABHOMY BUTJIALIL He hiKcyBaTH (AK Y HaBeIeHOMY
posB’asauni). Y BigmoBiai sanucyemo Bei KopeHi, aki 0yJ10 omepixaHo B MePIIiii
i mpyrifi vacTuHax po3B’A3aHHA.

Posp’sasaunusa
1. » dxmo x = g + Tk, k€ Z, TO 3 1aHOTO PiBHAHHS OJIePIKYEMO
ctg? (g + nk) - tg(% +Tk+ %) =1, To6T0 02 —(—1) = 1 — mpaBUIbHA PiBHICTS.

Omxe, x =§+nk , ke Z,— xopeni piBaanns (1).

2. ko x # g + Mk, omepiKyeEMO

1 _tgx+l 4 (2)
tg®x 1-tgx )
3amina tg x = 1 npuBOAUTH N0 PiBHAHHSA tlz—%=1, aremput#0it#1
piBHOCubHE piBHAHHIO 2t*+t—1=0.Toxi ¢, =1, ¢, =%.

OGepHena 3amiHa nae: tg x =—1a6o tgx = %, TOOTO

x=—§+nn, ne Z, abo x=arctg%+nm, meZ.
. . 1
Bionosiodv: §+nk, ke Z; —%H‘cn, ne Z; arctg5+nm, me Z. <

Hesaki TpPUroHOMETPUYHI PIBHAHHSA BAAETHCS PO3B’A3aTH, BUKOPUCTOBYIOUN
TaKUN O Pi€HTU P, AKUNA YMOBHO MOKHA Ha3BaTH «IITyKal KBaAPATHUN TPUUICH» ,
TOOTO:

I cnpobyiime po3zaanymu 3adane Pi6HAHHA AK K6adpamHe 6i10HOCHO AKOICb
3MiHHOTL (YU 6i0HOCHO AKOICH PYHKYIT).
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

IDpuxknax 5. Poss’sxiTs piBHAHHS X2 —2x sin%x-k 1=0.

PosB’aszaunusga

P PosriasiHeMo piBHAHHS AK KBaApaT-
. . TIX
He BigHOCHO X X2 — (251n ?) x+1=0.

Ile piBHAHHA MOXKe MaTU KOpeHi Tomi
i TiJIBKM TO/1, KOJIM 1OT'0 AUCKPUMiHAHT

Oyze HeBix emumii: D =4sin? %x —-4>0.

. . X . X
Toxi smz? >1. Ane smz? HEe MOXKe
. . X
OyTu Oinpimum 3a 1. Oraxke, smz? =1,

. X . X .
TOOTO Sin 5= 1 abo sin 5 -1. ITix-
CTaBJIAIOUY ITi 3HAUEHHS B 3aJlaHe PiB-
HAHHS, OJEPyKYyEMO, II[0 BOHO PiBHO-
CUJIbHE CYKYITHOCTI cucTeM:

. XX . X
sin —=1, sin == =-1,
2 2

abo

x2-2x+1=0 x2+2x+1=0.

3 Ipyroro piBHAHHSA IePIIOi cucTe-
MU MaeMo X = 1, 1110 3a/I0BOJIbHSE i IIep-
moMy piBHAHHIO cucremu. OTxKe,
x =1 — po3B’sA30K IIePIIOoi cCuCTEeMH, a
3HAUYUTD, i O3B’ A30K 3aJaHOTO PiBHAH-
HA. AHAJOTiUHO OfleP:KyeEMO X = —1 —
PO3B’sI30K APYTroi cCUCTEMU, a 3HAUUTD,
i po3B’A30K 3aJaHOTO PiBHAHH.
Bionogiov: 1; 1. <|

KomenTap

Mo:xmBo feKiabKa MigX0/iB 10 Po3-
B’sI3yBaHHJA 3aJaHOT'0 PiBHAHHS.

1) PosrisuyTu 3afjane piBHAHHS AK
KBaJpaTHe BiTHOCHO 3MiHHOI X i Bpaxy-
BaTH, I110 BOHO MOKe MaTH KOpeHi Toi i
TiJIBKY TOJi, KOJIU HOT0 TUCKPUMIiHAHT
Oyme HeBix eMHMIA.

2) SIkmro B niBii yacTuHi piBHAHHA
BUIiJINTU IIOBHUI KBaapaT

2
(x —sin %x) , TO OZIEPsKUMO PiBHAHHS
2
(x— sinn—x) + (1— sin? n—x) =0.
2 2
2
Bpaxyewmo, 1110 3aB:K AU (x —sin %x) >0

. . X .
i 1—sm2?>0. A cyma xiavkox He-

8i0°eMHUX QYHKUIIL OOPIBHIOE HYJLIO
modi i miavku modi, Koau 8ci QYHKUIT
00HO0UACHO O0PiBHIOIOMb HYJLIO.

Tako:k MOKHaA OCTaHHE PiBHAHHS
3aIUCATUA Y TAKOMY BUTJIAI:

2
(x—sinn—x) =sinz2 2 -1
2 2

i omiHMUTHY JiBY i IpaBy YaCTUHU IIHOTO
PiBHAHHA.

IIpu po3B’A3yBaHHi CCTEM TPUTOHOMETPUUHNX PiBHAHD He 3aBiK /U BJAETHCS
BUKOHYBATH TiJIbKU PiBHOCUJILHI ITIePeTBOPEHHS PiBHAHD CCTEMU, iHO/Ii JOBOIUTh-
cs KOPUCTYBATHUCSA PiBHAHHAMU-HACAIAKaMU. ¥ TAKUX BUMAJKaX MOKYTh BUHH-
KaTU CTOPOHHI PO3B’I3KM, TOMY O/[eprKaHi po3B’ A3k HeoOximxHo mepesipsaru. Ilpu-
YOMY MEPEBipATH MOKHA AK 3HAUCHHA 3MiHHIX, OfePsKaHUX YV KiHIli po3B’s13yBaH-
Hf, TaK i 3HAUEHHA TPUTOHOMETPUUYHNX (PYHKIIIH, 0JeprKaHuX IPU PO3B’ A3YBaHHi.
SAKImo Bci TpuroHoMeTpuYHi PYHKILIT, IIT0 BXOASATH 0 3alICY CUCTEMU, 110 KOXKHIil
i3 3MiHHMX MaIOTh COLJILHUN IEePio, TO JOCUTh BUKOHATH IIEPEBIPKY AJIA BCiX 3HA-
YeHb 3MiHHUX 3 OTHOTO ITepiony (IJ1d KOXKHOI 3MiHHO1).



§ 19. Mpurknaam po3B’s3yBaHHS OibLL CKNAAHNX TPUTOHOMETPUYHMX PIBHSAHB Ta X CUCTEM

\/Esinx =siny,
V2cosx = «/gcosy.

IIpuknax 6. Poss’s:kiTh cucTeMy PiBHAHB

KomenTap

SKI110 3 TIepIIoro piBHAHHS CUCTEMU BUPA3UTHU Sin X, a 3 APyroro — cos X , TO
MOJKHA ITIiTHeCTH O0MABi YaCTUHY KOKHOT'0 PiBHAHHSA 10 KBaipaTa i Imicjs moujieH-
HOT'O JOLAABAHHSA O PKAHNX PiBHAHD BUKOPUCTATH TOTOMKHICTE sin? x + cos? x = 1.
¥V pesyibTaTi 01 pIKUMO PiBHAHHA 3 OTHi€I0 SMiHHOIO Y/, AK€ JIETKO 3BOAUTHCSA 10
OJTHi€I TPUTOHOMETPUYHOI (PYHKITII.

AJe mpu migHeceHHI 000X YaCTUH PiBHAHHSA 0 KBaApaTa 0JIep:KyeEMO PiBHAH-
HaA-Hacaigok. OTiKe, cepel ofepKaHUX PO3B’ A3KiB MOMKYTEL OYTH i CTOPOHHI pO3-
B’SIBKU [IJI1 3aJaHOI CICTEMU, AKi TO0BeIeThCA BicitoBaTH mepeBipKoIo.

I 151 mepeBipKu BpaxoBY€EMO, 1110 Bei hyHKIII] BiTHOCHO 3MiHHOI X, AKi BXOAATH
1o 3amucy cucteMmu (ToOoTo sin x i cos x), MalOTh COiIbLHMI mepio 27. AHaIOTiuHO
Bci pyHKIii BigzHOCHO 3MiHHOI y (Sin y i cos y) Tex MaroTh COiJIBHUN mepiox 27.
Or:Ke, ITePeBipKY PO3B’SA3KiB JOCUTh BUKOHATHU [Jis BCix map uucea (x; y), me
x € [0; 2], y € [0; 27t] (MmoskHa B3ATHU i iHITI TpoMiskKU foB:KUHOIO 21). KopucHo
TaKOYK ypaxyBaTH, II[0 BCi pO3B’A3KH, OJ[ePKaHi BHACIILOK IIiICTAHOBKH B OJHE 3
PiBHSAHB CHCTEMU, ABTOMATHUYHO 3aJ0BOJIbHSIOTH IIbOMY DiBHAHHIO, 8 3HAUUTD, I1e-
PeBipKy X po3B’ A3KiB JOCUTH BUKOHATH TiJILKU AJIsI IPYTOT0 PiBHAHHS CUCTEMU.

Iist KosKHOI 3MiHHOI Bei ofiepskaHi po3B’ I3KU MOTPiOHO ITIOBTOPUTH Yepes mepio.

PosB’aszauusga

. 1 .
sinx =—=siny, 1
55y 1)

P 3amanacucTeMa piBHOCUIbHA CHCTEMI N
3
cosx=-=cosy. (2)

N2

ITigHecemo oOMABI YaCTHHY KOXKHOTO PiBHAHHSA CICTEMHU 40 KBaaparTa i mouseH-
HO JI0/IaMO oJiep:KaHi piBHAHHA. OTpUMyeMO PiBHAHHSI-HACTiIOK

sin?x+cos?x = %sin2 y+ gcos2 y. Toxi 2 =sin?y + 3 cos?y,
2 2 9., _ 1 _ 1 _ 1
2=1-cos?y+3cos?y, TobTo cos?y==. Orxe, cOSy =—= abo COSy =——F.
2 N 2
ITigcraBasaroun ofeprkati 3HaUeHHA B PiBHAHHA (2), MaeMo

1 1
CoOsYy =—=, CoOSsYy =——F,
TR N5
3 3

COSX =——.
2
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y=+2+2nn, y=i374n+27m,
Toxi 4 (3) abo 4)
o +znk x=i%n+2nk, nke Z.

BigHocHO K0:kHOI i3 3MiHHUX X 1y yei QyHKIIT, AK1 BXOJATH 40 3amIncy 3a1aHol
CHCTEMHU, MAIOTh Iepiof 27T, TOMY IIEPEBipKY TOCUTH BUKOHATH JIJIS BCiX map uucea
(x; y), me x € [0; 27], y € [0; 27].

Hnsa cucremu (3) e mapu auce: (E;E), (E;E), (ﬁ E) (&;7_7?),

6’4) \6” 4 6 °4) \6 4
a 1jisa cucteMu (4) e mapu YuceJr: (@%) om, 5n (E%) (EE)—R)
I[ u p . 6 ’ 4 b 6 b 4 b 6 ’ 4 ’ 6 b 4 .

PosB’a3xkaMu 3aaH0I CCTEMH € TiIbKY IIaPU YKUCEeJI:

6’4)>\ 6 4) \6”4) \6” 4/

Bianosigs omeprxiMo, IIOBTOPIOIOUM HABEEHI PO3B’ I3KM uepes mepio (s KoK -
HOI 3MiHHOI).

Bidnogiov: ( +2nk; +2nn) (11”+2nk +2nn)

( +2mnk; +2nn) ( +2mnk; +2nn) nkeZ. <

IIpu po3B’ A3y BaHHi Pi6HAHb 3 00ePHEHUMU MPUZOHOMEMPULHUMU PYHKUILMU
KOPHCHO IaM’AiTaTu, mo npu | a |< 1

. T
arcsin a +arccos a = 5 .

i1 MOBiIPHUX 3HAUEHD A

arctg a +arcctg a =g .

Takok IIpu po3B’sI3yBaHHI PiBHAHB 3 00€pHEHUMH TPUTOHOMETPUUHNMU (PYHK-
MisgsM1 yacTo OyBA€E 3PYUHO BiJl 000X YACTUH PiBHAHHSA B3ATH AKYCh TPUTOHOMET-
puuHy QYHKIIiIO i CKOPHCTATHCS O3HAUEHHAM BiIOBIAHIX 00 pPHEHUX TPUT'OHO-
MEeTPUUYHUX (PYHKILi.

. . . .10
Ipuxkaax 7. Poss’saxirspiBHAHHA 2 arcsinx =arcsin ITha

KomenTap

Ax1110 B3sATH Biff 000X UACTHH 3a4aHOI0 PIBHAHHSA (DYHKIIII0 CUHYC, TO OEPIKU-
MO PiBHAHHS-HACJINOK: AKIIO YKCJIa PiBHi, TO i cuHycHu 6yaAyTh PiBHi, aje SKIIo
CHUHYCH JBOX UMCeJ PiBHIi, TO Iie IIle He 3HAUNTh, 1[0 YK1CJIa 000B’I3KOBO OYAYTH
piBHi. To6TO mpaBuIbHA PiBHICTE Oy /e 30epiraTucs Ipu IPAMUX IePEeTBOPEHHAX,
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§ 19. Mpurknaam po3B’s3yBaHHS OibLL CKNAAHNX TPUTOHOMETPUYHMX PIBHSAHB Ta X CUCTEM

aJie He 000B’ I3K0BO BOHA Oyie 30epiraTucs mpu o0epHeHNX IepeTBopenuax. OTike,
y KiHIli HeoO0XiJHO BUKOHATH IIEPEBiPKY OflepKaHIX PO3B’ A3KiB.

. T, T
HKH_IO IIO3HAYUTHU arcsin x = O, TO 3a O3HAYEHHAM apKCHUHyca O€ [_E,E}

i sin o = x. [I/151 3HAXOAKEHHS COS Ol BDAXOBYEMO, II[0 IIPU OLE [—E E} 3HAUYEHHS

cos .20, orsxe, coso=+1-sin?a.

IlepeBipsroun omepsxaHi po3B’ A3KH, Y TUX BUIAAKAX, KOJIU 3HANIeH] unca He
€ KOPeHAMH 3aJaHOT0 PiBHAHHS, iHOAI 3pYUYHO IIOPiBHATH OIePyKaHi pO3B’ A3KH 3

TabsnyHnMY 3HaueHHAMY. Hampukias, % =0,9 6inbIme 3a 72 =(,7. BpaxoByto-

V2 _x

. .12 .
um 3pocTaHuA PYHKII y = arcsin ¢, ogepKyemMo, 110 arcsmﬁ > arcsin 5 T
PosB’aszauusga

P fxio mosHaunTH; arcsin x = o, e o€ [—E E} i arcsin %x B, me Be [—E,%},
TO 3a/jaHe PiBHIHHSA MaTUMe BUTJISAT
20 =f. 1)
Bisbmemo Big 000X yacTus piBHAHHA (1) QYHKI[II0 CHHYC i 0epiKIMO
sin 20 = sin B,
2 sin a.cos o= sin P. (2)

. . 10
3a o3HAUeHHSAM apKCcHHYca sin o = x, s1n[3=§x. Bpaxosyiouu, 1o

o€ [—E E} oZlePIKy€EMO cosa =+/1—sinZ o =~/1—x2.

Topni piBusinHs (2) MaTume BUrIsag 2x~1—x2 = %x. 3Bigcu x(2\/1 -x% - %) =0.

5 2 26 o _144 12
Omxe, x =0 abo x/l—x2=ﬁ, 10610 1-X 69’ ¥ 169’ YT 13

ITepeBipka.

1) x =0 — KopiHb (2 arcsinO:arcsin(%-O); O:O),

12 . . .o 12 .12 .. 120

2) x=+-=% — croponHi kopeni. [lificHo, m1a x=-- 2arcsin— #arcsin——
) x 13 P P A s 13 13 169
(ockinbpKnm E>ﬁ, TO 2arcsin2>2arcsinﬁ=2-£=£, a arcsin 120 <X )
13 2 13 2 4 2 169 2

. 12 .12 Mo ..
Amnajioriuao IIpm x = _E Maemo 2 arcsin E < —E 1P1BHICTB T€XX HE MOKe€ BUKO-

HyBaTHuCH.
Bionosidv: 0. <|
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. . .10
B HHA. [Lna B’sA3yBaHHA PIBHAHHSA = —X MOK-
3a axe 03B’ A3yBAa i 2arcsin x = arcsin 13 X MO

Ha 0yJI0 BUKOPUCTATHU He TiJIbKY PiBHAHHA-HACIiIKY, a i1 pPiBHOCUJIbHI IIepeTBO-
pPeHHdA piBHAHB. AJie B [bOMY BUNAAKY JNoBeaeThbcsA BpaxyBaTtu O3 samamoro

PiBHAHHA: | . | <1,

10 3

—x ‘ <1,
13

. . . . .10
a TaKOX Te, IO AJId BClX KOPEHI1B P1BHAHHA MOI'0 IIpaBa YaCTHUHAa (arcsmﬁx)

. T, T . .
3HAXOAUTHCSA B IIPOMIiKKY [_E; E} (3a o3HaueHHAM apKcunyca). OT:Ke, i 1iBa yac-

TUHA PIBHAHHA IOBUHHA 3HAXOAUTHUCS B I[bOMY CAMOMY IPOMiKKY. SHAUUTD, I

BCiX KOpeHiB 3a1aHOT0 PiBHAHHSI BUKOHYETHCS YMOBA: —% < 2aresin x < g, TOOTO

<aresinx <

- 2, (4)

. T T . . . .
YV mpoMiKKy [—E; EJ (b yHKIIiA Sin ¢ € 3pOCTaOU0I0, TOA1 IPU BUKOHAHHI YMOBU
(4) (i, sBuuaitno, Ha O3 (3)), AKIIO Bixg 060X YaCTHH 3aJaHOTO PiBHAHHS B3ATHU
CUHYC, TO OJIEPsKMMO PiBHOCUJIbHE IOMY PiBHAHHA (TOOTO 3ajaHe PiBHAHHSA PiBHO-
cuibHe piBHAHHIO (2) 3a yMoB (3)i(4)). Bukonyooun MipKkyBaHHsd i TIepeTBOPeHHH,

HaBeJeHi BUIlle B p0o3B’sI3aHHi npukaany 7, omep:xyemo x = 0 abo x = i%. Vei

3HaleHi KopeHi BxogaTh no O/13 (3amoBobHAIOTE yMOBaM (3)), aje ymMoBi (4)
3aJ0BOJIbHSAE TiIbKU X = 0, OT}Ke, KOPeHeM 3aJaHOro PiBHAHHA € TiTbKu x = 0.

3anuTtaHHs gs KOHTpOIJIIO

1. ITosACHITD, AK MOKHA PO3B’ A3aTHU PIBHAHHSA cos X = 1 + x2 3a JOIIOMOI'0I0 OIiH-
KM J1iBol i mpaBoi yacTuH piBHAHHS. P03B’soKiTh Ile piBHAHHA.

2. TlosicHiTh, AK MOJKHA PO3B’A3yBaTU TPUIOHOMETPUYUHI PiBHAHHSA, 10 3aIIHCY
AKUX BXOJATH JIUIIE cyMa abo pisHUIA cCMHyca i KOCMHYyca OJTHOTO i TOTO caMoro
apryMmeHTy Ta ix 1ooyrok. HaBeaiTs mpuKIa ] TAKOTO PiBHAHHA.

3. HapeniTh IpuKIas TPUTOHOMETPUUHOI (hOPMYJIN, 3aCTOCYBAHHS SIKOI MOJKe IIPH-
BecTH 2o 3BysKeHHA OJ]3 3amanoro piBHAHHSA i 1o BTpaTu fioro KopeHis. Ilo-
SACHITB, YoMy BigOyBaeThes 3By:xkeHHss Ol13. K moTpi6HO BUKOPUCTOBYBATH
Taki popmyin, 1106 He 3ary0OnTH KOpeHi gamoro piBHaHHA? [TodcHITE e HA

npukJaani pisuanua 2 ctg x— tg(x + %) =1.

Bnpasu

Posp’sokirs piBuanHg (1—5).
1.1) sinx—cosx=sin2x—%; 2) sinx+sin(x+3—;)=1—0,551n2x.
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§ 20. TpMroHOMeTpUYHI PIBHAHHSA 3 NapamMeTpamMu

2. 1)sin 7Tx + cos 12x = 2; 2) sin 2x sin 6x = 1;
3) cos Ttx+sin5nTx=—2; 4) sin%x=x2—2x+2;

5)tg?x+ctg?x+5tg?bx+5ctg?bx=12.

3. 1) 5tg(x+§)=ctgx—5; 2) sin2x+tg2x=—§ctgx.

4. 1) 9x%—6x cos 6mx +1=0;
2) 4x%—4x sin (xy) + 1 = 0 (3HaitaiTs yci mapu yuces (x; y), AKi 3a{0BOIbHSI-
I0Th PiBHAHHIO).
5. 1) 2 (arcsin x)?+n2=3marcsinx; 2)9 (arccos 2x)? — 3w arccos 2x — 2n2 = 0;

2
3) 2 arcsin x + 3 arccos x =T; 4) arctg x-arcctg x =711_6;

5) 2 arcsin 2x = arccos 7x; 6) arcsin x = 2 arctg x.
6. Po3B’s:kiTh cucTeMy PiBHAHD:

{sinx =—+/3siny, 9 sinx - sinx siny, 3 {sinx +cosy =0,
V3 cosx =cosy; oS X — = cosy; cos2x—cos2y=1;
Ccos X
1) sin2x+cos2y=%, 5) cosx+cosy=30, {4sin(3x+2y)+sinx=0,
cos2x + 2cosy = 1; sinx siny = 4sin(2x +3y)+siny =0.

m TPUTOHOMETPUYHI PIBHSIHHS 3 NAPAMETPAMU

20.1. PO3B'A3YBAHHA PIBHAAHb 3 MTAPAMETPAMMW

SKIIT0 10 3anucy TPUTOHOMETPUYHOrO PiBHAHHS KPiM 3MiHHOI Ta YMCJIOBUX
Koe(dilieHTiB BXOAATH TAKOXK OYKBEeHi Koe(ilieHT — mapamMeTpu, TO IPU PO3B’s-
3yBaHHi TAKUX PiBHAHDb MOKHA KOPUCTYBATHCSI HACTYIITHUM OPi€EHTUPOM.

Byodv-ake pié6HAHHA YU HEPIBHiCMb 3 nAPAMEMPAMU MOHCHA PO3E’A3YEa-
mu ak 36uiaiine pi6HAHHA YU Hepi6Hicmb 00 mux nip, noku 6ci nepemeo-
PpeHnus abo MipKYy6anHs, HeoOXiOHL N PO36°A3Y6AHH, MONHCHA 6UKOHAMU
00HO3HaUHO. AKUW,0 AKeCh nepemeoPeHHA He MOHCHA 6UKOHAMU 00HO3HA Y-
HO, MO P036’A3Y6AHHA HeOOXIOHO PO30UMU HA KinbKa 6Uunadkie, w00 y Koic-
HOMY 3HUX 8i0n06i0b Yepe3 napamempu 3anucy8aiacsi 00HO3HALHO.

Ha eramni momyKy miaany po3s’si3yBaHHs PiBHAHHS Y HEPiBHOCTI 3 mapameTpa-
MU 260 B XO[i MipKyBaHb, IIOB’ I3aHUX i3 cAaMUM PO3B’ A3yBAHHAM K TAKNM, YaCTO
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

3PYYHO CYIIPOBO/IKYBAaTHU BiITIOBiIHiI MipKyBaHHA cXeMaMu, 3a AKUMHU JIETKO IIPO-
CTEeXKUTHU, Y AKUI MOMEHT MU He 3MOIJIM OJHO3HAUHO BUKOHATH HeoOXiaHi mepe-
TBOPEHHS, HA CKiJIbKY BUIIAIKiB JOBEJIOCSA PO30UTH PO3B’ A3aHHSA i UMM BiPi3HAETh-
cs oquH BUOAanoK Bix inmroro. I11o6 Ha Takux cxeMmax (YU B 3alrcax rpoMis3aKux
po3B’sA3aHb) He 3aryOuTH AKYCh BiAIOBiAb, OIIiIbHO IOMIIIIaTH OCTATOYHI BiJII0-

BiZli B IPAMOKYTHI paMKH.
Ipuxnan 1.

PosB’aszauusga

> 2cosx=a,

— a
KOpeHiB x =tarccos P +2mn,
HeMae neZz
Bidnosidv:
1) axmo |%|>1 (to6To |a| > 2), To
KOpeHiB HeMAaE;
2) axmo |[2|<1 (robTo |a| < 2), To

x=iarccos%+2nn, ne Z.<

IIpuxaan 2.
PosB’sasauusga

| 2 2sinxcosx—4acosx=0,
2cos x(sinx—2a)=0. (1)
Toxi cos x =0 abo sin x — 2a = 0.

Bpigcu |x=Z+mm, me Z,

abo sin x = 2a.

PosB’sokiTh piBHsAHHSA 2c0s x —a = 0.

KomenTap

HasapricTs mapameTrpa a He 3aBasKae
HaM OJHO3HAYHO BUPA3UTH COS X i3 3a-
JITaHOTO PiBHAHHA.

PiBuanusa cos t = bnpu |b| > 1 me
Mae KopeHiB, aipu | b | < 1 Kopewni pis-
HSHHS MOJKHA 3aIllCATH 3a BiJOMOIO
dopmynor. OT:Ke, Oad PiBHAHHS

a
COSX =E He MOXHa OJHO3HAYHO 3aIlll-

caTu po3B’sA3KH, i TOMY, HOUMHAIOUL

3 I[bOI'0 MOMEHTY, PO3B’sI3aHHA HE00-

XiJHO pO3BECTU HA IBA BUIIASKII.
OcTaTouHY BiAIIOBib MOKHA 3TN~

CyBaTU 3 BUKOPUCTAHHAM 3HAKY MOJIY-

JIs1, a MOYKHA IOJATH OOMEKeHHs IJIs

nmapamerpa a 6e3 MOAYJA i 3anmucaTu

BiAImoBigL TakK:

1) akmo a < —2 abo a > 2, To KOpPeHiB
HeMae;

2) axmo—-2<a< 2, To

x= iarccos%+27‘m, ne Z.

Po3B’s1:xiTh piBHAHHSA Sin 2x = 4a cos x.

KomenTap

CrouyaTky 3BeieMO BCi TPUTOHOMET-
pUuHIi PYHKIIiI 10 OMHOTO apryMeHTy X,
BUKOPHUCTOBYIOUHU (DOPMYTY

sin 2x = 2 sin x cos x.

SKImo mepeHecTy BCi UjIeHU PiBHAH-
HA B JIIBY YaCTUHY, TO MOYKHA BUHECTU
3a IYsKKHU CIiJIbHUNA MHOMKHUK 2 COS X.

OckiJbK1 00u1Ba MHOKHIKY MAIOTh
3MicT Ipu Oy Ab-AKNX 3HAUCHHAX 3MiH-
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§ 20. TpMroHOMeTpUYHI PIBHAHHSA 3 NapamMeTpamMu

HOI x, TO piBHAHHA (1) piBHOCHIBHE CY-
KynHocTi cos x = 0 abo sin x — 2a =0,
TOOTO CYKYIIHOCTI
cos x =0 ab6o sin x = 2a.
s piBuaaHA cos x = 0 Mu MoKeMO
3amucaTyu KOpeHi npu 0yab-AKUX 3HA-

KOPeHiB | |x = (—1)"arcsin (2a)+ nn, yeHHAX a (Y IbOMY PiBHAHHI mapamMmeT-
HeMae neZz paa HeMae), a OT y piBHAHHI sin x = 2a
BCe 3aJIe’KUTh Big mpaBoi uacTuHU:

Bionosidv: AKIITO | 2a | > 1, To KOpeHiB HemaEe, a
(muB. y Kimmi sayBaskennsa). <l armo | 2a | < 1, To kopeni e. Omxe, 10-

BOAUTHCA PO30MBATH PO3B’A3YBaHHSA
IIHOTO PiBHAHHS Ha BA BUNAKU.

3ayBaeHH d. [[J14 3anucy ogep:kaHnX BiAIOBiAel (BOHU Ha cXeMax po3Mmi-
IIeHi B IPAMOKYTHUX PAMKAaX ) AOILLIbHO YTOUHUTH, IPU SKUX 3HAUCHHAX d BUKO-
HyOThCA 00MesxenHs | 2a | < 1 Ta | 2a|> 1. Jlna nporo po3s’A3yeMo BiamoBigHi
HepiBHOCTI:

. 1 1
axmo | 2a | < 1, roxi -1 < 2a < 1, To6TO —E<a <E;

. 1 1
akmo | 2a |> 1, roxi 2a < —1 a6o 2a > 1, To6TO a<-— abo a>-.

11106 mosterminTy 3anuc BiAmoBiai y ckniadnux abo epomizdxux sunadxax, 300-
pasumo eico napamempa (a)i gi0mimumo Ha Hill yci 0co6U6i 3HAYEeHHA napamem-
pa, aki 3’aeuaucs 6 npoyeci po3s’a3yearnns. I1io eiccio napamempa (nigiute 6i0
Hel ) sunuuLemo 8ci 00epHcaHi po38’ a3k ( KpiM « KOPeHi8 HeMae» ) i Hanpomu Koxc-
HOT 8i0n08i0i 8i0MIiMUMO, NPU AKUX 3HAYEHHAX NAPAMEemPa 4o 8i0nosidb MOHHA
sukopucmosyeamu (IuB. cxemy HUKYe). [Ticas yb0zo 6i0n06idv 3anucyemucs 0
KOXMCHO020 3 0COONUBUX 3HAYEHD i 0L KOHCHO20 3 00ePHCAHUX NPOMINCKIE.

e 1
-} ol

a

1. x=%+nm, ME Z s e e

2.x=(—1)"arcsin (2a) +nn,ne Z
I3 miei cxemu mobpe BUAHO, IO IPU @ < —% abo a >% y Bifmosiab moTpi6bHO
. 1 1 .
3aIiCcaTy TiJIbKH OIHY (popMyJIy, a Ipu 5 <a< 5 Al dopmyan.

Bionogidv: 1) aximo a<—% abo a>%, TO x=%+nm, me Z;

2) Ko -—S<a <

N |
N |

, TO x=§+nm,me Z,
x = (—1)"arcsin (2a) + nn, n e Z.
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Ipuxknax 3. Poss’axiTh piBHAHHA
tg 2x =actg x. (1)

KomenTap
s po3s’A3yBanHA piBHAHHS (1) BUKOPHUCTAEMO PiBHOCUJIBHI IE€PETBOPEHHS.
Toxi mu 0608’ s13K0B0 moBUHHI BpaxyBatu O[3 saganoro piBaauHs. {15 [{OTO
3aIMCyEMO YMOBU iCHYBaHHSA TaHTeHCa TA KOTaHIeHca i po3B’A3yeMo Bifgmosiaui
oboMekeHHsa. My MOKeMO 3BeCTH BCi TPUTOHOMETPUYHI (PYHKILIT 0 OZHOTO apry-
MEHTY X, BUKOPUCTOBYIOUHM (hOPMYJy TAHTeHCAa IIOABiHHOTO apryMeHTY, a IOTiM

3BeCTHU BCi BUpasu 10 ofHiel pyHKIIII tg X, BUKOPUCTOBYIOUM (popMyay ctgx = %
gx

Aue BUKOpucTaHHA BKa3aHUX GopmMys npuBoaAuTS a0 3By:KeHHA O3 (Tads. 36)
i, 11100 He BTpaATUTU KOPEHi 3aJaHOT0 PiBHAHHS, Ti 3HaYeHHS, HA K1 3BYKY€EThCA

o3 (x = g+ nk) , TOTPiOHO PO3TIIAHYTH OKPEMO.

IIpu x # > + Tk 3BOAMMO BCi TPUTOHOMETPUYHI BUpasu A0 ogHiel hyHKIIIT i BUKO-

HY€EMO PiBHOCUJIbLHI IIEPETBOPEHHS O/IEPKAHOT0 PIBHAHHA
2tgx a
Twgs igs @
Ha O/13 piBusanns (1) 3sHamMmeHHUKY AP0OiB Y piBHAHHI (2) HE JOPiBHIOIOTH HYJIIO.
Omixe, Imicasa MHOMKEHHA 000X YaCTUH PiBHAHHS Ha BUPA3H, 1[0 CTOATH Y 3SHAMEH-
HUKAaX, ofepKyemMo piBHaHHA (2 + a) tg? x = a, piBHOCUILHE piBHAHHIO (2).
1) Axmo 2 + a =0, To6To a = —2, To ofgepskyemMo piBHAHHA 0 - tg2x = -2, aKe He
Ma€ KOpPeHiB.
a
a+2’
11106 posB’sizaTu 11e PiBHAHHSA, TOTPiOHO 3HATHU 3HAK BUPA3y, SKUH CTOITH ¥

npasiii yacTuHi, ocKinbKy tg2 x He Mmoske OyTH Bix’eMHUM. Po3riigHeMo AJ1s mpasoi
YACTUHU TPU BUNALKN: BOHA MEHIIIa HYJIsS, JOPiBHIOE HYJII0, OiabIna HyJid. To6TO
OIaJIbII MipKyBaHHS IIPOBEIEMO 32 CXE€MOIO.

2) fAxmo 2+ a # 0, To6T0 @ #—2, TO ofepryeMo tgZx =

3BUYANHO, IJA KOXHOTO BUIIAAKY
TOTPiOHO YTOUHUTH, IIPU AKUX 3HAUYEH-
HAX 0 BUKOHYETBHCA BiAIIOBigHE 0OMe-
JKEeHHs, i 17151 KOXKHOI'0 OIePyKaHoro pos-
— B’sIBKY IOTPiOHO IIepeBipuTH, BXOAUTH
a+2 a+2 a+2 Bin 10 OJ13 3a7aHOT0 PIBHAHHS UM Hi.

PosB’aszauusa

2+ +mn, ne Z, ) X#—-+—, neZ,
2 Toxi
xX#mm, me Z, X #mm, me Z.
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§ 20. TpMroHOMeTpUYHI PIBHAHHSA 3 NapamMeTpamMu

L Ilpu x= % +mk, ke Z,3pisuauns (1) ogepsxyemo tg (n+2nk)=actg (% + nk),

T06T0 0 = a - 0 — piBHiCTH, IPAaBUILHY NP OYIAL-AKKUX 3HaUeHHAX a. OTiKe,
IpHU BCiX 3HAUEHHAX IIapaMeTpa a 3ajlaHe PiBHAHHSA Ma€ KOPeHi

x=%+nk, ke Z|.

T : .6 — =
II. IIpu x¢5+nk oJlep;KyeMo piBHAHHSA (2) : 1-te’x tax’

2tgx a

saxe Ha OJ13 piBHocuibHe piBuanHIO 2 tg2x =a — a tg?x. 3Bigcu
(2+a)tg?x=a. 3)

1) Ao a = —2, To KOpeHiB HeMae.

2) SIkimo a # —2, To piBHAHHA (3) piBHOCUJIbHE PiBHAHHIO

tg2x=—2—, (4)
a+2
a) fxmo —2 5 < 0, To KOpeHiB HeMae.
a+
. . a . .
Po3B’a3aBI11M HEPiBHICTE —3° 0 meromom inTepBamis - -
(nuB. pUCYHOKR), ogepaKyemMo—2 < a < 0. 5 0 -

Otsxe, mpu —2 < a < 0 |[KopeHiB HeMaE |.

6) Axmo -2 5= 0 (To6To a =0), omep:kyemo piBHAHHA tg x = 0, AKe Mae KOpeHi
a+

x =Tk, ke Z. Ane iii kopeHi He BxogaTh 1o OI13 3aganoro piBaauua. OTixe,
inpua =0 |kopeHis Hemae |.

B) fKIro L2>0 (To6TO @ < —2 abo a > 0), To 3 piBHAHHA (4) 0ZEPIKYEMO
a+

tgx =1+ ,/——. 3Bigcu x=arctg(i,/L)+nl, le Z.
a+2 a+2

3’scyeMo, IpU IKUX 3HAUEHHAX @ OJlePsKaHi KopeHi piBHAHHSA (4) He BXOASATH
o O03. i 1boro AOCUTD Yy PiBHAHHS (4) 3aMiCTb apryMeHTY X IIiICTaBUTHU «3a-
OopoHeHi» 3HaueHHs. BpaxoByoun, 1110 PyHKIIT, AK1 BXOIATH 0 3aIIK1CY 3aaHO-

ro piBuaAHHA (1), MaloTs cuineHuit mepion T = 7 (tg 2x mae nmepiox T, = g, actgx

mae nepion T, = 1), ZOCUTH NiJICTABUTH 111 3HAYEHHSA TiIbKM Ha OXHOMY Iepioni,
HaIPUKJIaL, HA TpoMiskKY [0; ]. ¥V npomy mpomizkky g0 OI13 He BXOAATH Taki

sHaueHHsd: 0; %; %; n. ITpu x = 0 a6o x = n 3 piBHAHHSA (4) 0ZIePKYEMO PiBHICTH

a

5= 0, To6To a = 0. Bunagox a = 0 mu B:Ke gocuaiguiu (Kopeuis Hemae). [Ipu
a+

x =§ abo x = % 3 piBHAHHSA (4) 0eP:KYEMO Lz =1. Ane ipu :XogHOMY 3HAUEH-
a+
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Hi @ 11 piBHiCTH He MOKe BuKoHyBaTucA. OTike, IIPU BCiX 3HAUEHHAX a < —2 a00

a > 0 omep:xaHi po3B’A3BKU x=arctg(i ”Lz)'i- nl, le Z| Bxomars no Ol13
a+

OYaTKOBOTIO PiBHAHHA.

300pasumo ofiepsKaHi BigmoBimi:

|

[\V]
-—to
f

1) x=g+nk, ke Z

.

2) x=arctg(i,¢%)+nl, l€ 7 —
a
Bidnosidv: 1) akmo -2 <a < 0, 1o x=g+nk, ke Z;

2) axmo a < —2 a6o a > 0, To x=g+nk,ke Z, x=arctg(i ﬁ/%)Htl, le Z. <
a

20.2. JOCNIAHNLDBKI 3A0AHI 3 MAPAMETPAMUA

Kpim 3aBgaHb 3 mapaMeTpaMu, v SKUX BUMaracThbCsa «PO3B’A3aTH PiBHAHHSA
a00 HEepiBHICTH» , YACTO IPOIIOHYIOTHCA JOCTIiTHUIIbKI 3aBJaHHA 3 HapaMeTpaMu.
Taxki saBmanusa iHOAL BHaeThCA PO3B’sI3aTH 3a JOIIOMOI0I0 6e3IocepeaHix oounc-
JIeHb: pO3B’A3aTH 3aJjaHe PiBHAHHA a00 HEPiBHICTS i mic/Is ILOT0 faTH BiAMOBi AL
Ha 3anmuTaHHdg 3afgadi. [I[poTe 1ocUTh 4acTo JOCHifHUIbKI 3aBIaHHA He BIAETHCS
posB’asaTu 6esmocepeqHiMu obuncaeHHAME (a00 TaKi 0OUMCIeHHS € AysKe IPo-
Mi3IKMMM), i TOMY JOBOJUTELCS CIIOUATKY OOI'PYHTYBATH AKYCh BJIaCTHUBiCTh 3aa-
HOTO PiBHAHHSA 200 HEPiBHOCTI, a ITOTiM, KOPUCTYIOUNCH ITi€I0 BJIaCTUBICTIO, BiKe
JaBaTU BiAIIOBiAb HA 3alIMTAHHS 3a0aYi.

Posrnaremo nmeAaki 3 Takmx BiacTuBocTeil. Hampukiazn, 6epydym g0 yBaru
napHicTh QYHKITiH, IIT0 BXOAATH 10 3aIIMCY 3a1aHOTO PiBHAHHSA, BUKOPUCTOBYETh-
caTaKuil opieHTHUp.

Axwo 6 pienanni f (x) = 0 pynkuyia f (x) € naproio abo nenaproro, mo
pas3om 3 6y0v-aKum Kopenem O MU MOIHeMO 6Ka3amu u,e 00UH KOPiHb
Y5020 pi6HAHHA (—OQ).

Ipuknax 1. 3HaAiTh yci3HAUEHH IapaMeTpa @, IPU SKUX PiBHAHHS
a?cos’x—x*—a=0 1)
Ma€ EqUHUNA KOPiHb.

PosB’asanusga Komenrap

P dymrniaf(x)=a?cos’x—x2—ae ITomiuaemo, 110 B JIiBili vacTuHi 3a-
napuoio (D(f)=R, f (—x)=f (x)). fIkmo | maHOro piBHAHHSA CTOITH MapHa PYHK-
X =0.— KOpiHb piBHAHHA (1), TOX =—0 | Iis, i BUKOPUCTOBYEMO OPiEHTHUD, HaBe-
TeXX € KOpeHeM I1boTo PiBHAHHA. ToMy | meuwii Bure. I[ificHO, AKIIO X = Ol —
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€IUHUI KOPiHb Yy 3aJaHOT0 PiBHAHHS
MOJKe OyTH TIIBKHY TOMi, KOJIU O = —0l,
T06TO O = 0. OTKe, EAMHUM KOpPeHeM
3aJaHOT0 PiBHAHHSA MOKe OyTHU TiIbKH
x=0.

Axmo x =0, To 3 piBHAHHA (1) oxep-
sKyemo a? —a =0, TooTo a(a — 1) = 0.
3Bigzcua=0a6oa=1.

IIpu a = 0 piBEanHsa (1) nmepeTBo-
proeThbes Ha piBHAHHA x2 = 0, AKe Mae
enquHUY KOopiub x = 0. O1ike, a = 0 3a10-
BOJIbHSIE YMOBI 3a1aui.

ITpu a = 1 maemo piBHAHHSA
cos?x —x2—1=0, TobTO

cos?x =1+ x2. (2)

Ockimprucos?x<1l,al+x?2>1, 10
piBHAHHA (2) piBHOCUJIBHE CUCTEMI

cos x2=1,
1+x2=1.

3 Ipyroro piBHAHHSA CUCTEMU OleP-
sKyeMo x = 0, 1110 3aJ0BOJILHSAE 1 IIepIIIo-
My piBHAHHIO. OTIKe, 15 CUCTEMA, a 3Ha-
YUTh, i piBHAHHA (2) Mae eIUHUN PO3-
B’as30k x = 0. Orsxe, a = 1 TakoK 3a70-
BOJIbHSIE YMOBI 3a/1aui.

Bionogidv:a=0,a=1. <

Kopiub piBusaaHA f (x)=0,T0f (00) =0 —
IpaBUJIbHA YMCJIOBA PiBHiCTh. BpaxoBy-
oun napHicts GyHKIIL f (x), Maemo
f(—o) = f (o) = 0. OTore, x = —0, TEXK
Kopiub piBuauuda f (x) = 0. €EquHnii Ko-
PiHB Y IIHOTO PiBHAHHA MOKe Oy TU TiJIb-
KU TOJi, KOJIX KOPeHi 001 — o ciBmajga-
1oTh. Tomi x=o=-o= 0.

3’scyeMo, U1 iCHYIOTh TaKi 3HAUEH-
Hs ITapameTrpa a, npu axux x = 0 € Ko-
pesem piBHAHHA (1). (Ilea=0ia=1.)

Ockinbku sHaueHHAa=0ia=1wMnu
oJlep:KaJiu 3 YMOBH, 1110 X = 0 — KOpiHb
piBHsHHA (1), TO He0OXimHO ITepeBipu-
TU, YU TiNCHO IPU ITMX 3HAUEHHSAX @ 3a-
laHe PiBHAHHS MaTUMe €IUHIN KOPiHb.

st poss’sisyBauHsa piBHAHHA (2)
OIIiHMMO HOT0 JIiBY i IpaBy YaCTUHMU:

f(x)=cos?x,g(x)=1+ x2

(cos?x)=(1+x%) &

0<f(x)<1]| gx)>1]

cosx2=1,
1+x2=1.

IIpu po3B’A3yBaHHI JeAKNX JOCIIAHUIILKUX 3a4a4 3 IapaMeTpPaMu JoIoMarae

BUKOPUCTAHHS TAKOTO OPieHTHUDY.

Aruw,o0 6 ymosi 3adaii 3 napamempamu 2060puUmbCsa npo me, w0 3a0aHe Pi6HAH-
Hs YU HepiBHiCMb MAOMb PO38° A3KAMU 8CL 3HAUEHHS 3MIHHOL 3 0eKO0T MHOMCUHU,
mo iH0di KopucHo nidcmasumu KOHKPemHi 3HAYeHHs 3MIHHOL i3 3a0aHOT MHONCU-
Hu i o0epicamu OesKi 00MedxnceHHA HA napamemp.

3HalaiTe yci napu uucel (a, b), 11 SKUX KOPeHAMET PiBHIHHSA
a(cosx—1)+b%>=cos(ax +b?) -1 (1)
OyayThb BCi gificHi umcia.

IIpuxaan 2.

PosB’a3anusga KomenrTap

P K10 KOpeHAMY 3aJaHOTO PiBHAH-
H € BCi mificHi umcia, To KopeHeM Oye
i ymcyio HyJIb.

Mu me B 3M03i posB’sizaTu 3amaHe
piBHAHHA (aJie oro i He BUMAaraioTh Po3-
B’sA3aTH), TOMY CKOPUCTAEMOCS TUM, II[0
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IIpu x = 0 omepsxyemo b? = cos b?—1,

TOMIL
1+ b% = cos b2. (2)

Bpaxosymoun, mo 1 + b2 > 1, a
cos b? <1, omepKyemo, 1110 PiBHAHHEA (2)
1+b%2=1,
cosb?=1.

3 IepIoro piBHAHHSA CUCTEMU OJIep-
sKyemo b = 0, 1110 3aJ0BOJIbHSE i APYTO-
My piBHAHHIO. OTIKe, 14 CUCTEMA, a 3Ha-
YUTh, i piBHAHHSA (2) MalOTh €EAUHUN
posB’asox b= 0.

Takum ynHOM, YMOBa 3aa4yi MOKe
BUKOHYBaTUCA TiJibKU npu b = 0.

ITpu b = 0 piBaauHa (1) meperBo-
PIOETHCA HA PIBHAHHA

a(cosx—1)=cos(ax)—1. (3)

Aule 3a yMOBOIO KOPEHAMHU PiBHAHHS
(1), a3HAUUTH, i piBHAHHS (3) TOBUHHI
OyTu BCi gificHi uncia, oTiKe, KOpeHeM
oyme i uncio 27. ITpu x = 2m ofmeprryemMo
0 = cos (2ma) — 1, Toxi cos (2na) = 1,
To0TO 21 = 21k, k€ Z. OTKe, a = k&,
k € Z (TakuM YTHOM, @ — IIiJIe Y1CJIO).

SAximo kopeHamu piBHAHHS (3) € Bei
n
e

piBHOCHUJIBHE CHCTEMi

JificHi umciia, To KopeHeM Oy/ie i umciio
IIpu x =% OIEPIKYEMO —@ = COS (%a) -1.

Ockinbku cos (ga) MIpU IiJIuX 3HA-
YeHHAX a Ha0yBae TiabKY 3HaueHb 1; 0;
-1, To a Mmoke HAOyBATHU TiIBLKU 3HA-
yenp 0; 1; 2.

Axmo a =0 (i b = 0), To piBHAHHA
(1) mae Buraan 0 (cosx—1)=cos0—-1,
10610 O(Ccos x — 1) =0, i fioro KopeHAMU
€ BCi miticHi umcaa. OT:Ke, mapa uucesa
(a, b) = (0; 0) 3agoBOIBLHAE YMOBI 3a-
maui.

Axmo a =1 (i b = 0), To piBHAHHA
(1) mae Burasag cos x — 1 =cos x — 1,

3a YMOBOIO 10T0 KOpeHAMU OyAyTh yci
mivicui umeaa, i mizcraBUMO 3aMicThb
3MiHHOI X AKiCh KOHKDETHi 3HaUeHH.

Ilis mimcTaHOBKY HayacTiie BuGu-
paroTh Taki 3 HUX, AKi TO3BOJISIOTH IIe-
PeTBOPUTHU SKUICH BUPa3 Ha HYJIb. Tak,
npu x = 0 Bupas y mepiux Jy:KKax 10-
piBHIOE HY1I0. PO3B’s13y10uM ofieprKame
piBHsHHA (2) BigHOCHO b, OTPUMYEMO
enuHMI po3B’s130K b = 0.

Axio b#0, To piBHicTS (1) HEe MOXe
OyTu npaBuabHOO npu X = 0, To6TO
x = 0 He Oyie KOpeHeM 3aJaHOT'0 PiBHSAH-
Hsl, a 3HAUUTD, IIPU [IUX 3HAUYEHHAX b
piBHAHHA (1) He MOXKe MaTH KOPeHAMU
BCi gificui umeia.

Crpobyemo 111e pa3 mepeTBOPUTH BU-
pas y nmepuinx AyKKax Ha HYJb, BUKO-
PUCTOBYIOUH Te, ITI[0 YHCJIO 2T € Iepio-
moM (PYHKIIi1 cos X, OT:Ke, uepes 27 3Ha-
YeHHS B MEPIIUX IYKKaX 0y1e IOBTO-
proBaTtucs (ImigcTaBiageMo x = 27).

IToriMm cipoGyeMo IIepeTBOPUTH Ha

. T
HYJIb cOS X (IIigcTaBasgeMo x = E)'

. T
IIpu mismomy a 3HAYEeHHA Ea Ha ou-

HUYHOMY KOJIi 300pasKyHOThCA Ha
KiHIISIX TOPU30HTAJBHOIO Ta BEpPTHU-
KaJIbHOTO AiaMeTpiB, OT:Ke, 3HAUeHHS

cos (ga) MOKYTb OyTu Tinpkm: 1, —1
i0.

OckinbKu 3HAUEHHSA a i b Mu oTpu-
MaJIu IIPHU ITiICTAHOBIII B 3ajaHe PiBHSIH-
HA TiJIBKU TPHOX 3HAUEHbD X, TO HE00Xi-
JIHO IIepeBipuTH, un OyaAyTh yei gificHi
ypcJja IpyU MUX 3HaYeHHA a 1 b KopeHs-
MU 3aJaHOTO PiBHAHHA, TOOTO Iepe-
BipuTu, un 6ye piBuAHHA (1) mepeTBo-
proBaTuCA Ha IPaBUJIbHY PiBHiCTD IIpHU
BCiX AifiCHMX 3HAYEHHSIX X.
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i loro KopeHAMU € BCi AificHi umca.
Omxe, mapa uuces (a, b) = (1; 0) sago-
BOJIbHSIE YMOBI 3a1aui.

Axioa= 2 (ib=0), To piBuanHA (1)
mae Buran 2(cos x — 1) = cos 2x — 1.
KopeHnsamu 115010 piBHAHHS HE MOMKYTH
OyTu BCi mificHi umciia, OCKiJIbKY Kope-
HeM He € X = T (IpHU IIiACTaHOBIIi ofep-
JKYEMO HeIIpaBUJIbHY piBHicTh —4 = 0).
Orxe, napa uucel (a, b) = (2; 0) ue 3a-
JIOBOJIBHSIE YMOBI 3a/1aui.

Bidnosios: (0; 0), (1; 0). <

Y Bunagry, konua=2ib=0, ogep-
JKy€eMoO, 110 cos 2x = 2 cos x — 1. Ax6u
151 piBHiCTH OyJIa MIPaBUJILHOIO IIPU BCiX
3HAUYEHHAX X, TO Iie OyJia 0 1m1e oma hop-
MYyJia KOCUHYcCa IIOABiTHOTO apTryMeHTY .
Aure raxoi opmysiu HeMae, OTIKE, MOMK-
Ha BKas3aTH AKeCh 3HAUEHHS X, IIPU TKO-
MY IS PiBHICTb He BUKOHYETBHCS.

20.3. BUKOPUCTAHHA YMOB PO3MILLLEEHHSA KOPEHIB
KBAAPATHOIO TPUYJIEHA f(x) = ax®*+bx + ¢ (a #0)
BIAHOCHO 3AJAHNXYUCEN AiB

Po3B’sa3yBanHsa JeAKNX JOCIAIAHUIIBKUX 3a1aU 3 TapaMeTPaMi MOYKHA 3BECTHU
JI0 BUKOPHUCTAaHHSA JOCTATHIX YMOB PO3MiIlleHHSA KOPEeHiB KBaAPaTHOTO TPUUJIEHA.
OcHOBHI 3 X YMOB HaBeeHo B Tabuili 37 (y TabauIli BUKOPHUCTAHO TPASUITiHHI

IIO3HAYEHHA X, = _zi’ D =b*—4ac).
a

Ta6bauma 37

_ [locTtaTHi yMOBM pPO3MILLLEHHS KOPEHIB
PosMILLieHHA y 3araflbHOMy
KOpeHiIB
p npva>0 npra<0o0 BUNanKy (a # 0)
1. x, <A; D>0;x,<A;
x,<A f4)>0 D>0,
x, < A,
—_——
X xy A X1 %o X2/ a-f(A)>0
A X
2. x,<A<x, faA)<o0 faA)>0
o — o a‘f(A)<0
xq A xy A X1 A X2 x
X7 Xy X
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IIpomossxk. Taba. 37

Po3MmiLLeHHA

LocTaTHi yMOBW pO3MILLLEHHS KOPEHIB

: y 3arafibHOMy
KOpeHIB npua>0 npra<0o0 BUnanKy (a # 0)
3. x,>A; D2>0;x,> A; D2>0;x,> A;
x,>A f(A)>0 fA)<0 D>0,
x,> A,
A i X \x; %o x; a-f(A)>0
A X
4. A<x <B; D>0;A<x,<B D>0; A<x,<B
A<x,<B f(A)>0;f(B)>0 D=0,
A<x,<B,
—_—— O
A x; x5 B a~f(A)>O,
a-f(B)>0
5 x, <A; fA)<0;f(B)>0| f(A)>0;f(B)<0
A<x,<B
x B {a~f(A)<O,
o ° ° o— A Xy i A Xy i X af(B)>O
Xy A X9 B |
X1 B Xx
6. A<x <B; f(A)>0;f(B)<0| fLA<0;f(B)>0
x,>B
! A x5 a-f(A)>0,
A x B x, ANl 4 i 1 B * a-f(B)<0
A Xy X |
7. x, <A; fA)<0;f(B)<0| f(A)>0;f(B)>0
x,> B
X Xy {a~f(A)<O,
X A B 1, A B A B x a-f(B)<0
X7 X9 X
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MosicHeHHs1 11 0GI'PYHTYBaHHS

st oOTPYHTYBAHHS 3a3HAUEHUX YMOB JJOCUTb CKOPUCTATUCS TUM, 1110 rpadik
GyHRII f (x) = ax?+ bx + ¢ (a # 0) cyninsHa (HepospusHa') giHig. AKmo Taka
GyHKIiA HA KIHIIAX SKOTOCh IPOMiKKY HaOyBae 3HaAUEHbD 3 PisHUMU 3HAKaMu (T00-
TO BiAmoBigHiI TouKM rpadika 3HaAXOAATHCS B PiSHUX MiBOJIONIMHAX BiJHOCHO
oci Ox), To BcepeInHi IIbOr0 IPOMiKKY € IIPUHANMHI OHA TOUKA, Y AKiil QyHKIIiA
nIopiBHIOE HYJIIO (puc. 98).

Hanpuknan, das mozo wo6 08a pi3Hi KOpeHi K8a0pamHozo mpuijeHa
f(x)=ax?+bx+c(a#0)npua>00yau posmiuierni no pidui 60ku 6i0 3a0aH020
yucaa A, docmamuwvo 3agircysamu minvku 00y ymosy f (A) <0 (puc. 99).

@ [liiicHo, rpadik KBagpaTuunOi PyHKIII f (X) = ax?+ bx + cnpu a >0 — napabo-

Ja, BiTKY K01 HanpsaMJeHo Bropy. To/i y BUIIagKy, KOJIH apTyMEHT X IIPAMYE

0 +00 ab0 Mo —oo (Ile MO03HAYAETHhCA 3BUUYANHO TaK: X — +00 abo x — —0)

dyurmia f (x) aupamye g0 +0 (f (x) — +0), oTsxe, f (x) > 0 mpu x — +° a6o

x — —o0, fKImo BuKouyeThesa ymona f (A) <0, To npu 3MiHi 3HAUEHHA apryMeH-

Ty X Big A 10 +00 kBaapaTuuHa QyHKIA f (x) 3SMiHIOE CBili 3BHAK 3 «—» Ha «+»,

oTKe, [ (x) Mae IpUHANMHI OUH KODPiHb X, > A.

Tax camo npu 3MiHi 3HAUEHHSA apTyMEHTY X BiJl —0° 10 A KBaJipaTuuHa PyHKI[is

f (x) sMimIoe cBili 3BHAK 3 «+» Ha «—», oTiKe, [ (X) Mae IpUHAKMHI OJMH KOPiHb

x, <A. Ane xkBanpaTHuii TpudIieH [ (x) He MOXKe MaTH GijbIe 1BOX KOPEeHiB,

omike, npu a > 0 ymoBa f (A) < 0 mocraTHaA A TOro, 100 ABa Pi3HiI KOpeHi

KBaJpaTHOTO TPUUJIEHA BHAXOUIINCA IT0 PisHi 60K u Bix 3aganoro unciaA.

Amnanoriuni miprkyBanuda npu a < 0 IoKasymTh, 1110 AJIs BUKOHAHHJ IT1iel camoi
BuMoru gocuth ymoBu f (A) > 0. Ii 1Bi mocTaTHi yMOBU MOKHA 00’ € JHATU B OHY:
a-f(A)<O0.

HiticHo, sixmoa >0ia-f(A)<0,10f(A)<0,aakmoa<0ia-f(A4)<0,To

f (A) > 0. OT:xe,

axuyo sukonyemveaymosaa-f (A) <0 mpua#0), mo keadpamnuii mpu-
unen f (x)=ax®+bx + c mae déa pi3Hi KOpeHi, U0 3HAX00AMbCA NO PI3HI
6oxu 6i0 3a0anozo wucna A.

y +

E2) Xy x

S G

Puc. 98 Puc. 99

* BiJIbII CTPOTO BiAOBiAHY BiacTUBicTh Oyme oOrpyHTOoBaHO B 11 Kiaci mig uac poarasamy
TaK 3BAHUX HeIllepepPBHUX (MYHKILii.
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Amnaoriuao o0Or'pyHTOBYIOTHCS i iHIII OCTAaTHI yMOBU, HaBeAeHi B TabauIri 37.

3ayBasK1UMo, 1110 HaBeJeHi yMOBHM MOJKHA CIIeI[iaJbHO He 3amaM’ sTOBYBAaTH, a
I IXHBOTO 3aIIMCY KOPUCTYBaTHCA rpadgikoM KBagpaTudHoOi PYyHKILIT (300paske-
HUM IJIA IIOTPiOHOr0o po3Mill[eHHsI KOPeHiB)i TaKUM Opie HTU P O M.

s mozo w00 kopeni keadpammuozo mpuunena f (x)=ax?+bx + c (a#0) 6yau
posmiuteri 3a0aHUM YUHOM 8iOHOCHO 0aHuX Yucenr Ai B, 0ocumb BUKOHAHHS CUC-
memu ymos, AKa 6KLI0UAE:

1) 3nak kKoeiyicuma npu cmapuiomy waeHi;
2) snaxu 3nauenwvf (A)if (B);
3) 3naxk duckpuminauma D;

b
4) nosodxieHHs abcyUCU 6epULUHU NapabosU (xo = —2—)
. . a
8i0HOCHO 0anux yucen A i B.

3a3HaunMo, 10 AJIA BUIIaAKiB, y IKMX X04a 0 ofHe 3 JaHUX YHCeJ 3SHAXOAUTh-
csA MisK KOPeHsSMMU KBaJAPaTHOTO TpuujaeHa (JUB. IPYTuil, I’ AT, IIIOCTUH i cho-
MU pAgKY Tads1. 37), JOCUTHL BUKOHAHHS IIEPIINX JBOX YMOB IILOT'0 OPi€HTHDPY, a
IS iHIITUX BUNAKiB JOBOAUTHCS PO3TJIALATH BCi voTupu ymMmoBu. TakoK 3ayBa-
JKUMO, 1110, 3aIIUCYIOUN KOKHY 3 YKa3aHUX YMOB, CJIiJ] IOAUBUTUCS, YU Oy/1€ BUKO-
HyBaTHCA BUMOTA 3aJjavi B TOMY BUIIAAKY, SKIIO B I[ill yMOBi 3anucaTu 3HaK He-
CTPOTO1 HepPiBHOCTI.

Ipuknax 1. 3HaligiTh BCi 3HAUEHHSA ITapaMeTpa d, IJIA AKUX PIBHAHHS
cos2x+asinx—9=0 (1)
Mae€ KOpeHi.
KomenTap

CroyaTKy BUKOHAE€MO PiBHOCHJIbHI ITIePeTBOPEHHSA 3a/JaHOTO PiBHAHHSA: 3Bee-
MO JIO OJTHOT'O apr'yMeHTY i 1o oaHiel (PyHKIIiI, a mOTiM BUKOHAaEMO 3aMiHy Sin x =t£.
Caix BpaxoByBaTH, IO NiC/A 3AMIHU 3MIHHOL iH00L 3MIHIOEMbCA 8uMOoza 3adadyi,
30KpeMa IJid piBHAHHA (2) BoHA Oy/je TAKOIO: 3HANTY BCi 3HAUEHHA ITIapaMeTpa a,
UL SIKUX Ie PIBHAHHA Mae Xxo4a 60 ofuH KOpiHb y mpomiskKy [—1;1] (Toxi micas
o0epHEeHOI 3aMiHM MU 3HAHAEeMO KOpPeHi piBHAHHA sin X = ¢, a 3HAYUTH, i KOpeHi
piBaaaHg (1)). Ile MOKJINBO B OAHOMY 3 TPHbOX BUIIAJKiB: a00 00uaBa KOpeHi
piBHAHHS (2) 3HAXOAATHCA B I[bOMY IIPOMIMKKY 400 TiJIbKY OQUH 3 KOPEHiB PiBHAH-
H (2) 3HaxoauTheA B IPOMisKKY [—1;1], a ipyruii — npaBopyd abo JIiBOpYY Bif IHOTO
MPOMisKKY. 300pasuBIIIY BigmoBigHi eckisu rpagdikis pyurii f () = 2t2 —at + 8
(ouB. pUCyHKH), 3a HaBeIeHUM opieuTupom (abo 3a Tabauiero 37) samucyemo
BiAmoBimHi mocTaTHi yMoBH po3MilienHsa KopeHiB (3)—(5). IIpu mboMy BpaxoByeMO,
1o y Bunaakax, koJuu f (—1) = 0 abo f (1) = 0, To ymoBa 3ama4i Te:X BUKOHYETHCS.

3)

|

[Iy ES——
<'

[y S

~
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V kiHIi Heob6xigHO 06’ €JHATH BCi OTpUMAaHi pe3yIbLTATH.
3a3HaYNMO, II10 JJIs OfePKaHHA BiAMOBiAl MosKHA Po3B’A3aTu piBHAHHA (2):

_at+a®-64

t == a IOTiM PO3B’A3aTU CYKYNHiCTh HepiBHOCTe#: -1 <t <1,
—1<1t¢,<1, ane HepiBHOCTi 3 KOpeHAMU (ippanioHaIbHi) Oy/ie POSTIAHYTO TIIbKH
B HACTYIIHOMY PO3/iJIi, Ta i po3B’A3yBaTU iX JOCUTH CKJIALHO.

Posp’ssaunsa
P Sajmame piBHAHHSA piBHOCHJBLHe piBHAHHAM: 1 — 2 sinx +asinx —-9=0,
2sin?x —asinx + 8 =0. 3amina sin x = ¢ faec piBHIHHSA

2t2—at+8=0. (2)

PiBuanusa (1) matuMme KopeHi Toxi i TimbKyM ToAl, KOs piBHAHHA (2) MaTuMe

x0ya 0 OUH KOPiHb y npoMiskKy [—1;1].
1) s Toro 1106 o6uaBa KopeHi KBagpaTHoro rpuuieHa f (t) = 2t — at + 8 sauaxo-

f(1)=0,
. f@=0,
IUJINCS B IIbOMY ITPOMisKKY, TOCUTH BUKOHAHHS YMOB D>0 (3)
-1<¢,<1.
2) Ins Toro 1106 oguH KopiHub f () 3Haxonuscs B IpoMiskKy [—1;1], a npyruii —
. . f(-1)=>0,
npaBopyd Bix 1 (a6o B Tourri 1), 10CUTHL BUKOHAHHSA YMOB F <0 4)

3) s Toro 11106 oguH KOpPiHb f () 3Haxonuscs B IpoMiskKy [—1;1], a npyruii —

-1)<0,
aiBopyd4 Big —1 (a6o B Touri —1), 1ocUTh BUKOHAHHS YMOB {; 21) )> 0. (5)
Poss’sisyemo cykynHicTs cucTem HepiBHOCTE (3)—(5):
10+a >0,
12‘“ >0, 5o [104a>0, _ [10+a<0,
a*-64>0, 10-a<0 10-a>0
-1<4<1
4
a=>-10,
. 1la<10, a=>-10, a<-10,
Toni abo abo
a<-8aboa=8§, a=>10 <10.

-4<a<4
Ilepmra cucrema He Ma€e po3B’A3KiB, a 3 iHIuX ogep:Kyemo a > 10 a6o a < —10.
Bidnosidv: a € (—o0; —10] U [10; +o0). <]
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1.

10.

Bnpasu

Posp’soxiTs piBHaAHHS (1—2).
1)asinx=1; 2) a sin 2x = cos x;
3)atgx=sinx; 4)ctgx=acosx.

1)cos2x +2sinx +a—-1=0; 2) sin 3x — sin 2x = a sin x;
3) 89X _q, 4) asinx+tgx+1=——.
sin bx cos X
3HaiIiTh BCi 3HAUEHHS ITapaMeTpa, IPpU AKX PiBHAHHSI Ma€ KOPeHi:
1)2sinx+4cosx=a; 2)3sinx —4cosx=b;
3)acos 2x —sin x = 0; 4)cos 2x +acos x =0;

5) arcsin? x + (3a — 3) arcsin x + (a — 2)(5 — 4a) = 0.

IIpu sKuX sHAUEHHAX IapaMeTpa a piBHAHHA cos? 2x + (a — 3) cos 2x = 0 mae
o T, 57 . .

Ha Bipi3Ky [Z’ T} piBHO YOTHUPU KOPEHi?

3HauaiTe Bei mapu uucel (a, b), 119 SKUX KOPeHAMU PiBHAHHS
a(cos3x—1)+b%2—2b=cos (3ax + (b —1)?) — 2 6yayTs yci gilicui uncia.

3HalgiTh BCi 3HAUEHHSA MapaMeTpa @, Ipu SKUX PiBHAHHA (4a + 2) sin x +

+ 2a cosx +a +1=0mae TOYHO OJIMH KOPiHb, AKUU HAJIEXKUTD BiJIPi3Ky [O; %n]

Po3B’ a:xiTh HepiBHICTS:
1)2sinx >a; 2)(ba—T)cosx <a+ 5;

Za.

3)asin?x+2cosx—a+1>0; 4) COSX +——

ITpu aKUX 3HAaUEHHSAX IapaMeTpa @ 3aJlaHa HePiBHICTh BUKOHYETHCS ITPU BCiX
3HAYEHHAX X7
1) sinf x + cos® x + a sin x cos x > 0; 2)sin* x + cos* x > 3a sin x cos x.

IIpu AKX 3HAUEHHAX apaMeTpa a 3aJjaHe PiBHAHHSA PiBHOCUIbHE ?

1) sinx+L=0 i (sinx+l)<sinx—3)=0;
2 2 2

2) cosx—+=0 i (cosx—l)(costra_z):O;
2 2 2

3)sin2x+a=sinx+2acosx i 2cos2x +a?=5acos x— 2.

Po3sB’saxKiTh cucTeMmy:

{cosxcosy:az, ) {Sinxcosy=\/;,

sinxsiny =1. sinycosx=1.
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PO3B'A3YBAHHSA HEPIBHOCTEMN.
PIBHAHHSA | HEPIBHOCTI 3 MOAYJIAMWA

21.1. PIBHOCWUJIbHI NEPETBOPEHHA HEPIBHOCTEN

TA 3ATAJIbHUA METO/, IHTEPBAJIB

Tabnumsa 38

1. TTOHATTS HEPIBHOCTI i3 3MIHHOIO Ta i1 pO3B'A3KIB

O3Ha4eHHs

Mpuknag

SAkmro 1Ba BUpasu i3 3SMiHHOIO CIIO-
JYYUTU OOHUM i3 3BHAKIB >, <, 2, <,
TO OHEePIKYEMO Hepi6Hicmb i3 3MiH-
HOIO0.

V¥ zarasbHOMY BUTJISAI1 HEPiBHICTH 3
OHi€I0 BMiHHOIO X (HaITPUKJIA, IJIA
BUIIAAKY «OibIle» ) 3aIINCYIOTh TAK:

f(x)> g (x).

3x <1 — nmiHiliHA HePiBHICTH;
x2 — 3x + 2 > 0 — kBagparHa
HepiBHiCTB;
x-5
2x+4

<1 — npo6oBa HepiBHICTb.

Po3é’s3xom HepieHOCMI i3 3MIHHOIO
HA3UBAETHCA 3HAYEHHA 3MiHHOI,
sAKe MepPeTBOPIOE 3aJaHy HepiB-
HiCTh HA IPABUJIbHY YUCJIOBY HEPiB-
HiCTB.

Po3g’asamu HepieHicmb — 03HAUAE
3Hailmu 8ci i po3s’a3xu abo dosec-
mu, w0 ix Hemae.

X =4 — onuH i3 po3B’sI3KiB He-
piBHOCTI 2x — 8 > X, OCKiNIbKU
npu X =4 oep:KyeMo IPaBUIb-
HY HepiBHicTB: 2°4 — 3 > 4,
TOOTO 5 > 4.

2.0bnacTb fonycTu

MUX 3Ha4eHb (O13)

O6nacmio donycmumux 3Ha4eHs
(ab6o0 oGsacTIO BUSHAUYEHHS) He-
piBHOCTI HA3MBAETHCS CIIiJIBLHA 00-
JacTh BU3HAYEHHH O GyHKIili
f(x)ig(x), mo croars y JiBin
i mpaBiii yacTMHAX HEPiBHOCTI.

s HepiBHOCTI VX +2 <x OI13:
x+ 220, T00TO X = —2, OCKIIBKU
obsacTh BU3HAUYEHHA PYHKIiI
f(x)=vx+2 BusHauaersca ymo-
BoIO X + 2 > 0, a obGJj1acTIO BU3HA-
yeHHA QYHKIII g (X) = X € MHOXKU-
Ha BCixX AifiCHUX YmCeI.
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IIpogoB:x. Tab6a. 38

3. PIBHOCUIbHI HEPIBHOCTI

O3Ha4eHHs

HamnpocTiwi Teopemu

JBi HepiBHOCTi HA3UBAIOTHCH
pPiéHOCUNbHUMU HA NedAKil
MHOKHMHI, SKII0 HA Iiil MHO-
JKMHI BOHM MalOTh OJHI M Ti
caMmi po3B’A3KH,

TOOTO KOXKEH PO3B’sI30K Iep-
1101 HepPiBHOCTI € PO3B’AZKOM
IPyroi i, HaBIIaKku, KOKeH PO3-
B’A30K Apyroi HepiBHOCTI €
PO3B’A3KOM HepIroi.

1. dxuro 3 oxHiel yacTUHU HEePiBHOCTI ITe-
PEeHeCTH B iHIIy YACTUHY AOJaHKH 3 IPOTHU-
JIeKHUM 3HAKOM, TO OJE€P:KUMO HEepPiBHICTH,
piBHOCHMABHY 3anmaHiil (Ha Oyab-AKi MHO-
JKMHI).

2. fIkuro o0OMABi YacTUHU HEPiBHOCTI Imo-
MHOKHMTH a00 MOJIJINTH HA OHE I Te caMe I0-
IaTHe 4uciao (abo Ha 00HYy UL my camy QYHK-
uito, wo susnayvena i dodamuna Ha O[3 3ada-
HOI HepieéHOCcmi ), He 3MiHIOIOUM 3HAK HEPiB-
HOCTi, TO OeP’KUMO HEPiBHiCTh, pPiIBHOCHJIb-
Hy 3anaxii (ua O/13 3aganoi).

3. SAkio oOMABi yacTUHU HePiBHOCTI ImO-
MHOKUTH a00 IMOTiJINTHU HA OJHE M Te caMe
Bix’emHe unciio (a6o Ha 001y il my camy PyHK-
uir, wo susnavera igid’emna Ha O3 3adarnoi
HepieéHocmi) i 3MiHUTH 3HAK HEPiBHOCTI Ha
NPOTUJIEKHHUI, TO O€ePKMMO HEPiBHICTH,
piBHOCUIBHY 3anaHiil (Ha O/13 3amaHol).

4. MeTop iHTepBanis (po3B'a3yBaHHs HepiBHOCTel BUAY f (x) = 0)

MnaH

1. 3mnaiitu O/13.

2. 3navitTu Hyai QyHEOIT
f(x)=0.

3. Ilosnauutu myai ma 0/13
i 3HaliTH 3HAK f (X) Yy KOXK-
HOMY NPOMIiKKYy, Ha AKi
posousaersca O/13.

4. 3anmucaTu Bignmosiap, Bpa-
XOBYIOUM 3HAK 3aJaHOI
HepiBHOCTI.

Mprknag,
N - x2-1
PoaB’sa:xiTh HepiBHICTD ——=0.
(x+ 3)
o x?-1
P Hexaii f(x)=—.
(x + 3)

1. 013: (x + 3)2# 0, oroke, x # —3.
2. Hyni pysrmii: f (x)=0.

2_
x—12=0, x2—-1 =0,
(x+3)

x,=-1, x, =1 (8Bxomars xo OI13).

3. +V + Y

3 1 1 E
Bidnogios: (—o0; —3) U (—3; =11 U [1; +00). <
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IIpomoB:xk. Tab6a. 38

5. Cxema noLuyKy nnaHy po3B’a3yBaHHS HEPIBHOCTEWN

[Posn’asyBaHHﬂ HepiBHoc'reﬁ]

3a IOTIIOMOTI'0X0 3a I0IIOMOTI'0X0
PiBHOCHJILHUX ITEPETBOPEHD meroay inTepsadis (f (x) 2 0)
Bpaxysatu O/13 1. 3uanTu OI13.

[\

. 3uatitTu myai @yakii: f (x) =0.
3.Ilosnauntu nysi Ha Ol13 i 3Haii-

IOYaTKOBOI HepPiBHOCTIL

@ 36epiratu za OJ13 TH 3HAK QYHKIII f (X) y KOXKHO-

i T NpABUIBHY HEPiBHICTE My OIPOMiKKY, Ha AKi po3buBa-
IIpPY IPAMUX i BBOPOTHHX ersea O13.

@ [epeTBOPeHHAX. 4. 3anucaTy BiJIIOBib, BDAXOBYIO-

U1 3HAK 3a/[aHOI HEPiBHOCTI.

@ — II0YaTKOBA HEPiBHiCTH;
@ — HepiBHiCTH, O/lep:KaHa B pe3yJIbTaTi IepPeTBOPEHHS II0YATKOBO1;

4, T — cumBosiuHe 306paskeHHA BUKOHAHUX IIEPETBOPEHb
(i3 BKa3iBKOIO HAIPAMKY iX BUKOHAHHS)

MosicHeHHs1 11 OGI'PYHTYBaHHS

1. IlousarTs HepiBHOCTI i3 3MiHHOO Ta Ti po3B’sa3KiB. SIKIO ABa BUpasu i3 3MiHHOO
CIIOJIYYHMTHU OTHUM i3 3HaKiB >, <, 2, <, TO 0JIep:KYEMO HePiBHICTh i3 3MiHHOIO.

Amnajoriugo 10 piBHAHHSA, HEPiBHICTH i3 3MiHHOIO (HaIPUKJIAL, i3 3HAKOM >)
HavyacTillle po3yMiloTh SK aHAJITUYHUH 3aII1C 3aa4i ITPO 3HAXOI:KeHHA TUX 3HA-
YeHb apr'yMEeHTiB, IPU AKUX 3HAUEHHA OfHiel 3 3agaHux PYHKIIii OiabIe 3a 3HA-
yeHHA Apyroi 3aganoi @yHKIii. Tomy B 3araJbHOMY BUTJIA1 HEPiBHICTH 3 OHi€I0
3MiHHOIO X (HAIPUKJIAL, IJId BUITAJKY «0Oiablne» ) 3anucyoTh Tak: f (x) > g (x).

Harangaewmo, 1110 po36’sa3K0m HepieHOCMI HA3UBAEMbCS 3HAYEHHS 3MIHHOL, AKe
nepemeopoe Yo HepieHicMb HA NPABUNLHY YUCLO08Y HepieHicmb.

Posg’asamu HepigHicmb — 03Haua€ 3HALMU 8CL 1T p038’a3KU abo dosecmu, W0
ix Hemae.

Hanpuxnan, HepiBHicTs 3x < 6 Mae po3s’sa3kamu Bei x < 2, HepiBHicTb x2> -1
Mae pos3B’A3KaMu Bei gificHi uucia (x € R), a HepiBHicTb 2 < —1 He Mae po3B’A3KiB,
OCKIiJIbKU 3HAUeHHA X2 He Moxke OyTH BiJ €eMHUM YMCJIOM, MEHIIIIM 3a —1.

2. O6aacts monycrumux sHaueHsb (0/[3) HepiBHOCTI 03HAUAETHCA AaHAJIOTIYHO 10
OJ13 piBuauHA. JKuw0 3adano HepisHicmb f (x) > g (x), mo cnisivHa 061aCMb 8U-
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3HayeHHs 0 pyrKuiil f (x)ig (x) Hasusaembuvces 061acmio QonYycMuUMUX 3HAUeHb
uiei HepigHocmi (IHOI BUKOPHUCTOBYIOTHCS TAKOK TePMiHU «00J1aCTh BUBHAUEHHS
HepiBHOCTi» 400 « MHOMKMHA HOIMYCTUMUX 3HAYEHDb HepiBHOCTI» ). Hanpukaan, nis
HepiBHOCTI X2 < X 00JIaCTIO JONIYCTUMUX 3HAUYEHD € BCi AificHi umceia (1e MosKHA
sanucaTtu, Hanpukiaazn, tak: Ol03: x € R), ockinbku pyHKIii f (x) = x%2ig(x)=x
MarTh obJiacTi BusHaueHHA x € R.

3po3yMiJo, 1110 KOKEeH Po3B’ 30K 3aJaHOI HePiBHOCTI BXOAUTH AK 10 00acTi
BU3HAUYEHHA PYHKITI f (x), Tak i o obsacTi BusHaueHusa PyHKINI g (x) (iHaxIe Mu
He 3MOYKEMO OTPUMATH IPABUJIBHY YUCJIOBY HEPiBHICTB). OTiKe, KOMCEH PO36’ 130K
HepigHocmi 0008’ 13K080 8xo0umb 0o O3 yiei Hepigrocmi. Ile 103BOJISAE B AeAKUX
BUIIaJKaxX BUKopucropyBatu anaiis OI13 mepiBHocTi A5 i1 posB’sisyBaHHA.

Hamnpukaan, y HepiBHOCTI /X —3 ++/2—x >x QyHKIiA g (X) = X BUBHaUeHa IIPU
BCiX NiiCHUX 3HAYEHHAX X, a QYHKIiA f(x)=vVx -3 ++2—x Tinpkusa ymoBH, 10

i 3HAaKOM KBaJAPATHOT'O KOpeHsA 0y AyTh CTOATH HeBix emui Bupasu. Orike, Ol13

x-320, x =3,
iel HepiBHOCTI 3a4a€THCA CCTEMOIO 3 K01 OIePsKyEMO CHCTEM
1T 1Y ot 2-x>0, AEPIKY! Y < 2,

110 He Mae po3B’sa3KiB. Otike, OI13 3amamoi HEPiBHOCTI HE MiCTUTB JKOJHOI0 YKCIA,
yepes Te I HePiBHICTH He Mae po3B’ A3KiB.

B ocHoBHOMY IIpU pO3B’A3yBaHHi HepiBHOCTEHN Pi3HUX BUAIiB HAM JOBEIETHCS
BUKOPHCTOBYBATU OAMH 3 [BOX METO/[iB PO3B’ A3YBAHHS: PiBHOCUJIbHI IIepPeTBOPEH-
Hs HepiBHOCTeI ab0 TaK 3BaHUM METO/I iHTepBaJIiB.

3. PiBHocuapHi HepiBHOCTI. 3 TOHATTAM PiBHOCHJIBHOCTI HepiBHOCTEH BU
3HaoMi 11e 3 Kypcey anreopu 9 kiaacy. fAK i gia BUnagky piBHOCUIBHUX PiBHAHD,
piBHOCHMIBHICTE HEPiBHOCTEHN MU Oy AeMO PO3TJIAAATH HA IIeBHIA MHOMKIHI.

Jl6i HepieHOCMIi HA3UEAIOMbCA PDIEHOCULbHUMU HA 0eAKIT MHONCUHL, AKULO0
Ha Yill MHONHCUHI 60HU Malomb 00HL UL mi cami po36’a3Ku, mo6mo Koicen
P036’30K nepuLoi HepigHOCcmi € p036°a3K0m 0pY20ii, HABNAKU, KOHCEeH PO3-
6’30k 0py20i Hepi6HOCMI € D036’ A13KOM NepuLoL.

HomoBuMoOCH, 1110 HaJaJIi BCi piBHOCUJIBHI IepeTBOPEHH A HepPiBHOCTEH OyaeMo
suxkonyBatn Ha O/I3 3amanoi HepiBHOCTI. 3a3HAYNMO, 1110 B TOMY BUIIAAKY, KOJHU
OJ13 3agaHo0i HEPiBHOCTI € MHOKHMHA BCiX AiICHUX YMCeJ, MU He 3aB:K AU Oyaemo il
sanucysaru (aK He 3anucysayu OJ13 npu poss’si3yBaHHi JiHINHNX UM KBaAPATHUX
HepiBHOCTeM). | BiHImux Bunaaxkax rogosae — He 3anucatu O3 10 pos3s’ A3aHHs
HepiBHOCTI, a MificHO BpaxyBaTH ii Ipy BUKOHAHHI PiBHOCUJIBHUX II€PETBOPEHb
3a1aH0i HEPiBHOCTI.

3arajbHi OpieHTUPU BUKOHAHHS PiBHOCHJILHUX IIEPETBOPEHDb HepiBHOCTEH aHAa-
JIOTiuHi M0 BiAMOBiAHMX OPi€HTHPIB BUKOHAHHS PiBHOCUJILHUX II€PETBOPEHDb
PiBHAHB.

Sk yrasaHo BUllle, BUKOHYIOUM PiBHOCUJIbHI NepemaeopeH s HepigHocmell, He-
o6ximuo Bpaxysatu OJI3 3anmaHoi HepiBHOCTI — 1€ i € mepiuit opie H T U p Aas
BUKOHAHHS PiBHOCUJIBLHUX IIEPETBOPEHB HEPiBHOCTEI.
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3a 03HAUEHHAM PiBHOCHJILHOCTI HepiBHOCTE MOTPiOHO 3a0e3meunTn, 11100 KO-
2KeH P03B’ A30K IIePIIIol HePiBHOCTI OYB P0o3B’ A3KOM APYIoi i, HaBIIaKM, KOYKEH PO3-
B’S30K APYyroi HepiBHOCTI 0yB po3B’sa3K0oM mepiroi. [[Jis boro 1o0cuTh 3a0e3neqyu-
TH 30epesKeHHs MPAaBUJIbHOL HEPiBHOCTI Ha KOKHOMY KPOIi pO3B’sI3yBaHHS He
TiTBKY NPHU IPSIMUX, 4 ¥ IPHU 3BOPOTHUX NepeTBopeHHAX. [leie npyruiiopieH -
T U P AJIA PO3B’I3yBaHHA HEPIBHOCTEH 3a JOIIOMOI'0I0 PiBHOCUJILHUX IIEPETBOPEHb.
HificHOo, KOKeH PO3B’ A30K HEPiBHOCTI ITIepeTBOPIOE i1 HA IPaBUJILHY UNCJIOBY He-
piBHIiCTB, 1 AKIIO IpaBUILHA HEPIBHICTE 30€PiraeThesi, TO PO3B’ A30K KOYKHOI 3 HepiB-
HOCTeil Oye TaK0K i po3B’sI3KOM iHIIIOI, 0T e, HepiBHOCTI Oy AyTh PiBHOCHJIbHI
(BizmoBigHI OpieHTHPU cXeMaTUYHO IPEACTABIEHO B ITyHKTi 5 Tabaurli 38).

Hanpuknaaz, mo6 po3s’sA3aTu 3a JOMOMOI'0I0 PiBHOCHJIBHUX IIE€PETBOPEHD

HepiBHICTH
p x—-3

x+1

>0, (1)

mocuthb BpaxyBatu ii O/13: x + 1 # 0 i ymoBy gomatHocTi 1poby (dpi6 6yde dodam-
HuM modi i mibKu Mmodi, KOJLU LUCEAbHUK | 3HAMEHHUK Opo0Yy Maomb 00HAK08I
3HAKU), a TAKOK 3BEPHYTHU yBary Ha Te, 1o Ha OJ13 Bci moTpibHi mepeTBOpeHHS
MOJKHA BUKOHATHU K Y IPAMOMY, TaK i y 3BBOPOTHOMY HAaIPAMKAaX i3 30epesKeHHIM
IpaBUJIbHOI HEPiBHOCTI.

PosB’a3anusga KomenrTap
P 3amana HepiBHicTHL piBHOCUJIBHA 3ayBasKuMO, II10 ITPY 3aII1CY YMOBU
CYKYITHOCTi JBOX CICTEM: IONATHOCTI APO0Y — CYKYIIHOCTi CICTEeM
%—3>0 x—-3<0 (2) — mu HesBHO BpaxyBaau O3 ue-
a6o (2) | piemocrti (1). Hi#icuo, axmo x + 1> 0
x+1>0 x+1<0. abox+1<0,10ox+1+#0, TOMy B ABHOMY
x>38, x <3, Buryiazni O3 saganoi HepiBHOCTI He 3a-
Toxionepaxyemo x>-1 abo x<-1. mrcaHa mpu o) OPMJIEHHI pO3B’ A3aHHS.
Orsxe, x > 3 abo x < —1.
Bionosidv: (—0; —1) U (8; +0). <|

Kpim Buginenux saraibHUX OPi€HTUPIB, A1 BUKOHAHHS PiBHOCUJILHUX IIepe-
TBOPEHb HEPiBHOCTEH MOKHA TAKOK KOPUCTYBATHUCH CIIEI[iaJIJbHUMU TeOpeMaMU
PO PiBHOCUJIBHICTE. ¥ 3B’ sI3KY 3 YTOUHEHHSAM O3HAUE€HHSA PiBHOCUJILHOCTI HEPiBHO-
cTel ysaraJbHUMO TaKOXK (POPMYJIIOBAaHHSA HAWUIPOCTIIINX TeOpeM HpPOo PiBHO-
CUJIbHICTh HEPiBHOCTEI, BiToMUX 3 Kypcy ayrebpu 9 Kiacy.

1. Axwo 3 00Hi€T wacmuHu HepiéHOCMi eperecmuU 6 iHULY wacmuny 000an-

KU 3 nPOMULeHHUM 3HAKOM, MO 00ePHCUMO HepPiéHiCMb, DI6HOCUNLbHY
3a0anit (Ha 6y0b-aKili MHONCUHL).

2. Axwo ob6udei wacmunu HepiéHocmi nomuoicumu abo nodinumu Ha o0ne i
me came 0odamHue wucno (abo Ha 00nYy U my camy QYHKYiio, u,0 6UHALEHA
idodamnana O] 3 3a0anoinepiénocmi), He 3MIHIOIOYU 3HAK HEePiGHOCTM,
mo odepicumo HepiéHicmsb, piénocunvry 3adanit (na O3 3adanoi).

235



PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

3. Arxwo o6udéi wacmunu HepieHoCcMi noMHONCUMU A60 nodinumu Ha o0He U
me came 610’ emHe wucno (abo Ha 00HY U my camy PYHKYito, u,0 6usnae-
Haigid’emna na O3 3adanoinepienocmi) i 3minumu 3Hak HepiéHocmi
Ha npomunexcHuil, mo 00eprcumo HepiéHicmo, pi6HOCUNbHY 3a0aHrill (Ha
0O/]3 3ad0anoi).
OOr'pyHTYBaHHA I[NX TEOPEM IIOBHICTIO aHAJIOTiUHE 10 OOT'PYHTYBaHHS OPi€H-
THUPiB /151 PIBHOCUJIBHUX IePETBOPEHD 3aJaHO1 HEPiBHOCTI.

3ayBaikeHH 4. [[Jia mosHaueHH IepPexony Bij 3aaH0l HepiBHOCTI 0 piBHO-
CUJIBHOI i1 HepiBHOCTI MOKHA BUKOPUCTOBYBATH CIEIliaIbHUN 3HAUOK <, ajIe 110ro
BUKOPHUCTAHHS IIPU 3aIICYBaHHI PO3B’A3aHb He € 000B’ A3KOBUM (X0ua iHOIi Mu
0yIeMO0 HIM KOPHCTOBYBATHCH, 11100 IIiJKPECIUTH, 1110 0yJI0 BUKOHAHO caMe PiBHO-
CUJIbHI IIePeTBOPEHHS).

4. Meron inTepBaJis. Po3B’si3yBaHHs HEPiBHOCTEH METOLOM iHTEPBAJIIB CINPAETH-
cs Ha BJIACTUBOCTI (DYHKILiM, T0B’ A3aHi i3 3MiHoI0 3HaKiB pyuKIii. [TosscarMoO 11i

. . . co 1
BJIACTUBOCTI, BUKOPUCTOBYOUM rpadiku BifoMux HaMm QYHKILH, HATPUKJIAL, Y =—
X
iy =2x — 2 (puc. 100).
Posrnaparoun 11i rpadiku, momiuaemo, 110 GyHKI[IS MOKe 3MiHATHY CBill 3HAK
TiJIBKK Y IBOX BUIIAIKAX:

1) akio rpadik pospuBaeThbes (AK y BUMAAKY GQYHKIIL Y =i (puc. 100, a) —
rpagik pospuBaeThcs B Toulli 0 i 3Hak QPyHKINII 3MiHIOETHCA B TouIli 0);

2) akimo rpadik 6e3 po3puBYy IIEPEXOAUTD 3 HUMKHBOI MiBILJIOIIIMHA Y BepXHIO (a60
HaBIIAKU), aje ToAi rpadik meperuHae Bick Ox (AK y BUNanKy QyHKIL y = 2x — 2)
(puc. 100, 6). Ha oci Ox 3nauenHa QyHKIIiI fopiBHIOIOTH HYyJI10. (Haragaemo,
1110 3HAYEHHA apI'yMeHTY, IPU AKUX (PYHKIIiA IepPeTBOPIOEThCA Ha HYIb, HA3H-
BaIOTh HYamu Qyrkuyii.) OT:ke, Oyab-aKka (PyHKIi MOsKe IIOMiHSATH CBill 3HAK
TiJIBPKM B HYJI5IX 200 B TOUKAaX, e PO3PUBAETHC rpadik pyHKIil (Y TaK 3BaHUX
TOYKaX PO3PUBY PYHKINI *).

Yyl

Puc. 100

* BiJIbll meTaJbHO Ie MOHATTA OyAe Po3raAHyTo B Kypei 11 xiacy.
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§ 21. Po3B’A3yBaHHS HepiBHOCTEN. PIBHAHHS | HEPIBHOCTI 3 MOAYNAMM

Touku, y AKX pospuBaeTbcs rpadik GyHKIil f (x), MU BULIIAEMO, AK IPABU-
JIO, KOJIM 3HAXOAMMO 00JIacTh BU3HAUeHHA Iiel pyukiii. Hanpukaam, AKIO

f(x) =%, TO ii o6acTh BusHaueHHS X # 0, i came B Tourri O rpadik miei pyHrIii
pospuBaeThed (puc. 100, a). AKIo K Ha AKOMYCh TPOMiKKY 001aCTi BUBHAYEHHSA
rpadik pyHKII He po3pUBaEThCA i PYHKI[IS He JOPiBHIOE HYJIIO, TO 3a HaBeIeHUM
BUII[e BUCHOBKOM BOHA HE MO2Ke B I[bOMY IIPOMIiKKY IOMiHATHU cBili 3Hak". OT:Ke,
AKITO BigmiTuTy HYIi pyHKIII Ha i1 00J1acTi BUBHAUEHHS, TO 00J1aCTh BU3HAUEHHS
Ppo3i0’eThCs Ha IPOMIMKKY, BCePENUHI AKMX 3HAK (PYHKIIIT aMiHuTHC He Moske (i Tomy
el 3SHAK MOJKHA BUSHAYUTH B OYIb-sIKill TOUIIi 3 I[bOT0O IIPOMIMKKY).

YV rabauni 39 HaBegeHO pPo3B’sA3aHHA AP000BO-pallioHAIBLHOI HEPiBHOCTI
2x +4

x—
BaHHA; NAAH D036’ A3Y68aHHA HepieHocmell sudy [ (x) 2 0 memodom inmepsais.

>(0 mMeTo[OM iHTEepBaJIiB; KOMEHTAP, AKUI I0ACHIOE KOYKEH KPOK PO3B’s3y-

Ta6banumsa 39

Mpuknag KomeHTap l,_lﬂaH
PO3B'A3yBaHHA
Posrasuemo QyHKIIiIIO, IKa CTOITH
perd y JiBiit vacTuHi 11iei HepiBHOCTI, i MO3HA-
X +
10 aumo ii uepes f (x): f(x)=2;+14.
b £(x) _2x+4 PosB’as3koM HepiBHOCTI f (x) > 0 mo- | 1. 3Ha¥7ITH 01.13
x-1" JKYTb OyTU TiJIBKM YMCJA, II[0 BXOIATH HepP1BHOCTI.
1.0113: x —1#0, | no obnacTi BusHaUeHHA QYHKILII f(x),
To6TO X # 1. T0OTO Umcya, AKi BxonATs no O3 wHe-
piBHOCTi. ToMy mepIizm eTamnom pos3s’ -
3yBaHHS HePiBHOCTI METOOM iHTEpBaJIiB
oyne sHaxomkenHs 1i OI[3.
Hac nmikaBiaTh Ti npomiskKu obacTi
BusHaueHHA QYHKIIT f (x), HA AKUX 1A
2. Hynif (x): dyHKIig qogaTHa. K 6yI0 3a3HAUEHO
(7 (x)=0). Buille, PyHKIiA [ (X) MOXKe IOMIHATU BHAK | 9 3yaiiru
2x+4 _ Y CBOIX HYJIAX, TOMY IPYTUM €TarioM Po3- Hymi f (x)
-1 B’ sa8yBauHsA HepiBHOCTI [ (x) > 0 Gyxe 3HAa- (f (x) = 0).
Toxi x = —2. XOJsKeHHA HyJIiB OyHKIIT (1714 Iboro Ipu-
piBHIOEMO QyHKIIiO f (X) KO HYJIA i pO3-
B’A3Y€EMO O/iepiKaHe PiBHAHHA).

*V kypei 11 kimacy Mu yTouHUMO (DOPMYJIIOBAHHA Iiel BIACTUBOCTI (TaK 3BaHUX HeIepep-
BHUX (yHKHii). [aa Bcix BizoMmux Bam QyHKIi#N (MiHiiHUX, KBaApPaTUUYHUX, CTEIIEHEBUX,
IpPo6OBO-palliOHAJIbHUX, TDUTOHOMETPUUYHNX) IIS BJIACTUBICTH Mae Miciie.

237



PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

IIpoxgoB:x. Tabua. 39

ie Tperim eTamom po3B’A3yBaHHI.

Mpuknag KomeHTap !_IﬂaH
PO3B'A3yBaHHA
SAxmro Tenep BigMiTUTH HYJIi HA 00-
3. . » D BIA y 3. Ilo3HauuTu
nacTi BusHaueHHA QYHKII f (x), TO 06- .
myai Ha O3
JacTh BUBHAUEHHS PO30MBAEThCA Ha | . .
OMisKKH, IPUYOMY BCEPEINHI KOKHO | GHAmTH SHak
g -
+ - + P <H, D ¥ Beepex . byHrmii
$ » | TOIPOMIMKKY QYyHKIIIA f (X)He 3MiHIOE
-2 1 X . B KOKHOMY 3
cBiii 3Hak. TomMy 3HAK QPYHKI[II B KOMXK- N
. IIPOMiKKiB,
HOMY IIPOMIiKKY MOKHA BU3HAYATHU .
B Oyab-AKii Touli 11boro mpomMiskKy. I1e HA K] PO3OU-
v HL P y BaeTsea O/13.

4. Bionosidv:

Ha pucyHKy BuIHO, 1110 PO3B’ A3KOM

4. 3anucatu

(—00; —2) U (1; +o0). | HepiBHOCTI € 00’€THAHHS IPOMiKKiB BiITIOBigb,
< (—00; =2) U (1; +00). BPaxOBYIOUH
3HAK
HEepiBHOCTI.

Hagenemo nmpukianay po3s’si3yBaHHA OiJIbII CKJIALHOIL IPOOOBO-paIlioHATIBHOL
HepPiBHOCTi MeTOI0M iHTepBaJIiB Ta 3a JOIIOMOT'0I0 PiBHOCUJIbHUX IIEPETBOPEHbD.

2
x“+2x-3 <
2
(x + 1)
Icmoci6 (MeTom inTepBaIiB)

PosB’aszauusga

IIpuxaax. Poss’skiTh HepiBHICTD

KomenTap

2+2x-3 iBHi
> Hexait f(x)= x . 3azaHa HepiBHicTHL Mae BUTIAL
(x+ 1)2 f(x)<0,1innaii poss’aA3yBaHHA MOXK-
1 O3:x=#-1. Ha 3aCTOCYBaTH MeTOJ iHTepBaiB. [asa
. x24+2x-3 IIHOT'0 BUKOPUCTAEMO IJIaH, HABEJeHUI

2. Hy.nlf(x): 2 =0’ 232
(x+1) BUIIE Ta HA C. .

x2+2x—-3=0, IIpu 3uaxomxeHHi HyIiB f (x) cTe-
x, =1, x,= -3 (Bxogsars xo O]I3). JKUIMO 3a TUM, 11100 3Hal1eH] BHaUeHH A

Bxoawmiu 1o OI13 (abo BUKOHyeMO mepe-

BipKy 3HaAWIeHUX KOpPeHiB piBHAHHSA
f(x)=0).

3anucyioyu 6i0nosidv 0o Hecmpozol

HepieHocmi, ci0 épaxyseamu, o 6¢i

+ Y _ ¥ t HYyni Qynryii nosunni esitimu 0o

-3 -1 1 x 8i0n06i0i (y aHOMY BUIAIKY — YHCJIA

Bionosidv: [-3; 1) U (-1; 1]. < -3i1l).
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3. Bigmiuaemo mymi dyskiii xa O3
i sHaxoauMO 3HAK f (X) y KOXKHOMY
3 IPOMiXKKiB, HA AKi po3ObuBaeThCA
O03 (muB. pUCYHOK).
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II coci6 (3a 1OITOMOT0I0 PiBHOCUJIBbHUX IIEPETBOPEHB)

KomenTap

Bubepemo 1151 po3B’ A3yBaHHs METO/] PiBHOCUJILHUX II€PETBOPEHb HEPiBHOCTI.
IIpu BUKOHaHHI piBHOCUIBHUX IIEPETBOPEHb MU MOBUHHI BpaxyBaTu O/13 3amanoi
HepiBHOCTI, TOOTO BpaxyBaTu oomexkenns (x + 1)2#0.

Ajge sxmo x#—1, 1o (x + 1)2> 0, i Tozi B 3amanomy Apo0y 3SHAMEHHUK JOJLATHIIA.
SAKIIO BUKOHY€EThCA 3a]aHa HEPIBHICTE, TO YnceabHUK qpoby x2+ 2x — 3 < 0 (i Ha-

2 _
BIIAKU, AKIIO BUKOHYETHCA OCTAHHA HEPiBHiCTH, To HA O3 n1pibd ixzs <0 |,

(x + 1)
TOOTO 3amaHa HepiBHicTh piBHOCUIbHA HA O[3 HepiBHOCTI X%+ 2x —3 < 0.

11106 posB’sizaTu omep:kany KBaApaTHy HEPiBHICTD, 3HAAEMO KOPEeHi KBaapar-
Horo TpuuiaeHa x2 + 2x — 3 i mobyayemo eckis rpadika pyurmii y = x2 + 2x — 3.
PosB’s130K KBagparHoi HepiBHOCTI: —3 < x < 1.

OckinbKu Bei meperBoperHsi Oyiu piBHOCcHAbHUMY TiabKY Ha O[3, TO Mu 110-
BUHHI BUOpaTH TLILKY Ti p03B’ A3KM KBaAPaTHOI HEPiBHOCTI, AKi 3a0BOJIbHAIOTE

obomerxkenHo OI13.

Posp’ssaunusa

P O3: (x+1)2#0, orsxe, x #—1.

Toxi (x + 1)2 > 0 i 3amana HepiBuicTs Ha ii OJI3 piBHOCHIbHA HEpPiBHOCTI
x*+2x—-3<0.Ockinpku x>+ 2x -3=0mnpux, =-3,x,=1
(i 3HaueHHA X BXOmATH A0 Ol13), omepixyemo —3 < x < 1 +\ /+
(IuB. PUCYHOK). -3\ "1 =*

Bpaxosyroun Ol13, orpuMyeMo BigIIOBigb.
Bionosiov: [-3; —1) U (-1; 1]. <

3anuTtaHHsa ansa KOHTpOIJIIO

1. ITosicHiTh HA IPUKJIAJAX 3MIiCT IIOHATE: «PO3B’A30K HEPiBHOCTI», «p0O3B’A3aTH
HepiBHiICTB», «00JIACTD JOIIYCTUMUX 3HAUEHb HEPiBHOCTi» , « DPiBHOCHUJIbHI He-
piBHOCTI».

2. CdopmyaroiiTe BifoMi BaM TeopeMHu ITPO PiBHOCUJIBHICTH HepiBHOCTEMH. ITpoisio-
CTPyHTe iX HA IPUKJIa1axX.

3. ChopmymoiiTe maaH po3B’sI3yBaHHsS HepiBHOCTeH MeTOAOM iHTepBaJiB.
IIpoinrocTpyiiTe BUKOPUCTAHHS IIHOTO IJIAHY Ha IPUKJIATI.

4. TloscHiTh Ha NPUKJIAl, AK MOKHA BUKOHYBATU PiBHOCUJIbHI IIepeTBOPEHHSA
HepiBHOCTEN y TUX BUIIAJAKAX, AK1 He OMUCYIOThCA BiJOMUMU TeopeMaMu PO
PiBHOCUJIBHICTL HEPiBHOCTE.
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PO3IJT 2. TPUroHOMETPUYHI PIBHSHHSA | HEPIBHOCTI

Bnpasu

PosB’saxiTh HepiBHicTs (1—2) 1BOMA criocobaMu: 3a JOIIOMOI'0OI0 PiBHOCHIBHIX

IepeTBOPEHb i 3a JOIIOMOT'0I0 METOIY iHTepBAJIiB.
2 1 x%-25 x? +12

< ; 8) ——————— <0; 4) 5——=>1.
x+2 x-3° )(x+5Xx—® S )x2—2x—8/

2. 1) x*—5x2+4<0; 2)9x* —10x2+ 1> 0;

1 1)—2=% >0, 9

x2-8x—-4

3) %>x3; 4) (xz +4x — 5)(x2 +4x + 3) < 105.

3. 3HalaiTh 001aCTh BUSHAUCHHS (PDYHKINII:
-4 2x-x2-1 6 x2 -Tx+12
1) y=,523 2)y=, ]2 3)y=,[b-x-2; 4) y=,"5—"-.
)y \/x2_4 )y ,/x2+3x+2, ) y=4[5-x 5 DY \/xz_zx_g

21.2. PIBHAHHA IHEPIBHOCTI3 MOAYNAMUA

Taonuma 40

1. PO3B’'s13yBaHHA PIBHSAHb
Ta HEPIBHOCTEW 3 MOAYNSIMU

3a O3HAUYEHHAM sa rezx:;;:;lqnum 3a 3araJIbHOIO CXEMOI0
|a| — sidcmansv na 1. 3maiitu OJ13.
wucaosiil npamiii 6i0 2. 3uajiTu HyJi Beix mig-
a, AKmo a >0, moukxu 0 do moukxu a. MOZYIbHMX (QyHKITiii.
|a|=10, armo a =0, 3. Io3HauuTH HYJi Ha
—a, Ao a<0. L|f(x)|=a. 013ipo3outu O[3 Ha
2.|fx)|=lg =) | MPOMIiKKH.
8.|f(x)|>a. 4. 3HafiTH PO3B’AZ0K
4.|f(x)|<a. y KOKHOMY 3 IIPOMiZK-
KiB (i mepeBipuTHu, yn
BXOJIUTH IIeH Po3B’sa-
30K Y PO3rJIAgHYTHI
IIPOMIiKOK).
3 BUKOPUCTAHHAM

cIleliaJJbHUX CIiBBiTHOIIEHH
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IIpoxgoBx. Ta6ua. 40

2. BUKOpUCTaHHS reoMeTpr4HOro 3micTy Moayns (npv a > 0)

|[t|=a lt|=a
[t|>a| |tl<a ||t|>a

—a 0 a ?
1.|f(x)|=aef(x)=aabof(x)=—a.
2.|[f(x)|=]g @) |ef(x)=g (x)abof (x) =—g (x).
3.|f(x)|>aef(x)<—aabof(x)>a.

- f(x)>-a,
4. |f(x)|<ae-a<f(x)<ae f(x)<a.

Y3aranbHeHHs
g(x)=0,
5. =
I8 {50 et or=-6)
6.|f(x)|[>g (x)=f(x) <—g (x)abof (x)>g (x).
f(x)>-g(x),
A G N R L i
3. BukopucTaHHs cneujianbHMX CNiBBIAHOLEHb

1. |lu|=ueu>0.
2. lu|=—ueu<o.
3. |u|=|v|eaur=1>2
4. |lu|>|v|e@u>v’.Toni|lu|—|v|>0u?—v*>0;

3HaK pisHuyi modyaie 060x 6upasie 36izaemuvcs
i3 3HaKoM pidHuyiix Keadpamis.
u=>0,

5. |u|+|v|=u+v4:){v>0.

u<o,

v<0.

7. lu|+|v|=|u+v|=uv>0.
Jul+|v]|=lu—v|euv<o.

9. |x-a|+|x-b|=b-ae@a<x<b,gea<b.

6. |u|+|v|=—u—v<:){

o¢]
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MosicHeHHs 1 0GIPYHTYBaHHS

PosB’sa3yBaTu OyAb-sdKe PiBHAHHA a00 HEPiBHICTH 3 MOAYJIEM MOYKHA OJHIM 3
TPHOX OCHOBHUX ILIAXiB: 38 03HAYEHHAM MOZYJA, BUXOAAYN 3 T€OMETPUYHOTO
3MicTy MozyJisi a00 3a 3araJbHO0 cxemoio. [ledaki piBHsaHHSA a00 HepiBHICTH 3 MOAY-
JIeM MOJKYThb OYTH TAKO0K PO3B’ A3aHi 3 BUKOPUCTAHHAM CIIEIiaJbHUX CIiBBigHO-

mreus (tadu. 40).

3aJie;KHO Bi 00paHOTO IIJIAXY PO3B’I3YBaHHS OJEPIKYEMO PisHi 3ammcu pos-

B’A3aHHA.

Ilpukaaa. Poss’sxkiTh piBHaAHHA | 2x — 4 |=6.

Icnoci6 (3a 03HAYEHHAM MOIYJIS)

PosB’aszaunusga

P 1)dxmo
2x—4 20, 1)
TO OZIEP*KYEMO PiBHAHHS
2x—4=06.
Tomi x = 5, 1[0 3aJ0BOJILHAE
¥ ymoBi (1).
2) Sxio
2x—-4<0, (2)
TO OIEP:KYEMO PiBHAHHS
—(2x—4)=6.
Tomi x = —1, 1m0 3aJ0BOJILHSAE

1 ymoBi (2).
Bionogidv: 5; —1. <|

KomenTap

IIT06 po3KkpUTH BHAK MOJYJIA 32 03~
HaYeHHAM, PO3TJITHEMO [[BA BUIIAIKN:

2x-420i2x—-4<0.

3a o3HaYeHHAM MO0y em 000amHo-
20 (HeBid’eMHO020 ) YUCaa € came e HUC-
210, a MoOyaem 8i0° € MHO20 HUCLA € NPO-
muanexcHe iomy wucao. Tomy npu
2x-4>0 |2x—-4|=2x—4,anpu
2x—4<0 |2x—4|=—(2x—4).

YV KOXKHOMY BUIIQAKY PO3B’A3yEMO
oJepsKaHe PiBHAHHA i 3’sICOByEMO, YU
3aJJ0BOJIbHSAE KOJMKEH 13 3HAlJeHIX KO-
PeHiB Tiil yMOBIi, IIpU Ki# MU H1OT0 3HA-
XOIWIIN.

II cnoci6 (BUKOPUCTOBYIOUY I€OMETPUYHUN 8MiCT MOIYJIS)

PosB’asanusga
P 2x—-4=6 abo2x—4=-6,
2x =10 a6o 2x = -2,
x=5 abox=-1.

Bidnosiov: 5; —1.<

KomenTap

3reomerpuyHOi TouKy 30py | 2x —4 | —
me Bigcraub Big Toukm 0 ;o TOUKHU
2x — 4. 3a yMOBOIO PiBHAHHSA BOHA JI0-
piBHIOE 6, ajye BigcTanb 6 MoxKe OyTH
Bimkmanmena Big 0 aK mpaBopyu (omep-
JKyemo umcyo 6), Tak i 1iBopyu (omep-
JKyemo umcyo —6). OTike, piBHiCcTB
| 2x — 4 | = 6 MmosxIBa TOI i TiNMBKY O,
Koau 2x —4 = 6 abo 2x —4 = —6.

3ayBaxkeHH 4. [Ipu 3acTocyBaHHi reOMETPUYHOTO 3MiCTy MOIYJIA 3HAK MO-
IyJIS POBKPUBAETHCA HESIBHO, TOOTO He TOBOAUTHCA BUKOPUCTOBYBATU O3HAUEHH

B ABHOMY BUTJISAII.
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§ 21. Po3B’A3yBaHHS HepiBHOCTEN. PIBHAHHS | HEPIBHOCTI 3 MOAYNAMM

3araJjibHa cxeMa Po3B’sI3yBaHHS PiBHAHDL Ta HePiBHOCTEH 3 MOAYJIAMU — Iie
(paKTHUUYHO TPOXHU 3SMiHEHUI MeTO | iHTepBaJIiB po3B’ A3yBanHsa HepiBHOCTeI . [Tosic-
HHUMO 3MiCT ITiel cxeMu Ha IIPUKJIAAl PIBHAHHSA 3 TBOMAa MOAYJISAMU BUIY

|[f(x)|+]gx)[=a (a>0).

o 11106 posB’sizaTu 1ie piBHAHHS, HEO0X1AHO POSKPUTU BHAKYU MOAYJIIiB, a JIS IILOT0
HeoOxigHo s3uaTu, ge pyHKIii f (x)ig (x) 6yayTh fogaTHUMU, a Ae — Bix eMHU-
mu. ToOTO (haKTHUHO MU IIOBUHHI PO3B’sI3aTU HEPiBHOCTI

f(x)20, (1)

g(x)20. (2)
KosxHy 3 {ux HepiBHOCTEI M1 BMieMO pO3B’A3yBaTu MeTo oM inTepBaJis. Ile-
pedyayemo npuiioM po3B’sI3yBaHHS HEPiBHOCTEHN METOAOM iHTepBaJIiB TAKUM
YHHOM, 11100 BiH JaBaB MOKJIMBICTEL OMHOYACHO PO3B’ A3YBATH KOYKHY 3 OCTaHHIX
HepiBHOCTeH. IK BimoMo, po3B’sa3yBanHs HepiBHOCTI (1) MeTomOM iHTEepBaJIiB
mounHAaEThCA i3 3HaxomKents ii O/13 (Tob6To o6 racTi BusHaueHHA QYHKILI f (X)),
aposB’s3yBauHs HepiBHOCTI (2) — iz sHaxomkenHs i1 O[3 (TobTo obJacTi Bu-
sHaueHHs QyHKIIT g (x)). II106 mouaTu ogHOUYACHO PO3B’ A3yBaTH OOUBI He-
piBHOCTI, HEOOXiMHO 3HANTH CIIIIBLHY 00JIaCTh BUSHAUEHHS M1 PYHKILIH f (x)
ig (x), TooTo snaiTu O/I3 3aganoro piBHAHHA (1ie i € nepwiuil 3 opienmupis
noTpidHOI cxemm).
106 npogoBXUTH PO3B’ a3yBaHHA HepiBHOCTEH [ (x) 2 0 Ta g (x) 2 0 MeToZOM
inTepBaiB, HeoOXigHO 3HAlITU HYJIi DyHKIH f (x)i g (x), TOOTO 3HANTH HYIi
BCix mimmonynpHux PyHKILIH (11€ i € Opyeuil opienmup).
SKII10 faJIi BUKOPHUCTOBYBATH CXEMY METOAY iHTepPBAaJIiB OJHOUYACHO AJIA TBOX
HepiBHOCTE!, HeoOxigHOo HA O/]3 mo3HaYuTH HYJIi migMOayAbHUX (PYHKIH i
pos3outu O3 Ha mpomiskKu (1ie mpemiit opieHmup).
YV KOosKHOMY 3 0lep:KaHNX IIPOMIMKKiB 3HAKY PYHKINIH f ()i g (X) HEe MOXKYThH
sMmiHuTHCA. OTIKE, MU MOYKEMO 3HAMTHU 3HAKH ITiTMOTyJIbHUX (PYHKI[IN Y KOSK-
HOMY IPOMiKKY (Y OyAb-AKill TOUIl] IIHOTO IPOMisKKY), POSKPUTH 3HAKH MO-
IYJIiB i 3HAWTH PO3B’A30K 3aJaHOTO PiBHAHHS B KOSKHOMY 3 IIMX IIPOMIiSKKiB (11e
ieuwemeepmuil opienmup 3aranapHOi cxemu).

OOr'pyHTYBaHHS MOXKJINBOCTI 3aCTOCYBAHHSA HAaBELEeHOI CXeMHU 10 PO3B’ I3y BaHH s
HepiBHOCTEH 3 MOAYJISIMU IIPOBOAUTHCA AHAJIOTiUHO.

Mpuknapu po3B'a3aHHA 3aBAaHb

ITpukaax 1. Posp’saxkiTh piBHAHHA ‘ﬁ‘ﬂ x-2|=2.
> 1.003: x#1.

2. Hyni migmMmonynbHUX QYHKILIT: Ll =0 (x=0)Ttax—2=0(x=2).
x—
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3.

Hymni 0 i 2 posbusarore OJI3 Ha yoTUPHU IPO- I I o IV
MidKKHU, V AKUX TiAMOAYJbHI (PYyHKIII MamOTh TN/ N\ /T N\/

* .
3HAKM, IIOKa3aHi Ha PUCYHKY. ¢ L =
’ 0 1 2 x

3HaXOAMMO PO3B’I3KY 3aJaHOT0 PiBHAHHSA B KOXKHOMY 3 IPOMiMKKiB (OCKiIbKHU

3HAKM IiIMOAYJIbHUX (PYHKITiH oqHaKOBi B mpomiskkax 1iIIl, 3pyuHo 1151 pos-

B’s13aHHA 00’ €JHATH I[i IPOMIMKKM).

ITpowmiskku I Ta I11: x € (—o°; 0) U (1; 2). BpaxoByouu 3HaKU IiAMOAYJIbHIX
GYHKIIN ¥ IIUX IIPOMisKKaXxX i 03HAaUeHHS MOIYJIS, OJEePIKYEMO, IO B ITUX

. . . . x
IpoMiMKKax 3ajilaHe PiBHAHHA pPiBHOCHJIbHE PiBHAHHIO —1—(x—2)=2.
.

3Bigcu x = 0 a6o x = 2. YV pO3TIAHYTI IPOMIMKKY OeprKaHi 3HAUeHHS He
BXOJATH, OT:Ke, y IUX IPOMisKKaX KOPeHiB HeMae.

IIpowmiskok II: x € [0; 1). (Caig sBepHyTH yBary Ha Te, 11100 HE IPOMYCTUTHA
sHaueHHA x = 0, axke BxoauTh B O/13.) ¥V nboMmy IPOMisKKY OJEPKYEMO
piBHAHHSA —Ll—(x—2)=2. 3Bigcu x = 0 — KOpPiHb, OCKiTBKM BXOIUTH

x—
y e IPOMisKOK.
IIpomiskok IV: x € [2; +00). (I B 1bOMY IPOMisKKY HEOOX1AHO He 3a0yTH 3HAUEH-

Ha x = 2.) Omep:KyeMo piBHAHHSA Ll+x—2 =2. 3Bigcu x = 2 — KOpiHb,

OCKiJIbKY BXOJUTB Y Iel IIPOMisKOK.
00’emHy0UM BCi pO3B’A3KU, K1 MI OZIePsKaJIF B KOKHOMY IIPOMiMKKY, Ma€MO
PO3B’sI30K 3a7aHoro piBusauHs Ha Beiit OJ13.

Bionogiow: 0; 2. <|

IIpoinrocTpyeMo TAKOXK OIepPKalHHA 1 BUKOPUCTAHHS CIIeI[iaIbHUX CIIiBBiTHO-

IeHb, HaBeeHuX y Tabuili 40.

’

uz0
OOGr'pyHTyEMO, HAIIPUKJIAL, CIIiBBiAHOIIEHHA 5: | u | + | [% | Sutves >0,
L=z

Banumniemo 3ajaHy piBHicTb y BUraAmi u + v =|u |+ | v | i mpoanamisyemo ii,
cIIMpalodnch Ha Bigomi 3 6 Kjracy mpaBuJia Iiil HaJ YMCJIaMU 3 OMHAKOBUMH i 3
pisaumu 3Hakamu. 11106 fogaTu nBa yncsa u i v, Mu JOHAIH IX MOLYJIi, OTHKeE, ITi
YKcJIa MaloTh OMHAKOBI sHaku. Ak0u 11i uncsa 6yau obuasa Bix’ emHi, To i ix
cyMa 6yJia 6 Texx Bin’emua, aneu +v=| u|+| v |>0. Toxi omepsxyemo, 1110 uncIa

u=0,
uiv—obuasaueBig’emui. HaBmaxku, sKIimo v >0, TO BUKOHYETHCH piBHicTB
L=,

X
-1

“ Ha pUCYHKY B KOXKHOMY 3 IPOMIiKKiB Hepmunil 3HaK — e 3HaK QYHKIil » a Apy-
x

ruit — sHak QyHKIil x — 2. [Ipy BUKOHAHHI PUCYHKa 3PYYHO CIOYATKY IMO3HAYUTHU HA YUCJIO-
Bit mpawmiit O3, a morim Hyai migmoxyasHux GyHKIiK Ha OI3.
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u+v=|ul|+|v|. Orxe, gificuo, piBaannsa | u |+ | v|=u+ v piBHOCKIBLHE cUCTeMI

uz=0,
HepiBHOCTE

v=>0
Ipukaang 2°.

PosB’as3anusga
P Ockinpru 3x=(x—5)+ (2x+5), To
3ajlaHe PiBHAHHA Ma€ BUTIAL | u |+|v | =
=u+v, ajie A PiBHICTh MOKe BUKOHY-
BaTHUCA TOAIL i TiTBKM TOAL, KOJIM YMCJIa
uiv— obuznsauesin’emui. OTsxe, 3ama-
He PiBHAHHS piBHOCUJIbHE CUCTEMI

x—5>0, x>5’

2c+5>0, SBIACH ) 5
2

Orxe, x 2 5.
Bionosiow: [5; +0). <

Posp’ kit piBHAHHA | x — 5 |+ | 2x + 5 | = 3x.

KomenTap
Armio nosHaunTU X —5=ui2x+5=
=, Tou+v=38x1i3amaHe piBHAHHSA Ma€e
Burasan| u |+| v |=u+v, asacnissigno-
IIeHHAM D TaKe PiBHAHHS PiBHOCUJIbHE

u=0,
v=>0.

3ayBasKuMo, IO 3ajJaHe PiBHAHHS
MOJKHA PO3B’A3yBaTHU 1 3a 3arajJbHOI0

CXeMoI0, ajie TOAi po3B’sa3aHHs OyIe
OiabIII I'pOMi3aKe.

cucTeMi

IIpu poss’sisyBauHi HepieHocmeil 3 MoOyasmu MipKyBaHHS, TOB’ I3aHi 3 Po3-
KPUTTAM 3HAKIB MOyJIeil, TIOBHICTIO aHAJIOTIUHI MipKyBaHHAM, AKi BUKOPHUCTO-
BYBaJIKCSA IIPY PO3B’sI3yBAHHI PIBHAHD i3 MOAYISIMMU.

IIpuxaan 3.
PosB’aszauusga

P 3areoMeTpUUYHNM 3MiCTOM MOMYJLS
3a/laHa HePiBHICTh PiBHOCHUJIbHA HEPiB-
HOCTI
-7T<2x-5<T1. 1)
Tomi -2 < 2x < 12, oTke,
-1<x<6.
Bidnogios: [-1; 6]. <

PosB’sxiTh HepiBHicTb | 2x — 5 | < 7.

KomenTap

Hepisnicts Buny | f (x) |< a (ze a > 0)
3PYYHO PO3B’A3yBaTH, BUKOPUCTOBYIO-
YUY FeOMEeTPUUYHUHN 3MIiCT MOAYIA. 30K-
pema, 3ajaHa HEepiBHIiCTh — IIe HepiB-
micts Buny | t | < 7. Ase Moy b umncia —
Ie BificTaHb HA KOOPAWHATHIN IpAMin
BiZx TouKwm, 1110 300pasKye maHe UuCJIo,
1o Tourku 0. To6To 3amaniiit HepiBHOCTI
3aJI0BOJIBHAIOTEH BCi TOUKH, AKi 3HAX0-
IATbCA B IpoMiskKy [—7; 7], oTxe,

=7 <t < 7. {IKI0 BUHNKAIOTH YTPYA-
HEeHHs 3 PO3B’sA3yBAHHAM HOABiiHOI
HepiBHOCTI (1), To ii 3aMiHIOIOTH Ha PiB-

2x-5>-1,
HOCUJIBHY CUCTEMY g .
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IIpuxknax 4. Poss’axiTb HepiBHiCTH

|x—3| S
|x—2|—1/1' @)
> 1.003:|x—2|-1#0.Toxai|x—2]|#1, T06T0x —2# +1, oTske: x # 3 a60 x # 1.
2. Hyuni migmonyneaux dyurmii: x — 3 = 0 (x = 3 — me Bxoguth no OI13) Ta
x—2=0(x=2).

3. Hyuxb 2 posbusae O3 HA YOTUDPHU TPOMiKKH, I I 111 v
y AKUX OiAMOAyabHI MYHKIIT MaloTh 3HAKM, - =-V- -\ NV, +
OoKa3aHi Ha PUCYHKY (Y KO’KHOMY 3 TPOMIisKKiB 1 9 3 x

mepIinii 3HaK — Iie 3HaK QYyHKIIII x — 3, a 1py-
ruii — 3HaK QyHKII x — 2).

4. 3HaxXoAMMO PO3B’A3KH 3aJaHO0I HEPiBHOCTI B KOMKHOMY 3 IIPOMisKKiB (OCKiIbKH
3HAKU IiAMONYIbHUX (PYHKIIII € omHaKoBUMU B TpoMiskkax Ii1l, s3pyuno mis
pos3B’A3aHHA 00’ eJHATHU Il IPOMiKKH).

IIpomiskkm I Ta IT: x € (—20; 1) U (1; 2]. BpaxoByooun 3HAKU TigMOIYJIBHUX
GYHKIIN y IIUX DPOMisKKaX i OBHAUEHHA MOIYJIS, ONeP:KYEMO, IO IIPU

N . . . —(x-3
x € (—90; 1) U(1; 2] 3amana HEPiBHICTH PiBHOCUIbHA HEPiBHOCTL % >1.
(x-2)—
Tonai i’_—x >1, To0TO % > 0. 3Biacux <1.VY npomizKKU, AKi MU POSTIAHYJIH,
- X - X

BXOJATH BCi 3HAUEHHA X < 1, OToKe, Y IIbOMY BUIIQIKY PO3B’ A3KoM Oyme x < 1.

ITpowmiskok III: x € [2; 3). ¥ ibOMY TPOMIKKY OZ€PIKYEMO HEPiBHICTH —(x-3) >1,

x-2-1

—(x-3
TOOTO —(x-3)
x—-3

HepiBHiCTH IIepeTBOPIOEThCA Ha X1OHY HepiBHicTs (—1 > 1). OTiKe, y IIpO-
misxkky III mepiBHicTb (1) po3B’sA3KiB He Mae.

>1. Ane npu 6ynb-axomy 3HaueHH] x 3 III mpoMiskKy ocTaHHS

ITpomiskor IV: x € (3; +°0). ¥V 11boMy HPOMiKKY OJep:KyEMO HEePiBHICTH

x—

>1, To6TO >1. fdk 6auumo, npu 6yab-sKkomy x 3 IV mpoMizKKy

x—-3
x—2— -3
HepiBHIiCTD (1) mIepeTBOPIOETHCS HA ITPABUJIBHY YNCJI0BY HepiBHicTH (1 2> 1).
OTt:xe, po3B’s3koM HepiBHOCTI (1) y IV poMisKKY € 6y 1b-sKe YKCJIO 3 I[bOTO
OPOMiKKY (x > 3).
006’emHy0UM BCi pO3B’ A3KHU, K1 MU O/IepiKajii B KOXKHOMY 3 IIPOMIiKKiB, Mae-
MO PO3B’ 30K 3aaHol HepiBHOCTI Ha Beit OI[3: x <1 a6o x > 3.

Bionosidv: (—o0; 1) U (3; +00). <

3a3HauYMMO, II10 [IJIsI PO3B’ A3yBaHHS AesIKNX HEPiBHOCTEMH 3 MOAYIAMU 3PYUHO
BUKOPHMCTOBYBATH TaKOK CIIEIiabHi CIIiBBiJHOIIIEHHS, HaBeeHi B Tab i 40.
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(x-1]-|x 3 2¢||x+6]) o
|1—x|—|x+2|

IIpukaan 5°. Poss’axiTh HepiBHICTD

» Ockinbku |a|>0i@dyHKnia y = t> MOHOTOHHO 3DOCTAaE HA MHOMKUHI HeBia eM-
HUX YHCeJ, TO BCi PiBHUIII MOAYJIiB y HEPiBHOCTI MOKHA 3aMiHUTU Ha Pi8HUII iX
KBazipaTis (To6TO CKOpucTaTHCA cliBBigHOmerHAM 4: |u |[—| v | > 0 & u?—v? > 0).
Toni omep:kyemMo HEPiBHICTD, PiBHOCUJIBHY 3a/IaHil HEPiBHOCTI

((e-1)" - (x+3)")((20)" - (x +6)")
(1-x)* - (x+2)°
Temnep, po3kaagaoyuy Ha MHOKHUKHY BCi Pi3HUIII KBagpaTiB, MA€EMO:

(-4)(2x+2)(x-6)(8x+6) <0.
(-1-2x)3

<0.

Iaui meTomom iHTepBaIiB omep:ryeMo —2 < x <—1 abo —% <x<6.
Bidnosidv: -2 < x <—1 abo —% <x<6. <

3araJjibHa cxema, 3arpomnonosana B Tabauii 40, MosKe OyTH BUKOPHCTAHA He
TiJIbKY IPY PO3B’sI3yBaHHI PiBHAHB UM HEPiBHOCTEH 3 MOAYJIAMU, aJie i IPU BUKO-
HaHHIi ITepeTBOPEeHb BUPA3iB i3 MOy IAMU.

Hampuxkmian, ais nobymosu rpadika dyskmii f (x) =|x + 1|+ |x — 1|spyuno
CIIOYATKY 3a 3araJIbHOI0 CX€MOIO POSKPUTHU 3HAKY MO/YJIiB, a BXKe IT0TiM Oy 1yBaTu
rpadik pyHKIii f (x).

OdopmiieHHA pO3B’ A3aHHA IIOAiI0HOTO IPUKIALY MOXKe OYTH TAKM.

Ipukxax 6. Ilo6ymyiiTe rpadik dyskmiif (x)=|x+1|+|x—1].

P 1.061acTs Bu3HAUeHHA PYyHKIII: x € R.

2. Hyni ninmonynpHuUX QyHKIiN: x=—-1ix=1.

3. Ilosmauaemo Hyai Ha obGJacTi BU3HaAUYeHHS i
po30MBa€EMOo 00JIaCTh BUSHAUEHHA Ha IPOMIKKH =~ > — +, = +, +
(Ha PUCYHKY TaKOK YKA3aHO 3HAKH IIi IMOLYJIb- -1 1 x
HUX QYHKIINA y KOJKHOMY 3 IIPOMiKKiB).

—(x+1)—(x-1), armo x < -1, vl
4. Tomi f(x)={x+1-(x-1), armo -1<x<1,
x+1+x—-1, axmo x>1.

—2x, Ak x < —1, 2
Omxe, f(x)=42, akmo —1<x <1,
2x, armio x > 1. -1 1 =
0 x
Bynyemo rpadik miei pyHukIii (1uB. pUCyHOK). 4
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10.
11.

12.

13.
14.

15.
16.

3anuTtaHHs gs KOHTpOIJIIO

. IToscHiTEH, AKMMU cIIOCOOAMU MOJKHA PO3B’A3yBaTH PiBHAHHSA Ta HEPiBHOCTI

3 moayJsisamu. IIpointocTpyiiTe I1i cIrocobu HA IPUKJIALAX.

. O6r'pyHTyiiTe ceriajabHi ciBBigHOIIIeHHA, HaBeAeHi B Tabauii 40. IIpoixtocT-

pyiiTe ix 3acTOCYBaHHA 10 PO3B’ A3yBAHHSA PiBHAHD Ta HEPIBHOCTEH 3 MOAYIAMU.

. O6r'pyHuTyiiTe y3arajibHeHHS BUKOPUCTAHHSI I'€OMETPUYHOI0 3MiCTy MOIYJIA,

HaBegeHi B rabuuiii 40. IIpoinrtocTpyiiTe ix 3acTOCyBaHHSA 40 PO3B’ A3YBaAHHS
PiBHAHB Ta HEPiBHOCTEII 3 MOAYJISAMMU.

Bnpasu

PosB’sokiTh piBHAHHEA i HepiBHOCTI 3 Moy asamu (1—15).

1)|8x-5|=17; 2)|8—4x|=6; 3)| x*—5x|=6.
1)|2x-3|>5; 2)|3-5x|<T; 39 | *=Lls 2 4) 2x—3‘<1‘
x+1 x-5

1)|x—2|-2x-1=0; 2)x2+38x+|x+3|=0.
D]x—1|+|x-38|=2; 2)[x+1]|+|x—5|=20;
3)|x+5|+|x-8|=13.

1)]x+3|<x-2; 2)|x+1|+][x-2|<2x-1;
3)|x+3|+][x—1|<|6-3x]|.

1) Va2 —2x+1+|x-2|=1 2) Vx2+4x+4+|x|=x+5.
1) Va2 —dx+4+/x? =8; 2) J16-8x+x? +/x?+2x+1=5.

|x2—4x|+3 4 _

le®-axf+3 4 N P T
D Fes b 2) e =l x
1)||x—1|—2|=1; 2)||2x—4|—5|=3.
1)| x2—4x|<5; 2)|x2—x—6|>4.
1D3|x—-1]+x2-7>0; 2)|x—6|>x2—b5x+9.

1 1
1 |x+3|+x . 2 <L
) x+2 >1; )|x|—3 2
Dx-1]-5|<2; 2)|x—1|+|x+2|-|x—-38]|>4.
1)| x — 2x%| > 2x% — x; 2)| x>+ x—20|< x®+ x—20.
4 4

S ; _t six-1).
1)|x+3|—1 |x+2]; 2)|x+1|—2 |21
IToGymyiiTe rpadik PyHKILii:
Hy=|2x—-4|+|2x+6]; 2)y=|x—-5|+[3x+6]|
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E PO3B’'SI3YBAHHSI TPUTOHOMETPUYHNX HEPIBHOCTEM

Tabnumsa 41

1. TprKnagam po3B’a3yBaHHs HANMPOCTILLINX TPUTOHOMETPUYHUX HEPIBHOCTEN

33 JOMNOMOroo .
33 JONOMOrolo rpadikie
OOVHWYHOIro Kona
i Iy
1 _1 1
n— L _5n 1] . Y72 2 N P
6 6 2 o AN | ~ y -
6 0T s
6 6 \/ x
\y | o
. 1 T 51
sinx>g E+2nk<x<?+21tk,keZ

y
\ _%/\%

~Y

\\/ _% 0 Vv/

1
CoOS X >——
2

—%+2nk<x<%+2nk,kez

y=tgx

INE]

/T3 0 i3

[

— - <x<®
tgx>-1 4+1l:k x<2+nk,kez
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IIpomossxk.Ta6ua. 41

32 JOMOMOrol0 .
OOVHWYHOTO Kona 3a gonomoroto rpacikis
Y
Y y=ctgx
V3 \ V3 \ \ y=V3
” of m x
ctg x</3 %+nk<x<n+1tk,keZ

2. Cnocobum po3B’'s3yBaHHA OiNnbLU CKNAAHWX TPUFOHOMETPUYHMX HEPIBHOCTEN

a) BuxopucranHs piBHOCUIBHUX IIEPETBOPEHB i, B0KpeMa, 36e0eHHs 00 a-
2ebpaiunoi HepieHocmi 3a cxemoio: 1) 0o 00Hoz0 apzymenmy, 2) do 00Hi€L
dynruyii, 3) 3amina 3amiHHOI (AHAJIOTIUHO 10 CXeMU PO3B’ A3YBAHHS TPUTO-
HOMETPUYHUX PiBHAHBb, HaBegeHol Ha c. 170)i racmynHe po36’a3yeanns
00epiHcanUX HAUNPOCMiuluXx mpPUuzOHOMeMPULHUX HepigHocmell.

6) Buxopucranusa verony inrepsaJis (HicJs 3BeIeHHS HEPiBHOCTI 10 BUTIISALY
f (x) 2 0) 3a cxemoro:

1) 3uaiitu O/13 HepiBHOCTI.

2) 3HalTH CIiJIbLHUH ITepiof (AKIo Bil icHye) A1 Beix GyHKILIH, 110 BXO-
IATH 0 3aIIMCy HepiBHOCTI, TOOTO mepiox pyHKLil f (x).

3) 3uaiiTu Hyai pysruii: f (x) =0.

4) Ilosnauutu Hyai pyukuii Ha O3 BcepeauHi omHOTO MIEpioay i 3HANTH
3HaK PyHKII f (x) y KOsKHOMY 3 IPOMisKKiB, Ha AKi posouBaeThesa O3
(BcepenuHi ogHOTO IEPiOAY).

5) 3amucaTu BigmoBigb, BpaxoByOUM 3HAK 3a4aHOI HepiBHOCTI i mepiox
GyHKIi f (x).

MosicHeHHs 1 0GIPYHTYBaHHS

1. Po3p’a3yBaHHS HANNPOCTIIINX TPUTOHOMETPUUYHNX HepiBHOCTe. Hafinpoc-
TiIIUMP TPUTOHOMETPUUYHMMU HEPiBHOCTAMMU BBasKalOTh HEPiBHOCTI BUAY
sin x> a, cos x > a, tg x > a, ctg x > a (Ha miciti 3HAKY «>» MOKe CTOATU Oy Ib- KU
i3 3HAKiB HepiBHOCTI: «<, >, <»).

11106 3pobuTy MipKYyBaHHS IT0 3HAXOIKEHHIO PO3B’ I3KiB ITX HEPiBHOCTE O1IbIIT
HAOUYHNMHU, BUKOPUCTOBYIOTH OSUHNYHE KO0JIO 400 rpadiku BiAmoBigunx QyHKILi,
AK Ile TOKAa3aHOo B IIePIIOMY IYHKTI Tabauiri 41.
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§ 22. Po3B’'3yBaHHA TPUrOHOMETPUYHNX HEPIBHOCTEN

. . .. 1
IIpukaaxg 1. IloscHuMo 6iNbIN AeTaJIbHO PO3B’sI3aHHSA HEPiBHOCTI Sinx >5’

HaBeneHe B IyHKTi 1 Tabauiii 41, 3 BUKOPUCTAHHAM OAUHUYHOrO KoJia (puc. 101).

P Ockinbku sin x — Ie opguHATAa BiAIIOBIAHOI TOUKHT P_oxuHWYHOTO KOJIa, TO
IIPY BCiX 3BHAYEHHAX X, AKi 3aI0BOJILHAIOTE JaHil HepiBHOCTI, TouKa P_Mae opau-

. 1 . . .
HATY, Oi/IBIITY 32 5 VciTaki TOUKY HA OMUHUYHOMY KOJIi JIeXKaTh BUIIE 34 IPAMY
1 . o .
y=5 (BoHU 300parkeHi HA PUCYHKY CUHBLOIO ITYTOIO0 lesz 0e3 KpallHiX TOUOK,

. o . . 1 . o 1
OCKiJIbKM B KpailHixX TouKax sin x =5 a He OibIINiT 3a 5). Axio, sanucynoun
BiITIOBib, pyXaTHUCA IIPOTU TOAMHHUKOBOI CTPLIKY, TO TOUKA le Oy/Ie IIOYaTKOM

Iyru lePx ,» A TOUKa P , ii kirmem. CmouaTKy 3alHUIIIEMO BiIIIOBiIb HA OTHOMY
nepioxi (Haragaemo, 110 4J1A CUHYca mepiox nopisuioe 27). [l Touok P Bupine-
HOI fyrm x| < x < x,. OCKIIBKM TOUKA le 3HAXOAUTHLCS B IIPaBill MiBIJIOITUHI, TO

.1 = . n_5m
MOJKHA B3ATH X, = arcsin = =—. Toxi x, =n——=—. TaKuM YMHOM, HA OLHOMY IIe-
1 2 6 2 6 6

.. .. . . T 5m .
pioai poss’aA3kamu 3aaHOl HEPiBHOCTI €: s <x <?. Yepes nepion 21 3HaYEHHSA

CHHYCAa IIOBTOPIOIOTHCS, OTKe, BCi iHIII po3B’ A3KM 3a1aHOI HEPiBHOCTi OTPUMYEMO
JOJaBaHHAM [0 3HaAWIeHUX PO3B’sA3KiB umces Buny 2nk, ne k € Z. Onep:ryemMo

8i0n08i0v: % +2nk<x < %’T +2nk, ke Z. <
st po3B’sA3yBaHHs HEPiBHOCTI sin X >% MOJKHa CKOPUCTATHCS TaKOXK rpadi-
KaMu QYHKIiR y = sin x Ta y =% (puc. 102).
03B’ A3KaMH1 HEPiBHOCTisin x >= OyAyTH Tii TiMIbKY Ti BHAYEHHS X, I AKUX
» Posp’ > ; 6

BigmoBigHi Touku rpadika GyHKINI y = sin x 3HAXOAATHCS BUIIE IPAMOL Y = 5 (ua

pucyHky 102 BigmoBigHi uactTunu rpadika QyHKIII BuAiJIeHO CUHIMY JIiHigMMT).
11106 3HaiiT; abCIMCH TOYOK ePeTUHY IuX rpadikis, 1ocuTh PO3B’A3aTU PiBHAH-

Yi
p 1
1] P, Y
sl 2 “ 1 h
T— 6%, % . Y=2 2 N P
- ~ ! ~ 7 -
5
0 t oz Fn\/ x
y=sinx
Puc. 101 Puc. 102
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PO34IJT 2. TpUroHOMeTPpUYHI PIBHAHHS | HEPIBHOCTI

HA sin x =% (x = (—1)" % +mn,ne Z). BpaxoByrouu nepiogmnunicTs QyHKILI sin x

(T = 2m), mocuTh 3anKncaTy PO3B’ A30K 3aJaHOI HepiBHOCTI Ha ogHOMY mepioni. Ha
BiZIpiBKY IOBXKMHOIO 27T MOKHA B3SITH, HAIPUKJIAM, TaKi aOCIICH TOUOK IIEPETUHY

.. ‘o . . 1 T 51 .. .
rpagikiB QyHKIin Yy =sinxi y= 3 S ) X, = ry (yci immri abermen TOUOK mmepe-

THUHY BigpisuaoThed Big Hux Ha 2nk). Toxi Ha ogHOMY mepioai po3s’askamu 3ama-

HOI HepiBHOCTI €: E <x< ? (abciucu BuAiieHUX TOUOK rpadira y = sin x). Yei

iHII1i pO3B’ 13K M 3aJaHOI HEPIBHOCTI 0/1ePIKYIOTHCA JOAABAHHAM [0 3HANJeHUX UI-

cenBuny 2nk, ne k € Z. 3HOBY Oiep:KYyEMO 8i0n08i0b: E +2nk < x < T onk, ke Z. <|

AmnajyoriuHo MOXKHA OfePIKaATU i po3B’A3KHU iHIIINX BUIIB HaI/IHPOCTlLHI/IX He-
piBHOCTeI, HaBegeHUX y IyHKTi 1 Tabammi 41.

. R 1
Ipuraax 2. Poss’sokiTh HepiBHiCTH cosx > e

P OckinbKu cos x — 1e abcruca BiAmoBigHOI TOUKHT P_opuHMYHOTO KOJIA, TO
IIPY BCiX 3HAYEHHAX X, AKi 3aI0BOJBHSAIOTE laHi/l HepiBHOCTI, TouKa P_Mmae aGc-

mucy, OlJIBIIy 3a (—%) Veci Taki Toukm Ha oguHUYHOMY KoJIi (puc. 103) sexaTs

IpaBoOpyY Bix mpsamoi ¢ = —% (BoHU 300paskeHi HA PUCYHKY CUHBOIO 1yrow PP,

X1~ x2

o . . o . 1 . o
6e3 KPanH1X TOUOK, OCKLJIBKH B KPDanMH1X TOUKaX COSX = —E, a He OiIbIIN 3a —%)

SAKI10, 3aIMCYI0OUYN BiJIOBiIb, pyXaTHUCA IIPOTHU TOAMHHUKOBOI CTPiJIKH, TO TOU-

ka P_Oypenouarkomayru P, P , arouka P, — iikinnem. CrovaTky sanuiiemo
BiAmoBigb HA oJHOMY IIepioni (Haragaemo, 110 AJsd KOCHUHYca BiH JopiBHIOE 21).
Hst Touor P Bupimenoi ayru x;, < x < x,. OCKinbKM TOUuKa Rcz 3HAXOIUTHCS

e . . 1 n_2n
Y BEPXHIU IIIBIJIOIIWHI, TO MOXHa B3ATU X, =arccos (—E)= m——=—

Bpaxo-
3 pax

BYIOUHM CUMETPUYHICTh TOUOK I—jcz iP

x5’

<

P .. 2n
, X=Xy == Taxum uMHOM, Ha OJHO-

8 My Iepioai po3B’si3KaMu 3amaH0l HepiB-

HOCTi € —% <x< ? Yepes mepion 2m 3HA-

\
-1 _% -(y

~

YeHHS KOCHHYCca IMOBTOPOIOThCA. OTiKe,
2n yci inIi poss’sa3Kku 3amaHol HepiBHOCTI
X OTPUMYEMO AOJABAHHAM J0 3HANJEHUX
posB’asKiB uncen suny 2nk, neke Z.

Puc. 103
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§ 22. Po3B’'13yBaHHSA TPUrOHOMETPUYHNX HEPIBHOCTEN

Opneparyemo 8i0n08idb: —2—; +2nk<x< 2—; +2nk, ke Z. <]

MipKyBaHHS IIPpU BUKOPUCTAHHI rpadiunoi ixrocrparnii po3s’a3yBaHHA He-
Y 1T Y

. . 1 . . . .
P1BHOCT1 COS X > —E IIOBHICTIO AaHAJIOI'1IYH1 HaBeJJeHM BUIIlEe MIPDKYBaHHAM II0 PO3-

. .. 1
B’sI3yBaHHIO HepiBHOCTI sin x > >

IIpuknax 3. Posp’saxiTh HepiBHicTb tg x > —1.

P Ilepiox Tanrenca mopisuioe . ToMy CIIoUaTKy 3HANEMO PO3B’A3KHU i€l He-

piBHOCTI Ha IPOMIMKKY JOBKIHOIO T, HATIPUKJIAJ, Ha IPOMiKKY (—E- E), amoTim
22

’

BUKOPHUCTAEMO NepioanuHicTs Taurenca. [lJisa BUAIEHHSA TUX TOYOK P 1IPaBoro
miBKOJIa, BHAUEHHS X SKUX 3aJ0BOJIbHAIOTD 3aJaHiil HEPIBHOCTi, CKOPUCTAEMOCST
giniero ranrencis (puc. 104). CmoyaTky BuAiiuMO Ha JiHil TAHT€HCIB 3SHAUYEHHSA
TaHTeHCiB, 6iybIrti abo piBHi (—1) (Ha puCYHKY BOHU BUiJIEHI CHHBOIO JIiHi€10), a
TIOTiM JJIA KOYKHOI TOUKH JiHiI TAHTe€HCiB 3HAKIeMO BiAOBIAHY TOUKY P_Ha mpa-
BOMY MiBKOJIi (IJId I[OI'0 JOCUTH 3’ €IHATHU IIEHTP KO0JAa 3 BUAIJIEHOI TOUKOIO Ha
JIiHil TAHTEeHCIB 1 B3ATH TOUKY IEPETUHY IIPOBEIEHOTO BiIpidKa 3 Kosiom). MHOKMHA

BiJIMIOBITHUX TOYOK P ONMHUYHOTO KOJIa BUALJIEHA HA PUCYHKY CUHBOIO IyTOI0 P P

xR
2

(3BepHiTE yBary: Touka P, | HaJIEXKUTH POSTIIAHYTi# MHOXUHI, & TOUKA PE — Hi).
2
OCKiJBbKHY TOUKA le 3HAXOAUTHCSA y IIPaBifi MiBIJIOIMIMHI, TO MOKHA B3ATH

T . . . . .
x, =arctg (-1)= e OT:Ke, Ha OJHOMY IIepioai po3B’s3kaMu 3agaH0l HepiBHOCTI

T T . .. .
e~ <x< 3 Yepes mepiof T 3HaUEHHSA TAHTeHca IIOBTOPIOIOThCA. Tomy yci iHrmi
PO3B’A3KM 3a1aHO0I HEPiBHOCTI OTPUMY€EMO AOAaBAHHAM [0 3SHANIeHNX PO3B’ A3KiB

. . T T
uuceJ BULy k, ne k € Z. OnepyemMo 8i0nogios: 1 +nk<x< 5 +mk, ke Z. <

3ayBayK1Mo, 1110 IIpK PO3B’ A3yBaHHi 3a-
IaHol HepiBHOCTI 3 BUKOPUCTAHHAM rpa-
(GiKiB 10CUTD, K i B IOIIepeIHIX BUIIaIKaX,
Ha OJJHOMY Ilepioni (HampukJaj, Ha Hpo-

MiXKKY (—g; g)) 3amnmcaTu Ti abciycu, JJis

AKUX BiAOOBiAHI TouKM rpadika GyHKIil
y=1tg x 3HaxogAThHCA BUIE IPAMOI
y = —1 abo Ha camiii npsawmiii. (Ha pucyHKy B
tabauii 41 BigmoBigui wacTuHU rpadika
dyHKIIT Yy = tg x BugiIeHO cUHIMU JIiHiAMY. )
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y ‘1 /3 IIpukaax 4. Poss’sxkiTh HepiBHiCTD
ctgx < \/§.

P Ilepion Koranrenca mopisuioe ©. Tomy

CIIOUATKY 3HaMiaeMo po3B’A3KHU I[iei He-

PiBHOCTI Ha IPOMIiKKY JOBMKUHOIO T, Ha-

npukJaan, Ha npomizkky (0; 1), a moTim cKo-
pHCTaeEMOCS IIePioAUYHICTIO KOTaAHTeH A,

Ilist BUnisieHHA TUX TOUOK P BepXHBO-

Puc. 105 ro IIiBKOJIa, 3HAUEHHA X AKUX 3aJ0BOJIb-

HAIOTH 3aJaHill HEPiBHOCTi, CKOPHCTAEMO-

csniniero koraurenciB (puc. 105). CriouaTky BUAIIMMO Ha JIiHil KOTAHTeHCiB 3HAa-

YeHHA KOTaHTeHCiB, MeHIIi +/3 (Ha pucyHKy 105 BoHU BuiJIeH] CHHBOIO JIiHi€0),

a ITOTiM JIJIsI KOYKHOI TOUKM JIiHil KOTaHTe€HCIB 3HA/eMOo BiAmoBiAHy ToOuKy P_Ha
BEPXHbOMY IIiBKOJII (A5 IIbOI'0 JOCUTH 3’ €IHATH IEHTP K0JIa 3 BUA1JI€HOI TOUKOIO
Ha JIiHii KOTaHTeHCIB i B3ATH TOUKY NepeTUHY HPOBEAEHOT0 BipidKa 3 KOJIOM).
MuosxuHA BiATIOBIJHUX TOYOK P OAMHUYHOrO KoJia Mo3HaYeHa Ha pucyHKy 105

cuHbOIO fiyroo P P.Ockinpku Toyka P 3HaX0OUTHLCA Y BePXHIN iBILJIOIIUHI, TO
xom £

T . .
MOXKHa B3ATH X, = arcctg V3 =—. Takum unHOM, Ha OJHOMY ITepiosi po3B’ A3KaMu
6

. . . b .
3aaH0l HEP1IBHOCTI1 € E <X<T. ‘Iepes IIeploa T 3HaUeHHA KOTaHI'eHca IIOBTOPIO-

orbed. OTike, BCi iHIM po3B’ A3KM 3a4aH0I HEPiBHOCTI OTPUMYEMO I0JaBAHHSIM 10
3HalileHNX PO3B’aA3KiB umcen Buny nk, ne k € Z. Oxepkyemo 8i0nogidv:

%+nk<x<n+nk,ke Z. <

Amnausioriuno momepeaHiM BUnagKaM npu pos3B’i3yBaHHI HepPiBHOCTI ctg x < J3
3 BUKOPHUCTAHHAM rpad)iKiB JOCUTH Ha OTHOMY Hepiofi (HanpuKaad, Ha IPOMisKKY
(0; m)) sanrucaTu Ti abciucu, AJs SKUX BiAmoBiaHi Toukuy rpadika GyHKII y = ctg x
3HAXOAATHCA HUKYe IIPAMOIL Yy = J3. (Ha pucynky B Tabuurii 41 Bignosigui uactu-
Hu rpadika GyHKII] y = ctg x BugisieHO cuHiMU JiHiAMY. )
2. CmocoOu po3B’A3yBaAHHA OB CKIATHNX TPUTOHOMETPUYHUX HEePiBHOCTEH
TaKOK ITPOLJIOCTPYEMO HA IPUKJIALAX.

. . . 5 . 1 .
Ipuxknax 5. Poss’saxiTh HepiBHIiCTD " sin? x + " sin?2x < cos 2x.

PosB’asanusga Komenrap
> 5 1-cos2x l(l — c0s?2x) < cos 2. Bmcopnc'raelvio piBHOCHIIBHI Tepe-
4 2 , 4 TBOPEHHS 3a7aHol HepiBHOCTI. [/ I1b0-
Toni 2 cos® 2x + 18 cos 2x — 7> 0. | 1 3penemo ii 10 anre6paiumoi 3a cxe-

3amina: cos 2x = t mae HepiBHICTH MO0, aHAJOTIYHOIO /10 CXeMHU PO3B’ -
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§ 22. Po3B’'3yBaHHA TPUrOHOMETPUYHNX HEPIBHOCTEN

2t2 4+ 13t — 7 > 0, po3B’A3KM AKOI: | 3yBaHHA TPUTOHOMETPUYHUX PiBHAHL:
1) 1o oguoro aprymenty (2x);

1
t<-7ab6o t>— (AUB. pUCYHOK). . .
2 (A puey ) 2) mo oxHiel pyukIii (cos 2x);

n \ / " 3) samina sminHOI (cos 2x = t). ITicaa
- T = obepHeHOI 3aMiHM PO3B’sIMKeMO ofep-
B \_/E t JKaHi HAWITPOCTIIIi TPUTOHOMETPUYHI

) HEepiBHOCTI.
OGepuena 3amina gae: cos 2x < —7 (pos-

. 1 .
B’s3KiB Hemae) abo cos 2x > > Toxi

—§+2nn<2x<§+2nn.

Omxe, —%+nn<x<%+7‘cn, neZ.<l

Po3B’ A3yr0un Oi/IbII CKJIAAHI TPUTOHOMETPUYHI HEPiBHOCTI, MOYKHA TAKOM BU-
KOpUCTATU Memod inmepaaJig, Tpoxu aMiHuBINY oro. HeobxigHicTh KopeKIrii
BiZoMmoi cxemu po3B’a3yBaHHA HepiBHOCTEl [ (x) 2 0 MmeTomOM iHTepBAaiB (c. 232)
OB’ A3aHAa 3 TUM, 1[0 Y BUIAAKY, KOJIU PYHKIA f (X) — TpUroHOMETpPHUUHA, BOHA,
SAK ITPABUJIO, MA€ HECKiHUEHHY MHOKUHY KOPEHiB (AKi 0lep:KyeMo IIPH IIiJINX 3HA-
YyeHHAX napametpa). Tomy, AKIII0 HaMaraTucs no3HauuTu Koperi Ha O[3, nose-
IeThCs MO3HAUNTY HECKIHUEHHY IX MHOKUHY, 1[0 HEMOYKJINBO. ¥ HUKHYTHU I[HOT'0
MOJKHA, AKIIO 3HAKMTH mepios PyHKILI f (x) (AKIMO BiH icHye) I pO3TIAHYTH 3HAK
GyHKIIIT Ha KOKHOMY IPOMisKKY BCepeInHi OHOTO mepiomy.

Takum YymHOM, METO/I iHTEePBAJIiB JJIS PO3B’I3yBAHHA TPUTOHOMETPUYHHIX He-
piBHOCTeI f (x) 2 0 MOXKe 3aCTOCOBYBATHCSA 32 CXEMOIO:

1. 3uaiitu O3 HepiBHOCTI.

2. 3uaiitu nepiox pyHruii f (x) (axuo Bix icHye).

3. 3muaiitu Hyxi pyrruii (f (x) = 0).

4. Tlosuauntu Hyai Ha O/I3 BcepenuHi ogHOrO IIepiony i 3HaiiTH 3HAK PYHKILT y

KOKHOMY 3 IPOMIisKKiB, Ha aAKi po3ouBaernsea O/13 (BcepenauHi oqHoro mepiomy).

5. 3amucaru BigmoBias (ypaxoByroum 3HAK 3agaHol HepiBHoCTI i mepiox

GyHELii f (x)).
IIpukaax 6. Poss’saxkiTh HepiBHiCTH cos 2x < cos 3x — cos 4x.

P Posp’saskeMo JaHy HepiBHICTH MeTozoM iHTepBadiB. s mboro ssenemo ii

mo Buraany f (x) < 0:
cos 2x +cos 4x —cos 3x < 0.

1. O13: x — 6yab-AKe aiificHe YmCo.
2. fIx mu 3HAaemo, nepiox pyHKIII cos x qopiBuioe 27. Toxi mepion pyHKILil cos 2x

oyae T, = 2?” =, mepiof pyHKHiicos3x — T, = ?n, inmepiox pyuKIii cos 4x —
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Ha Bigpisky nossunorw 2nnepiogu T, T,, T, BMIiIIyIOTHCA 1ijIe YUCIIO PasiB.
Toxai 2m 6y ae CIiIbHIM EePiooM JJIA BCiX X TPHOX (PYHKILi, i ToMy 2T € 1e-
piomom pyukIii f (x) = cos 2x + cos 4x — cos 3x.
3. 3Hanmemo HyJIi 1iel PyHKIIiI: cos 2x + cos 4x —cos 3x = 0.
Toni 2 cos 3x cos x —cos 3x =0, cos 3x (2cosx —1)=0.
3Bigcu cos 3x =0 ab6o 2 cos x —1=0. Po3p’sa3yioun ocTauHi piBHAHHS, Ofep-

HYEMO x=%+%k, ke Z,a60 x=+>+2nk, ke Z.

4. TlosHaumMmo Bci HyJIi Ha mepio/i JOBKMHOIO 27, HAaIPUKJIAL, Ha Bimpisky Big 0 1o
2miogep:KuMo 9 IpOMiKKiB (IUB. PUCYHOK).

+Y -V + — + — +V -Y +
5 n 3n bm 1lln a1 X

6 6 2 3 6

0

ola
[(NEX
ro|a

3HaxoauMo 3HAKU QYHKII f (x) y KOXKHOMY 3 MpoMisKKiB. [[J1s1 I{bOT0 3pYYHO
sanucatu pyHKIio0 f (x)yBuraani 1o0yTry: f (x) =cos 3x (2cos x —1).

Bidnosidv (sanucyeTbes 3 ypaxyBaHHAM IIepioay):
xe [E +2mk; T+ an}U[E +2m; 2 4 2nk}u[7—“ +2mk; 3 4 an}u
6 3 2 6 6 2

u[%mnk;%mm}, ke Z. <

3ayBamxeHH . [Ipu poss’A3yBaHHI TPUTIOHOMETPHUUYHIX HEPiBHOCTEI METO-
JIOM iHTepBaJIiB YaCTO JOBOAUTHCA 3HAXOIUTH 3HaK (DYHKIII1 y BeJIUKil KiJIbKOCTi
npoMikKiB. [[J1s TOTO 11100 3MEHIITUTY 00CAT POOOTH, MOKHA 3aIIPOIIOHYBAaTH Ta-
KUl cocib: CTeKUTH 3a TUM, Yepes3 AKUM HYJIb MU IPOXOANMO IIPU IIepexoi 3
OJIHOTO iHTepBAaJIYy 0 iHITIOTO i UM 3MiHIOETHCS 3HAK JaHOI QYHKIIII B IbOMY HYJIi.

¥V Bunaakry, koau pyHKIida f (x), 110 cToiTh y IiBili vacTuHi HepiBHOCTI, 3amK-
caHa y BUTJIAAL JoOYTKY ¢ (x) - g (x), HeoOXigHO 3BepTaTH yBary Ha Te, I110 3HAK
IOOYTKY He 3MiHUThCS, AKIIIO OJHOUYACHO 001 ABa MHOKHUKY (QYHKIII @ (x)ig (x))
3MiHIOIOTH 3HAKY HA IIPOTUJICIKHI.

IIpakTUUHO 119 BUKOPUCTAHHS ITi€el BJaCTUBOCTI Y BUNIAAKY, AKIIO JiBa yac-
THHA HEPiBHOCTI 3amncaHa K JOOYTOK KiJTbKOX (PYHKILII, HYJIi KOXKHOT'0 MHOMK-
HUKA I03HAYAIOTh HA IPOMIiKKY Pi3HUM KOJbOPOM (TaK, AK Iie 3p00JIeHo HA pu-
CYHKY J0 IIpUKJIany 2), a00, AKIIT0 MHOKHUKIB JIUIIIE /Ba, HYJIi IepIIIOro MHOMKHI-
Ka I03HavaloTh IIiJl Biccio, a HYJIi APyroro — HaJj Biccio.

Axio y QyHKIi-MHOMKHUKIB HeMae OJHAKOBUX HYJIiB, TO 3HAK PYHKILII f (x)
3MiHIOETHCS ABTOMATUYHO ITPU IIePeX0/Ii uepes KOKHU HYJIb (32 YMOBH, ITI0 TLIbKHT
oJlHA 3 PYHKITiIi-MHOKHIKiB 3MiHIOE 3HAK IIPU IIepeX0/i uepes el HyJib). Y IIbOMY
BUIIAAKY IJI51 3HAXOMKEHH BCixX 3HaKiB pyHKIII f (x) HAa mepioai qocuTs 3HAKTH i1
3HAK JIUIIIE B OMHOMY IIPOMisKKY, a B iHIIINX PO3CTABUTH 3HAKHU, UEPTYIOUH iX. AKIIO
K Y QYHKIIH-MHOMKHUKIB € OMHAKOBI HYJIi, TO IIPU IIepexo/i uepes TaKuii HyJIb
3HaK JOOYTKY MOJKe He 3MiHIOBATHCS, i Ile BPaX0OBY€ETHCS IIPU PO3CTAHOBII 3HAKIB.
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§ 22. Po3B’'3yBaHHA TPUrOHOMETPUYHNX HEPIBHOCTEN

1.

2.

3.

10.
11.
12.

13.
14.

15.

3anuTtaHHsa ansa KOHTpOIJIIO

. INoscuiTs Ha IpUKJIagaX, AK MOXKHA PO3B’I3yBATH HANIIPOCTIIIIi TPUTOHOMET-

PpUYHi HepPiBHOCTI 3a JOIIOMOTOI0: a) OMMHUYHOTO K0J1a; 0) rpadika BigmoBimHOL
GyHKITT.

. Yu 3aB:KAu MAlOTh PO3B’ A3KM HepiBHOCTI: 1) sin x <a; 2)sin x> a; 3) cos x <a;

4)cosx>a;b)tgx<a;6)tgx>a; T)ctgx<a; 8)ctgx>a? Yu moxkyTh OyTH
po3B’s3KaMu AKMXOCH i3 [UX HepiBHOCTEH Bei miticui uncina? HaBeniTs mpu-
KJIaau.

. AAkumu crocobamMm MOKHA PO3B’A3yBATH TPUTOHOMETPUUYHI HepPiBHOCTI, 1110

BifpisHsOThHCA Bif Hainpocrimux ? HasemiTe mpukaagm.

Bnpasu

Posp’sokiTh HepiBHicTs (1—14).

1) sinx<%; 2) sinx>—%; 3) sin x < —-2; 4) sinx)%.
1) cosx>%; 2) cosx<—§; 3)cos x < 3; 1) cosx>72.
Ditgx<-1;  2)tgx>3;  3) tgx>§; Htgx<l.
. 1) ctgx>—\/§; 2)ctgx>1; 3)ctg x < —1; 4) ctgx<§.
. 1) sin2x>%; 2) cos§<§; 3) tg%>—\/§; 4) ctg bx < 1.
. 1) 2c0s(2x—§)> 1 2) \/gtg(3x+§)<3;
3) x/§sin(§+%)<1; 4) 2c0s(4x—%)>\/§.
1) sin%cos 3x—c0s%sin3x>%; 2) sin 5xcos 5x <i; 3)sinx +cosx <1.
. 1) sin(Zx—g) <§; 2)|tgx|>1.
. 1) sin4x+cos 4x ctg2x>\/§; 2) sin 4x —cos 4x tg2x<\/§.
1) sin x > cos? x; 2) cos? x — sin? x > sin 2x.
1)cos2x +5cosx +3 > 0; 2) sin x <cos x.
1) cos 2x + cos 6x > 1 + cos 8x; 2) sin x sin 7x > sin 3x sin 5x.

1) V/sinx >+/—cosx; 2) sinx >+/1-sin2x.
1) sin 9x — sin 5x + 2 sin? x < 2 sin 2x + 1 — cos 2x;
2)2sin?x —sinx +sin 3x < 1.
3HaigiTh po3B’sA3KU HEePiBHOCTI /sin 2x < cosx —sinx, AKi 3a10BOJBHSIOTH
yMOBi | x | <T.
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16.

17.

3HalgiTh 3BHAUEHHA X Ha Biapisky 0 < x < 7T, 9Ki 3a/10BOJILHAIOTH HEPiBHOCTI

sin 2x — cos x+x/§sinx>i.

V2

Po3B’ a:xiTh HepiBHICTS:
1) sin 4x > a(sin 3x — sin x);

2) a(cos x —sin x)2 + b cos? x > 0.

I JOJATKOBI 3ABOAHHA OO PO34INY 2

PosB’soxiTe piBHaAHHS (1—8).
1)sin? x — 4 sin x = 5;
3)4cos’?x+4sinx—1=0;

1)sin 2x +tg x = 0;
3) 2 sin?x—+/3 sin 2x =0;
1) 1+cosx—200s§=0;

3) sinx—\/gcosx=0;

1)cos? x—3 cos x sin x + 1 =0;
3) 2+ cos? x = 2 sin x;

1) (1 + cos 4x) sin 2x = cos? 2x;

3) 5sin2x+4sin(§+ x)=4;

1) 1—cosx—\/§sin%=0;
3)cos?4x + 3sin? 2x—1=0;

. 1) cos3x=2sin (%TE+ x);

3) 1 —cos 4x = sin 2x;

1) 1-cos(m+x)— s1n3n;x 0;

3) 2cos?(2n+x)—-3 cos (%—x)+2;

2) cos? x + 5 cos x = 6;
4)4sin?x—4cosx—1=0.

2) sinx+ctg%=0;
4) 2 cos?x++/3 sin2x=0.
2) 1—cosx—2sin§=0;

4) J3sinx+ cosx = 0.
2)sin? x +3 cos x sin x+1=0;
4)3 —3 cos x = 2 sin? x.

2) (1 — cos 4x) cos 2x = sin? 2x;

4) 6cos2x+5cos<——x)
2) 1+cosx+\/§cos—=0
4) cos? 4x + 3 cos? 2x 1=0.

2) sin 3x - 2cos (%— x);
4) 1 + cos 4x = cos 2x.

2) sin (gn—Zx)+ 5sin(n—x)+3=0;

4) 5 sin? (1,5x — x) + 2 sin? (m— x) = 2.

3HaigiTE po3B’ a3k piBaanHA (9—10).

1) sin x + cos x = 1 Ha inTepBaJi (—2m; 0);

2)sin x — cos x =1 ma iarepsauti (0; 2m);

3) sin* x — cos* x = sin 2x ma npomixkky [0; 90°];

4) —sin?x +cos?x =cos % Ha npomixkky [180°; 270°.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

i . LT
1) ctgx+—"% =2 mainrteppaii (—; TC);
1+cosx 2
sinx X .
———— =sin= Ha OPOMiXKY [T; 27];
1+ cosx 2

3) 4 sin x sin 2x sin 3x = sin 4x Ha inTepBaJi (0; %),

4)4 cos x cos 2x sin 3x =sin 2x Ha inTepBaJi (0; g)

Posp’sakiTh piBHAHHS (11—26).

1) sin 6x — 2 sin 2x = 0; 2) cos 6x + 2 cos 2x = 0;
3) COS2§+COS 3x =sin? %-COS x; 4) sin? x + sin 83x = cos? x + sin x.
1)4 cos? x —sin 2x = 1; 2) 3sin2x+%sin2x=2;
3)sin? x + 14 sin x cos x = 15cos? x; 4)cos? x—12cos x sin x = 13sin? x.
1) 1+cost=0. 2) sinx—sin3x=0.

1-sinx ’ 1-cosx ’

2sin? x + 3sinx 3cos? x — 4cosx

S8 XFOSIX _ = —==0.
3) 1-cosx 4) 1+sinx

3x sinx - sin 3x cos 2x sin 2x
1 cos x + cos —0; 2 =0; =0; T =
) 1+sinx ) 1+ cosx 1+ sin 2x ) 1-sin 2x
1) sinx+x/§cosx=1; 2) \/gsinx—cosx=1;
3) sin? x = sin? 3x; 4) cos? x = cos? 3x.
1) sin 4x + sin 2x —tg 2x; cos 23.c— sin 4x — ctg 2x;
cos 2x sin 2x
3) V1+cosx =sin x; 4) Vv1-cosx =sin x.
1) sin4x+cos4x=§; 2)sin* x + cos* x = sin 2x;
3) cos (§+5x)+sinx=2cos 3x; 4) cos bx +sin (gn—Qx)—\/gsian=0.
1) cos x + cos 2x + cos 3x + cos 4x = 0;
2) sin x +sin 2x + sin 3x + sin 4x = 0;
3) 5sin 2x — 11(sin x +cos x) + 7= 0;
4)sin 2z + 5(sinz +cos z) + 1 = 0.
1) sin? x cos 3x + cos® x sin 3x + 0,375 = 0;
2) cos?zcos 32+sin3zsin3z=%;
3) sinxsin(ﬂ—x)sin(£+x)=l; 4) 8cosxcos(ﬂ—x)sin(£+x)+1=0.
3 3 8 3 3

1) sin? x + sin? 2x = sin? 3x; 2) cos? x + cos? 2x + cos? 3x + cos? 4x = 2;
3) cos3x=1—\/§sin3x; 4)3sinx+5cos x=4.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

1) V1+4sinxcosx =cosx—sinx; 2) Jcos2x—sin4dx —sinx —cosx;

3) tg4x+tgzx+§=0; 4) cthxJr ctgx +92=0.
tg2x tgdx 2 ctgx ctg2x

1) arcsin (x+2,5)=%; 2) arcsin (%—3):%;
3) (x*—4) arcsin x = 0; 4) <x2 —i) arccosx =0.

i —f E- —ﬁ:E-
1) arccos (sinx)= 179 2) arctg (tgx) YRt
3) arcsin (3-2x)= —%; 4) arccos (2x-3)= g

2 2

1) arcsin x-arccos x = 71T_8; 2) arctg x-arcctg x = 7;—6;
3) 3 arcsin x —n=0; 4) 4arctgx—6(%—arctgx)=n.
1) (arcsin x)? — 4 arcsin x = 0; 2) (arccos x)? — 5 arccos x = 0;
3) arctg (1+x)+arctg (1-x)= %; 4) arcsin (1-x)—-2arcsin x =§.

1) Jtgx =—-2sinx; 2) J-tgx = \/Ecosx;
3) VJcosx =—-sinx; 4) \Jcos2x = \/Esinx.

3HaUAiTH BCi 3HAUEHHSA X Ta Y, 1110 3aJOBOJIbHAIOTH PiBHAHHIO:
1)12sinx+5cosx=2y?2-8y+21; 2)3cosx—4sinx=2y2-4y+7;

2tg£ 1_tg2£
3) 2x=y2—4y+5; 4) 2 =2y —4y+3.
1+tg2§ 1+tg2§

PosB’sokiTe HepiBHicTE (28—36).

1) coszx>i; 2) sin2x<i;
3) 2sin®x++/3sinx—-3>0; 4)2sin?x—3sinx+1>0.

2 _ .9 . _
1) 2cos“x +cos x 1>0; 2) 2sin® x +sinx 1>0;

cos x —1 sinx -1

. . 5 . .

3) cos?xcos 3x—s1n3xs1n3x>g; 4) cos?®x sin 3x+ cos 3x s1n3x<§.
1) sin4§+cos4§>%; 2) sin6x+cosﬁx>§;
3) sinx++/3cosx>1; 4) V/3sin3x + cos3x > 1.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

1) tg2x+(2—\/§)tgx—2\/§<0; 2) \/gtgzx—4tgx+\/§>0;
3)ctg? x +ctg x > 0; 4)tg? x —tg x <O0.
1)tg x tg 3x <—1; 2)ctg x ctg 3x>-1;

3) 3 sin? x — 2 sin x cos x — cos? x < 0;
4) 2c0s2x+(2\/§—1)cosx sin x —+/3sinZx > 0.

sin 3x cos(Zx - %)

1) <0 2)cos x cos 2x cos 3x < 0;

sin 2x
3) (3\/§cosx— 2sinx—2—«/§)(25in2x—1)>0;
4) cos2x+2sin2x > 2\/§cosx;

1) 3 sin 2x — 1 > sin x + cos x; 2) c052x<x/§(cosx—sinx);
1 1 1 1 1 1
3) ——+—+——<0; 4) ———>——,
sin2x sin4x sin8x sinx sin2x sin3x
1) 2 arccos x > arcsin x; 2) 2 arcsin x > arccos x;

3) 4 (arcsin x)®> — 6 arcsin x + 2> 0; 4) (arccos x)?> — 6 arccos x + 8 < 0.
1) sin (2x + 10°) + sin (x + 10°) — sin x < 0;

3
2) ctgx +ctg (x +§)+ 2ctg (x +§) > 0; 3) (arctg x)3 + (arcctg)3 >%;
4) arctg (3x%2—3x + 1) < arcctg (3x%2—3x + 1).

3HAWIITH MHOKUHY 3HAUEeHDb QYHKITIT:

1) y=%arccos (/0,125(cos x—sinx));  2) y=%arcsin [_3 2+j11/’2_¢‘005x )

3HaNAITh MHOYKMHY 3HaUeHb PYHKIIIT y = sin 2x, AKII0:

1) x € [arctg 0,5; arctg 3]; 2) xe[arctg %; arctg 2];
3) xe [arccos 0,8; 5—”]; 4) xe [arccosi; 5—"}
12 13" 12

Po3B’saKiTh piBHAHHA:
1)7tgx+cos?x+3sin2x=1; 2)sin 2x + 1 =sin? x + 6 ctg x.

ITpu akux 3HaueHHAX a Bupas 2 + cos x (5 cos x + a sin x) gopiBHIOBaTHUME

OQVHUIIL X0ua 6 TPy OHOMY 3HaUeHH] x?

ITpu axux sHaueHHAX a Bupas 3 + sin x (2 sin x + a cos x) nopisuioBaTume (—1)

xX0ua 0 Ipu OJHOMY 3HAUeHH] x?
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Po3pin

CreneHeBa yHKLIS

E KOPIHb n-ro CTEMNEHA

TA NOro BJIACTUBOCTI

Tabnuma 42

1. O3Ha4eHHs

KBagpaTHWM KOpiHb

KopiHb n-ro crenexs

Keadpamnum xopenem i3 wucna a
Ha3MBAETHCA TaKe YUCIo b, KBaxpaT
SAKOTO0 IOPiBHIOE @.

Axmo a =b?, To b — KBagpaTHUM

KOpiHb i3 uncia a.

(Va)=a

Kopenem n-zo cmenens 3 wucna a
Ha3WBa€ThCA TaKe 4MucJIo b, n-i cre-
MiHb IKOTO0 JOPiBHIOE a.
Axmoa=b" (ne N,n#1),Tob —
KOPiHb 11-T'0 CTeIIeH s 3 Uncja d.

ApugpmemuuHuil KOpiHb — HeB8id’ eMHe 3HAUCHHA KOPeHs.

IIpua>0: JE, Y/a — mosHaueHHs apu(PMETUUHOI0 3HAUCHHS KOPEHS.

(%) o

2. 0bnacTb fonyctu

MWX 3Ha4eHb (O43)

KBagpaTHWMI KOpiHb

KopiHb n-ro creneHs

Ja icuye TinbKu npu a = 0.

%a icuye Tiasku nupu a > 0 (k € N);

%+Ya  icmye mpu 6ymb-IKMX
3HAYEHHAX @.

3. BnactmBocTi KOpeHs n-ro crenexs

n=2k+ 1 — "Hemapue

n =2k — nmapHe

1) 2k+\1/; — _Zk%
2) W =2k+1/a2k+1 =a‘

Yar =4 =|a|
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IIpomgoBx. Tabu. 42

s dosinvHux 3navenvn(ne N,n#1)
3)pua >0 Y¥a ="a

4)TIpra >0 (%a)" =4a*

5)TIpua>0,b>0 | Yab=%a-%b

Hacnidxku
Hpua>0,b>0 |%ab=a%lb | — pua>0,b>0|a¥b="%arb |—
BUHECeHHA MHOMHUKQA 3—ni0 3HAKa B6HECEeHHA MHOMHUKA nla 3HAK
KOpeHs. KOpeHs.
a_ Y
6)IIpua=>0,b>0 ";—W

NIpua>0 |Yam ="kam | — ocrnosna eracmusicmov Kopens

3HaueHHA KOPeHs i3 cmenens He6i0 e MHO020 YUCAA He 3MIHUMbCS, AKUL0
NOKA3HUK KOPeHs i NOKA3HUK cmenens ni0KopeHe6020 8UPA3Y NOMHONCUMU
(abo nodirumu ) Ha o0He il me came HAMYPAJLbHE YUCJLO.

8)Ipua >0,b >0, |axmo a> b, T0 %%/Z\.

4.3annc po3B’a3KiB PIBHAHHA x"=a (n € N)

n=2k + 1 — uenapse (k € N) n =2k — napae (k€ N)

IIpua =2 0 Bei
IIpu 6ynp-AKNX 3HAYEHHAX @

. 2k +1 IIpua<0 KOpPeHi piBHAHHS
1IBHAHHA X =a Mae€ o
P piBHAHHS x%* = q x% = g MoKHA
enunuii Kopins x =*a. He Ma€ KOpeHis. 3aIMCATH TAK:

x=1%a.

Mpwknagu

. PiBuauus
PiBusinnsa x° =3 PiBnanna =7

8 —
x®=-=7

. Mae€ KOpeHi
He Ma€ KOPeHiB.

x=i§/?.

Ma€ €IMHUYN KOPiHb X = 3.
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MosicHeHHs 1 0GIPYHTYBaHHS

1. O3HaueHHA KOPeHs n-ro creneda. [IoHATTS KOpeHsA KBaAPaTHOTO 3 UKcja a
BaM BiZJoOMO: Iie TaKe YH1CJIO, KBaJpaT SIKOT0 JOPiBHIOE . AHAJIOTiUHO 03HAUAETHCS
i KOpiHBb 1-T0 cTeleHs 3 Uncia a, e 1 — JOBiJbHe HAaTypaJbHe YNCJI0, Oiabie 1.

Kopenemn-zo cmenensa 3 wucna a HA3NBAETHCA TAKe YUCJIO, 1L-1 CTEIIiHb IKOTO

JTOPiBHIOE @.

Hampukiazn, KopiHb TpeThboro cremeHs 3 uucaa 27 TOpiBHIOE 3, OCKiJIbKU
33= 27; xKopiHb TPEeTHLOTO cTeneHs 3 uucJaa (—27) gopiBHioe (—3), OCKiIBKH
(-3)3= —27. Yucaa 2 i (—2) € KOpeHAMH UETBEPTOro CTemneHs 3 16, oCKinbKu
21=161i(-2)'=16.

IIpu n = 2 Ta npu n = 3 KOpeHi n-ro cTeneHsa HA3WBAIOTh TaKOK BiAIIOBIIHO
KBaJpaTHUM Ta KyOIYHUM KOPEHIMH.

SK i gna KkBagpaTHOTO KOPEHs, AJA KOPEeHA n-T'0 CTelIeHA BBOAUTHCS IOHATTSA
apu(I)MEeTUUYHOI'O KOPEeHd.

Apugmemuinum KOPEeHeMm n-20 cCmenensa 3 4cla a HA3NBAETHCA HEBi eMHe

YHCJIO, N-¥ CTEIiHb AKOT0 JOPiBHIOE a.

ITpu a > 0 gasa apudMeTHYHOTr0 3HAUEHH A KOPEeHs 71-TO CTEeIIeHA 3 Y1cJja a icHye
croeriajgbHe MO3BHAUEHHA: Va; YUCLO N HA3UBAIOMb NOKA3ZHUKOM KOPEHs, A came
Yucso @ — ni0KopeHesuM 8upasom. SHAK Y supa3 \a Hasusawmb maxoic

paduxanom.
Hampukaan, Te, 1110 KOpiHb TPETHOTO CTEIEeHs 3 uyncja 27 TopiBHIOE 3, 3alu-

cyeThes Tak: Y27 = 3; Te, 10 KOPiHb YeTBEPTOro cTeleHs 3 16 gopiBHIOE 2, 3a1u-

cyeTbea Tak: Y16 = 2. AJe 1Js 3aIUCy TOTO, 1[0 KOPiHB YeTBEPTOTro cTereHs 3 16

nopiBHIOE (—2), TO3HAYEHHA HEMAE.

IIpu a < 0 3HaueHHA KOPEHS 1-TO CTeIleHs 3 YNCJIA @ iCHYE TIIBKY ITPU HeIIapHUX
3HAUeHHSX N (OCKIJIbKY He iCHY€ TaKOT0 MifICHOTO YKcJja, IapHUU CTeIIiHb SKOT0
Oyze Bif’eMHHUM YKCJIOM). ¥ I[bOMY BUIIAAKY KOPiHb HEIIAPHOI'O CTEIIeH 71 3 UKC-

Ja a TeXK mo3HavaeTbedA Y a. Hanpukiaz, Te, 10 KOPiHb TPETHOTO CTEIIEH 3 UMCJIa
. 3 . .
(—27) popiBuioe (—3), sanucyerhed Tak: V—27 =-3. Ockinbku (—3) — Big’emue

qnco, To ¥—27 He € apudMeTUIHNM 3HAUEHHAM KOpeHs. AJe KOpiHb HeIIapHOTO
CTeleHs 3 BiJl’eMHOTO YKcia MOKHA BUPASUTHU Uepes apuMeTnyHe 3HAUSHHS KO-

PeHs 3a OIIOMOT0I0 (hOPMYJIN ‘ 2 —a = -*Ya

@ 11106 foBecTu HaBeeHY GOPMYJIY, 3ayBASKIIMO, IIIO 32 03HAUEHHAM KOPEHS 71-TO
2k+1
cTelleHsd IA PiBHiCTE Oy/ie IpPaBUIbHOIO, AKIIO (—2’”\1/; ) =—a. [liticHo,
2k+1 ohil 2k+1 . 2k+1 2k+1
(-2a)" = -1~ - (*¥a)” =—a, anmeiosmauae, mo *-a=-*a. O

Hanpuxnag, -27=-%27=-3; 3—32=-332=—2.
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BazHauUMO TAKOK, 10 3Havenna *a maemoii camuii snax, woiuucnoa,
OCKiJIbKHY ITPU HiJJHECEeHHi 0 HeIlapHOTO CTeNeHd 3HAaK UICcJia He 3BMiHIOEThCA.
Tako:k 3a 0OBHAUEHHSIM KOPEHS N-T0O CTelleHs MOJKHA 3allUCaTH, 1110 B TOMY BU-

HagKy, KOJIY iCHye 3BHAUEHHS N a, BUKOHYEThCA PiBHICTH

((L/E)n=a i, BoKpema, ipu a = 0 (\/5)2=a.

2. O6aacTh IOMIYCTUMUX 3HAYEHb BUPA3iB 3 KOPEHAMU N-r0 cTeneHs. Po3p’a3ku
piBHAHHA X" =a (n € N). 3a3HaYUMO, 1110

snauenna *\a — xopens nenapnozo cmenens 3 uucna a — icnyenpu
6y 0b-aKUX 3HAULEHHAX Q.
® O6rpyHTYyEMO Iie, HAIPHUKJIAL, LIS KOPEHS TPeTboro cremens. ITosHaummo
Ya =x. Toxi 3a 03HAUEHHAM KOPeHs 71-T0 CTelleHs x° = g i 3HaueHHA 3a 6Gyme
icHyBaTH, AKINO PiBHAHHS X3 = g 6ye MaTu po3B’A30K.
3o06pasusiu rpadiku GyHKIN y = x3 i y = a (puc. 106), 6aunmo, 1110 npu 0y a1b-
AKNX 3HAUEHHAX @ IIPSAMAa Y = @ iepeTuHae rpadik Qyukmii y = x3 B oquiii rourri.
.. 3 .
Omxe, Ipu OyAb-AKOMY 3HAUEHHI a icHYe einHe 3HaUeHHS Va (OCKiJIbKYU PyHK-
1mig y = x® 3pocrac i HabyBae BCixX 3HAYEHB Bif| —0o 110 +00).
Amnajoriume o0r'pyHTYBaHHS MOKHA HABECTH 1 [IJIA IHIIINX KOPEHiB HeIIapHOIro
cremnens (quB. rpadiku i BractuBocTi QyHKIIN Bugy y = X2y § 25).
Hageneni MipKyBauHs 03BOJIAIOTE 3aNCATH PO3B’ I3KHY PIBHAHHA X" = @ IJIs
HeIlapHUX 3HaueHb n = 2k + 1: npu Oyab-IKNX 3HAYEHHIX @ PiBHAHHSI
x%*1 = q (k € N) mae exunmii kopinp x =2q.
Hanpukiaz, piBHAHHES X° = 3 Ma€ eUHAI KOPiHb x = /3, a piBHaHag x”=—11
o . 7 . .
Mae eUHII KOpiHb X = v/ —11 (BpaxoByroun, mo ¥-11 = —{/11, kopiHb a1 piBHAHHS

x7 = —11 moskHa 3anucaTu Tak: x=—y11 )

I 3nauenna %la — xopena napnozo cmenens 3 wucna a — icHy€ minvKu

npua 2 0.
.o 2‘(3/— _
IificHo, y TOMY BUIIALKY, KOJIU X/a =X, 34
Yy
O3HAUEHHSAM KOPEHJ 11-TO CTelleHs: a = x2", : y=x3
Orxe,a = 0. y=a
i KBagpaTHOrO KOPEHs Ile MOMKHA a
TAKOK OOI'PYHTYBATU, BUKOPUCTOBYIOUHU
. o . X
Bimomuii rpadik QyHKII y = x2. 0 -

® Hexait Va = x, Toji 3a 03HAUEHHAM KO-

PEeHS n-ro cTeleHsa X2 = a i 3HauYeHHd v a

Oyze icHyBaTH, AKIIO PiBHAHHA X2 = a
MaTHMe po3B’ A30K. Puc. 106
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Uy 3o6pasuBinu rpadiku GyHKIiN y = x2 i
y = x2 Yy =a (puc. 107), 6auumo, 1110 npaMa y = a
neperuHae rpadgik QyHrii y = x? TiabKu

y=a upu a = 0 (mpuuomy, upu a > 0 — y 1BOX

(a>0) TOUKaX: x1=\/aix2=— a,anmpua=0—

TiIbKU B oxHil Toulli x = 0). OT:Ke, npu
Oyab-sIKUX 3HAUeHHAX a > 0 icHye 3HaueH-

—_ 0., — x . .
X Ja Xy =Ja HA \a, OCKIIbKY QYHKIIA y = x2 HaOyBae
y—4a BCixX 3HauUeHB i3 mpomiskky [0; +00),
(a<0) , . "
PosrisiHeMo po3B’s13KU PiBHAHHSA X" = @
Puc. 107 IS HapHUX 3HAUeHb n = 2k.

PiBusnansa x? = a npu a < 0 He Mmae Ko-
peHiB, OCKiIbLKU KBaApaT 0y Ab-AKOI0 YKCJIa He MoKe 0yTy Bix’ e MHUM (Ha PUCYH-
Ky 107 npsama y = a npu a < 0 me neperunae rpadik pyukiii y = x?). Tak camo:
piBHaAHHA x%* = a (kK € N) npu a < 0 He Ma€ KOpeHiB (OCKIJIbKY IAPHUH CTEIiHb
Oy /Ib-sIKOTO UICJIa He MOsKe Oy TH BiZf’eMHIM).

IIpu a = 0 piBuaunsg x* =0 (k € N) mae equuuii Kopinb x = 0 (OCKiJIbKY mapHuit
CTemiHb Oyb-AKOI'0 BiIMiHHOTIO Bif HYJIS YKcJIa — YKCJIO JOJaTHe, TOOTO He piBHe
HyJ10, a 02¢ = 0).

2k 2k 2k
IIpu a > 0 3a 03HAUeHHAM KOpPeHA 2k-TO CTeNeHs ( x/a) =a. Omxe, x=

1 —
2k 2k

KOopiub piBHAHHA X2 =a. Ane (%a) =*a) = a, Tomy x =-%/a — Texx KOpiHb

piBHAHHA x% = q. IHIIKX KOpEHiB e PiBHAHHSA He Ma€, OCKLIBKM BIACTHUBOCTL

byuknii y = x% anmanoriuni BaactuBoctam GyHKIil y = x%: npu x > 0 QyHKIig

3pocTae, OTKe, SHAUEHHS g BOHA MOsKe Ha0yBaTH TiJAbKY IIPU OJHOMY 3HAYEHH]

aprymerTy (x =%/q). Aranoriuno npu x < 0 pyHKIis y = x?* camae, ToMmy 3HaUEH-
Hs @ BOHA MOKe HaOyBaTH TiJIbKU IPU OJHOMY 3HAUEHHI apryMeHTy (x =%a )

Takum yuHOM, piBHAHHA Xx2* = @ ipu a > 0 Mae€ TiabKu ABa Kopeni x =+%/a.
Hanpuraan, piBaanas x'° = —1 He mae KopeHiB, a piBHaHHA x° = 5 Mmae xopeni

x=1%5.

3. BmacTtuBoOCTi KOpEeHA n-ro cTeneHs MOKHA 00T DYHTYBATH, CIINPAIOYNCH Ha 03-
HAYeHHS KOPEHs N-T0 CTeIeHsd.

1) ®opmyna ‘ 2lf_q = 24q ‘ 6ysa o6rpyHTOBaHA Ha C. 264.

Oo6r'pyaTryemo iuiri ¢oopmysan, HaBeaeHi B Tabiniri 42.

@® Harazgaemo, 170 32 03HAYEHHAM KOPEHS 7-TO CTEIleHd A1 JOBeAeHHA PiBHOCTL
YA =B (upud >0, B >0) gocuth nnepesiputu piBuicts B"=A.

2) Bupas {q* posriasHemo okpemo npu n =2k + 1 (denapue)inpu n = 2k (mapHe).
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SK1mo n — HenapHe, TO BpaXOBYEMO, III0 BUpa3 Va" icHye mpu Oyab-AKUX

3HAUEHHSAX @, i Te, mo 3uaK Ya" = # a2+ z6iracThea i3 3HakoM a. Toxi 3a
03HAUYECHHAM KOPEHH 11-T'0 CTEIeHs OfePKYEMO

2k+1
— 2k, a2k+1=a‘.

sIxmo n — naphe, To BpaxoByeMo, 110 Bupas Ya" = %/a? mosmauae apudme-

THYHE 3HAYEHHA KOPeHs 7-To cTenend (orxke, Xa? >0), i re, mo | a [**= a?*.

Toni

Yfar =2%[q? =|a

3) Dopmyry

Y4a ="a npua>0

OOI'PYHTYEMO, PO3TJISAa0UH ii cirpaBa HaIiBo. OCKiIbKU

(n Ya )nk = ((%)n )k = (%)k =a, TO 32 O3HAUEHHAM o = '\L/%.

4) CupaBeaauBicTb hopMyJIT

((‘/E ) =%a* npua =0
BUILIUBAE 3 PiBHOCTI (((‘/E ) ) = (\/_ ( )

5) nsobrpyHTyBaHHA QOopMYyIn

Yab =%a -%b mpua>0,b>0
BUKOPUCTOBYEMO PiBHICTH ((‘/E b )n = ((L/E )n ((L/E )n =ab.

6) g obrpyHTyBaHHA GOPMYIU

M= = npua=>0,b>0

s

BUKOPHUCTOBYEMO PiBHICTH [ 7

7) OcHOBHA BJIaCTUBiCTh KOPEHSA

Yam ="¥amk mpua >0
k k
BUILIABAE 3 PiBHOCTI (V" am )n = ((\”/a’" )n) =(gn) =qgmt. (

Hamnpuknag, /8 =§/23 =/2 (MOKasHUK KOPEHs i MOKa3HUK CTeIleHd HiJKope-
HEBOT'0 BUPAa3y MOAIININ Ha HATYPaJIbHEe YKUCJIO 3).

267




PO34171 3. CreneHeBa dyHKL,if

3a gommomororo popmyau Nab =4/ atlb (a >0, b >0)Mmo:kHa oiepPKaTH BasKJIUB1
Hacaigxu: opMyJid BUHECEHHS MHOMKHIKA 3-IIiJ] 3HaKa KopeHs a0o BHeCeHHs
MHOKHUKA ITiJ] 3HAaK KOPEeHs.

Hiticuo, mpua >0,b2>0 Ya"b =Ya" &b = a¥fb. Posraapatoun oneprrany dop-
MYyJIy 3JIiBa HAIIPaBO, MAEMO (POPMYLY BUHECeHHs HeBi0’ € MH020 MHONCHUKA 3-Ni0

3HAKA KOpeHA
Yarb = a%/b |,

a cIpaBa HAJTIBO — OPMYLY 6HeCeHHA HeGi0’ €EMH020 MHONCHUKA Ni0 3HAK KODeH s

Hampuxnan, Y96 =3/32-3=3/25.3=2%/3.

8) 3asHauMMO I1ie OJHY BJIACTUBICTH KOPEHiB 11-T0 CTEIeHs:
0as 0YyO0b-aKux He8id eMHuUX Huces aib

‘;mu;oa>b,'ro (‘/E>(‘/Z‘,

® [losexemo e MeTozOM Bif cynpoTusHOro. Ilpumycrumo, mo Ha < %b. Toxi npu

migHeceHHi 000X YaCTHH OCTAaHHBOI HEPiBHOCTI 3 HEBiI’ € MHUMU YWICHAMH J0 71-TO
crernens (i3 30eperkeHHAM 3HAKA HEPiBHOCTI) 0IepyKy€eMO IIPaBUIbHY HEPiBHICTD
a < b. Ile cynepeuuts ymMoBi a > b. OToKe, Hallle TPUIYIIEHHS HelIPpaBUJIbHE

i %a>b. O
Hanpuxkaan, Bpaxosyiouu, mo 21 > 16, ogep:Kyemo 421 >416. Ockimbru
416 = 2, MaeMo, II[0 421>2.

Y3azanvrnenHs aracmusgocmeil KOpPEeHA 1-20 CNMeneHA *

OcHoBHa yacTuHA (GOPMY.JI, AKi BUpPaKaOTh BJaCTUBOCTI KOPEHiB 12-T0 cTele-
Hs1, OOI'PYHTOBAHA AJIA HeBil eMHUX 3HAUEHD IIiTKOpeHeBUX BUpasiB. AJe inKoJu
JIOBOAUTHCS BUKOHYBATH II€PETBOPEHH A BUPA3iB 3 KOPEHSMU 71-T'0 CTEIIeH i B TOMY
BUIIAAKY, KOJIU TAKUX 00MeKeHb HeMae. Hanpukaaz, 1o0yBaT KOPiHb KBagpaT-
Hui1 (a00 B 3araJIbHOMY BUIIAIKY KOPiHb IAPHOTO CTeIeH) 3 JOOYTKY ab Bix’eMHUX

yucen (a <0, b<0). Toxgiab>0 i ¥ab icuye, mpore hopmyI00

t/ab =/a/b (1)
CKOPUCTATUCS He MOYKHA: BOHA OOI'PYHTOBAHA TiJIbKU )i HEBil € MHUX 3HAUEHDb
aib.Aneysunaakyab >0 maemo: ab=|ab|=|a|-|b|iTenep|a|>0Talb|>0.
Omaxe, g no6yBaHHA KopeHd 3 M06YTKY | a || b | MoxxHA BukopucraTtu dhopmy-
ay (1).

Toxi ipu a < 0, b < 0 Moskemo sarmucatu: 2ab = %|al-|b|= \k/m-z{?/m.

* Ile#t maTepian € 000B’I3KOBUM TiJBKHU IJd KJaciB (hisMKO-MaTeMaTUUIHOTO HPOdiio.
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3asHaunmo, 110 ojiep:kaHa (hpopmyJia cupaseaiauBainpua = 0, b > 0, ocKinbKu
BIbOMY BUNIAAKY |a |=a i | b|=b. Orxe,

npuab>0 %ab=2%a| %|b|
AmnaoriuHo MOKHAa y3araJbHUTHU BJIAaCTUBICTS 6.

2kﬂ—2k\/|a|

a
a-> =
ITpu 5 0 b 2k/—l bl

Cuin 3asHaunTH, 1110 B TUX BUIIAJIKAaX, KOJU O0I'DYHTYBaHHSA OCHOBHUX (hOPMY.JI
MOJKHA IIOBTOPUTH i A Bif’eMHUX 3HAUYEHD a i b, TaKUMH (pOpMyIaMU MOYKHA
KOpHUCTyBaTuCA 1A 0yab-axux a i b (3 O[13 miBoi yactunu opmyin).

Hanpukaan, nyia KopeHiB HemmapHOTO cTeneHsd 014 6y0b-aKuX 3HaveHb aib

2k+\1/E - 2k+% . 2k+% . (2)
HificHo, siBa i npaBa yacTuHY  11iei GopMysu iCHYIOTH P Oy Ab-AKUX SHAUEH-
HsX @ Ta b i BuKOHYyeThcs pisHicts (¥ Va - #Vp )Zk+1 =(*¥Ya )Zk+1 (Yp )Zk+1 = ab. Toxi
3a OBHAUEHHAM KopeHs (2k+1)-Tro cTenneHs BUKOHYETHCS i piBHICTE (2).
Hamnpuknag, m = §/a? % =ab % npu OyIb-AKUX 3HAUYEHHAX aib.

Aune geakumu (popMyaIaMu He BIAETHCA KOPUCTYBATHUCS JIJIsI JOBiJIbHUX 3HA-
ueHb a i b. Hanmpukianm, AKII0 MU 32 OCHOBHOIO BJIACTUBICTIO KOPEHS 3alUIIIEeMO,

mo Ya? =¥ a (1oKasHUK KOpeHsd i HOKA3HUK CTeIIeH IIifKOPeHeBOro BUPa3y IOi-

JIVJIY Ha HaTypajbHe YKncyo 2), TO ofiepsKaHa PiBHICTD He € TOTOKHICTIO, OCKLIBKYU
npu a = —1 (;1iBa i mpaBa yacTuHa Ifiel PiBHOCTI 03HAUEHi ITPU BCiX 3HAUEHHSIX @)

MaeMo ﬂ(—l)2 =%/-1, To6T0 1 =—1 — HempaBUIBHY PiBHICTS.

OT:xe, IpU IiJIeHHI TOKa3HMKA KOPeHs i HOKa3sHUKA CTeNeHs MiJKOPeHeBOro
BUpPA3y Ha IIapHe HaTypaJibHe YKCJIO ITOTPiOHO y3araJlbHUTU OCHOBHY BJIACTUBICTD
KopeHs. J1J1d IbOT0 JOCUTh IIOMITUTH, 1110 a2 = | a |2, i Temmep ocHOBA CTEIEH ITi JKO-
peHeBoro Bupasy | a | >0, a 3HAUUTD, MOKHA BUKOPUCTATH OCHOBHY (hOpMY.JIy (BJac-

tuBicTs 7): g/a_2=§"l|a|2 =\/m.

¥ saraspHOMY BUMTAAKY, AKUL0 NPU BUKOPUCMAHHI 0CHOBHOL 81ACMUBOCM KO-
pens dosodumuvces diiumu NOKA3ZHUK KOPEHS i NOKA3HUK cenets nidKoperHes0zo
8UPA3Y HA NAPHE HAMYPALbHE LUCJLO0, O 8 Pe3YJibIaMmi 0CHO8Y cmeneHs nidkope-
Hes020 supasy 00800umuvcs 6pamu 3a ModyJiem, moomo

2k"1a2km — n'| a |m
AmnajioriuHo MOKHAa O0T'PYHTYBATHU U iHII NPUKJIAAN BUKOPUCTAHHS OCHOBHUX

BJIACTUBOCTEI KOPEHiB ITPU AOBLIbHUX 3HAUeHHAX a 1 b (3 OI13 miBoi uacTuHu hop-
MYyJIn), IKi HaBeaeHo B TabauIli 43.
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Tabnuma 43

OcHoBHi (hopMmyan
IJIS KOPEHS N-T0 CTeIeHs
(TinbKU A1s HeBix eMHUX

Yu MOKHA KOPUCTYBATUCSA OCHOBHUMU (DOpMyIaMu
s Oyab-Akux a i b 3 O[13 xiBoi uacturmu hopmMyaIn
(AKIO Hi — maeTbcs ysarajabHeHa hopMyJia)

5 a =0,
3HaUeHb a i b, To06TO i .
’ b > 0 KOP1HDL HEIIADHOTO KOPI1HB IIaPHOTO CTeIIeHA
CTeIleHdA
n n . .
1. (\/E ) =a MONCHA minvKu 015 Hegid’ eEMHUX a
2. ¥a"=a MONHCHA 2k g 2k =|a|
3. Kopinb 3 KopeHns
MOHCHA MOMNCHA
Y¥a ="a
4. KopiHb 3 100OyTKY
. o ®lab =2 a| 2%/|b|
Yab =%a%b
Fe - o= MOMCHA ~ [ - - - - — - - ==
i m0OyTOK KOpeHiB
MONHCHA
Yatlb =%ab
5. Kopiub 3 yacTKkn
" zk/| al
q/_ 26/¢ — N171
a_XNa b
v i
_________________ MONHCHA -]
ivacTKa KOpeHiB
% e MONHCHA
L
Ilepexin napuuii — napruil
6. OcHOBHA BJIACTUBiCTH MOKHA, MONCHA
KOpeHs: AKIMOBCiKoOpeHi |~ ~ ~~ ~ ~~ — ~ o~ N
p o P Ilepexin HenapHuii — napruil
ofam = il HeITapHoTO
ar=xNa crenesd (To6TO "amt gpu a™ > 0,
. . n/ —
iHaBmaKu nepexin a nkf gk m
HenapruiL— —Va™* mpu a™ <0
————————————————— HeNAapruil) - - - - - ————==——— — -
"k[amk =Yaqm "k[amk =n | am |
7. BuHeceHHA MHOKHUKA
3-TIiJ] 3HAKA KOpeHs MONCHA anp = | a |{‘/Z
Yarb = atlb
8. BHecenHA MHOKHUKA b — %a"b, mpua >0,
i/l 3BHAK KOpeHs MONCHA b=

a¥lb =%amb

—/a"b, npua <0,
neb=>0
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3aysBameHHsd. [Iig Tepminom «1mepexin» , SKU BUKOPUCTAHO B Tabniti 43,
CJIiZI po3yMiTH Iepexin y BimmoBigHii hopMyJIi BiJ KOpeHs n-To CTeIleHs 10 KOPeHs
m-To CTeIeHsd.

Aximo n i m obugBa mapHi, To TaKMI Iepexis KOPOTKO OXapaKTepU30BaHO IK
«Iepexin mapuuit — napuuii» (tuny Ya? =Yat )

Axmo n i m o6uaBa HemapHi, TO B TaGJINIL 3aIIMCAHO, 1[0 BUKOHAHO «IIepexis
HenapHuil — HemapHuil» (tuny Va? =3ad )

AxImo n — Hemapue YKMCJI0, a M — IapHe YKUCJIO0, TO B Ta0JIUIIL TOBOPUTHCH, IO

BUKOHAHO «IIepeXij HellapHUil — MapHUil» (TUILY ?/ (-2 )3 = —1{’/ (-2 )6 )

Takum YMHOM, SKIIIO 32 YMOBOIO 3aBIaHH Ha IePEeTBOPEHHS BUPa3iB 3 KOPeHs-
MH 1n-TO cTeneHs (ipparioHaJbHUX BUPAas3iB) BiJoMo, 1110 BCi 0yKBU (K1 BXOIATH A0
3aMKCcy 3aJaHOT0 BUPAa3y) HEeBiJ €MHi, TO AJIA IIePeTBOPEHHS [[bOT'0 BIPa3y MOXKHA
KOPHUCTYBATHUCSA OCHOBHUMHY (DOPMYJIAMU, a IKIII0 TAKOI YMOBHU HEMAE, TO JOBOIUTH-
ca aranigdyBatu O13 3aganoro Bupasy i TiIbKY IicJid IbOr0 BUPIiNTyBaTH, AKUMU
dopmyIaMu KOPUCTYBATUCSA — OCHOBHUMMU YU y3araJbHeHUMU.

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukxax 1. 3HaigiTh 3HAYEHHSA BUPA3Y:

1 32
1)4 . 2) 3 ——: 3) 5==.,
625, Y 3) 5
PosB’as3anusga KomenrTap
1)» 4625 =5, ockinbru 5* = 625; < BuropucraeMo 03HAUEHHA KOPEHS
2y p gL __1 . ( 1)3 1, | nTo cremens. Banuc Ya =b osmauae,
—— =—=, OCKimBKH |—=| =——;
21 3’ 3 27’ mo b" = a.
5
3P {2 =2, oeximumn (2] = 22
243 3 3 243

IIpukaax 2. 3HaWIITh 3HAYEHHS BUPA3Y:
1)327-125; 2) ¥2.48.

KomenTap
Burkopucraemo Bi1acTIBOCTiI KOPEHS 1n-TO CTEIIeHA i BpaxyeMo, 1110 KOKHY (op-
MYyJy, AKa BUPasKae ITi BJIACTUBOCTI, MOXKHa BUKOPUCTATHU SIK 3JIiBa HAIIPaBo, TaK i
cupasa HasiBo. Hampukiaan, nsa pos3s’ A3yBaHHsa 3aBIaHHA 1 cKoprcTaemMmocs pop-

myuo10 %ab =%a -%/b, a nus pose’s3yBaHHS 3aBIAHHSA 2 BUKOPHCTAEMO III0 CAMY
dopmyay cipaBa HaJIiBO, TOOTO: Ya &b =%ab (mpu a =0, b > 0).

PosB’aszauusga

1) 327125 =%27.8125=3.5=15;<1 2)» ¥2.48=42.8=%16=2. <
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Hpuxaax 3. IlopiBuAliTe uncaa:

1) 450 i V7; 2) 43 i ¥3.

PosB’asanusga Komenrap
1) » 7 =472 =4/49. Ockinpru 50 > 49, g nopiBHAHHSA 3alaHUX YKCEJ B

KOXHOMY 3aB aHHj. OCUTH IIpuUBeCTU
1o 450 >4/49, T06T0 450 >/T; < : y 3aBli A b
BCi KOpeHi 10 0ZJHOT0 TIOKa3HUKA KOpe-

2)» Y3 =132 =¥21, Hs i BpaxyBaTu, 110 015 0y0b-aKUX He-
3/3 1234 _12/87. 610’ emHux yucen a i b, axuo a > b, o

Ockinbru 27 < 81, To ¥/27 <981, ta >4b.
To6To 3 <¥/3. <

Ipuxknax 4. IlogaiiTe Bupasy BULIALL APOOY, BHAMEHHUK SIKOI'0 HEe MiCTUTD
KOPEHS 11-T'0 CTeIIeH:

1 . _4 . % —1 .
D% D D Taa
KomenTap

V 3aBzanHi 1 BpaxyeMo, 1m0 /35 = 3, oTiKe, IMiC/IA MHOMKEHHS YNCEJIbHIKA i 3Ha-

MEeHHHKAa 3aJaHOr0 APo0y Ha 3/3* smameHHWEK MOKHA Oynme samucaTtu 6e3 3sHaAKy
pazukasa. Y 3aBmanHi 2 10CUTh YNCEJIbHNUK i BHAMEHHUK 32JaHOT0 APO0Y JOMHO-
JKUTHU HA PIBHUIIIO J5-120 (11106 01epsKAaTH B BHAMEHHUKY (hOPMYJIY PiBHUITI KBa-
paris).

AJle BUKOHAHHS aHAJIOTiYHOIO IIePEeTBOPEHHSA B 3aBAaHHi 3 1IOB’ si3aHe 3 IeBHU-

1 . . .
mu npobaemamu. O3 Bupasy A e: a > 0 (i Bci TOTOKHI ITIepeTBOPEHHSA MO0
a+1

TPiGHO BUKOHYBATH IJs BciX 3HaUeHb a = (0). Mu xoueMo TOMHOMKUTH YUCETbHUK

i 3HaMEeHHUK 3aJ]aHOTO APO0Y Ha BUPAas Ja —1. Ba 0cHOBHOIO BiIaCTHBICTIO IpoOy 11e

MOJKHA 3POOUTH TiMbKU IJIA BULAAKY, KOJIHU Ja-12 0, To6TO TiNbKU IPpU @ # 1.

Aune a =1 Bxoauts 10 O3 mouaTKOBOr0o BUpasy, i ToMmy BuGpaHUii HAMU CII0Ci0
po3B’sizyBaHHs npuBese a0 3ByKeHHA OJ13 mouaTkoBoro Bupasy. [lificHo, AKIIO

1 Ja-1  _~a-1

3anucaTu, Io N (\/;+1)(\/;—1) 1
OCK1JIbKM He BUKOHYETBhCA i a = 1 3 O3 mouaTKoBOro BUpasy. ¥ 1bOMY BUIIA[-
KY, 11100 He IPUIYCTUTHUCA IOMUIOK, MOKHA KOPUCTYBATUCA TAKUM OPi€ HT U -
P O M: AKWO0 01151 MOMONCHUX nepemaeoperHs (YU N PO3B’I3yBaHHA PiBHAHD Ta
HepiBHOCTEIT) 00800UMbCA BUKOPUCMOBY8AMU NepemaopeHHs (iu Gopmyau ), AKi
npueodamo do 368yxcenns O[3 nouamrko6020 6upa3y, mo 3HALeHH, HA AKi 38Y-
scyemues O[3 3a0anoz0 upasy, cid po3zisHymu OKPemo.
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PosB’aszauusga

IR R OO
DY G i s
a(5-1)

4(\/3—1) _4(\/5_1)=\/5_1‘<]

D> G ) hoD)

3) P Ilosnaunmo A=

\/Z+1

1

(5) -1

Toxinpua=1oxep:xyemo A=

4

1

\/_+1
_a-1

Na-1

IIpua #1 (a > 0) maemo A=

1=(\/Z+1)(\/g—

1)_ a-1 )

Bionosios: npua=1 A=%, npua#1l(a=>0) A= 1
a—

(To6TO BiAIOBiAL He Moske 6y TH 3amMucaHa OJHO3HAYHO). <]

CmpocTiTh Bupas:

Ya- Yo
P

PosB’aszauusga
1) Icmoci6

, Yo
> o
)
-

IIpuknan 5.

2)

G (Ya) (%
% Ya b
a8 \(Ya + %o

_

I coci6

» Iosnaunmo Ya =x, b= Y, e
a>0,b>0.Toni ¥a=a) =x
b= (%)2 =y2. Orixe,

)J—+J_<]

j.3

_xt -y _(xe-y)(xty)
x-y
=x+y=%+%.<}
asab _(Ja) +avs _
b+~ab (Jz)ﬂff

VaWasv)
JoWa+ )

2) b

asab
b+\/—

- a++ab
) b+\/£

KomenTap

npua>0ib>0;

¥ saBganni 1 O3 saganoro Bupasy:
a>0,b>0, Ya—%b#0. lnanesix’ em-
HUX 3HAUEHb @ i b MU MaeMO IpPaBo Ko-
pucTyBaTHUCA BCiMa OCHOBHUMHY (DOPMY-
JlaM¥ IepeTBOPEHHA KOPeHiB (4K 3J1iBa
HamIpaBo, TaK i cirpaBa HaJiBO).

Ilpu a > 0, b > 0 moskHa 3anucaTH:

2 2
Ya=a) i ¥o=(%)
HUK 3aJaHOTO P00y MOKHA POSKJIACTU
SAK PiBHUITIO KBaJpaTiB.

g Toro 106 BUAIJIUTY B YUCEIIh-
HUKY Pi3HHUITI0O KBaJpaTiB, MOKHA Ta-

. Toxi uncenn-

. 6 6
KO BUKOHATHU 3aM1HY \/a =X \/g =Y.

VY zaBmanui 2 3a manoi ymoBu a > 0
ib> 0, ToMmy MU Ma€EMO IIPABO CKOPUC-
TATUCS BCiMa OCHOBHUMU (popMyJIaMu
nepeTBopeHHs KopeHiB. Tomi

2
(Vo).

Jab=ab, a=(Ja) b
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3) b Hosmauumo A =4+ Jab ¥V saBganni 8 OJ13 3agaH0oro BUPasy:
b+~ab ab >0, b+ab#0. Ane ab > 0 npu
a=0,
Ipn 1, < o (1b+JE¢0) MaeMo: a>0, a<o, a>0,
b> abo MU Mae-
b>0 b<O0. b>0

2
Carda (2 e dah
= MO IIPABO KOPUCTYBATHCS BCiMa OCHOB-

2
b ab (\/;) +ab HUMU (pOopMyIaMU ePeTBOPEHHSA KO-

_Ja(Jasdb) Ja a<0
\/’(\/;Jr\/') \/Z b' peHiB (4K y 3aBmaHHi 2), a npu {b<0’

ax 0
JOBEJIeThCA BUKOPUCTATH y3arajbHeH
IIpu {b<0 (ib++ab ;tO) MaeMo: P y Y
dopmyay: ~ab = / a / b 1BpaxyBaTH,
_a+vab _~Ca)+yfallp] mo npu a < 0 oxgepxyemo (—a) > 0. Toxi

Cbiab —(b)+-flallb]
-(J-_) +-av/-b \/_( J-a+b

(ol e 2
N B b:—(—b)z—(\/—_b) . Takox cxig Bpa-

MOJKHA 3ammcaTh: @ =—(-a)= —(x/;) .

Amnajoriuno npu b < 0 MoKHa 3amTCcaTH

N -b b xyBartu, mo npu a < 0 i b < 0 maemo:

Bidnosiov: |a|——a1|b|——.. . )
) a Banucyioun BiAgmoBigb, AOMiTbHO
)mpua>0ib>0 A= 3’ Bpaxysaru, 1o b = 0 He BxoauTs fo 013

3aIaHOT'0 BUPA3Yy.

2)mpua <0ib <0 (s 03) A=—\/%.<]

IIpuxxag 6°. CrpoctiTs Bupas vatda?.
KomenTap

B ymMoOBi He cKa3aHO IIPO Te, 1110 3HAYEHH @ HeBiJ eMHi, TOMY JOBeJeThCsA CIIO0-
yaTKy BudHauutu OI13 3ajanoro Bupasy.

Bupas ¥a? icHye npu Oyab-aKux 8HAUEHHAX a i € HeBix emunm. Bupas a* ta-
KOXK icHye i HeBix eMHMI Ipu Oy Ab-AKNX 3HAYEHHAX a. OToKe, Ipu Oy Ab-AKUX 3HA-
YeHHAX @ IIiJ] BHAKOM KBaIPaTHOI0 KOPeHs Oy e 3HAXOAUTHCA HeBix eMHMi Bupas
a*¥/a?. Tobro 3amanwii BUpas icuye npu 6yap-axux sHaueHHAX a (0113: a € R),
i fioro mepeTBOpPeHHA TOTPi6OHO BUKOHATU Ha Beiit OJ13.

MosxnuBuMY € NeKiJbKa MIISXiB IIepeTBOPEHHS 3a/JaHOT0 BUPAa3y, HAITPUKJIAI:
1) cmouaTKy POSTJISHYTU KOPiHb KBaJAPaTHUMH i3 JOOYTKY, a IIOTiM CKOPUCTATHUCS
(opMyI0I0 KOPEeHsA 3 KOPEHs 1 0OCHOBHOIO BJIACTUBICTIO KOpeHs; 2) BHecT: Bupas a*
i 3HaK KyOiUHOI'0 KOpeHsd, a [IOTiM TeXK BUKOPUCTATH (DOPMYJIY KOPEHS 3 KOPEHs
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i ocHOBHY BJIacTUBiCTb KOopeHs. Ha Ko:kHOMY 3 IIUX MIJIAXiB BPpaX0BYEMO, II[0 IIPHU
Oyab-AKNX 3HAUCHHAX a 3HaueHHd a® > 01ia* > 0 (oTske, 41 UX BUPA3iB MOMKHA
KOPHUCTYBATUCSI OCHOBHUMHU (DOPMYJIaMHU), a IPU BUKOPUCTAHHI OCHOBHOI BJIaCTU-
BOCTi KOpeHsA JOBOAUTHCS JiJINUTU IIOKA3HUK KOPEH i HOKA3HUK CTeleHs ITi ITKope-
HEBOTO BUPA3y Ha ITapHe HAaTypajbHe YKUCJIO0 2, TOMY B Pe3yJIbTaTi OCHOBY CTEIIeH s
TiZKOPEeHeBOr0 BUPAa3y JOBOAUTHCS OpaTu 3a MonyJaeM (OCKiIbKu a € R).

7.

PosB’aszauusga

Icmoci6
> Jat¥fa? =vat a2 =a2¥a? =a2{|al’ =a23al . <
II cioci6

> Jat¥a? =¥ar2 g2 =Yatt =Y a|" =§|a| =
el a|=3la{fa| =|af {a] =a2g]a]. <

3anuTtaHHsa ansa KOHTpOIJIIO

. JlatiTe o03HaUEeHHA KOPEHA n-T0 CTelleHd 3 uucia a. HaBeniTs npuxaagy.
. HlaiiTe o3HaUEeHHA apuMMETUUYHOTO KOPEH Nn-T'0 CTelleHd 3 uucya a. HaBemiTe

TIPUKJIaIN.

. IIpu saxux sHAUEHHAX @ icHyIoTh Bupasu Xa ta *a (ke N)?
. BamUIIiTh BJIACTUBOCTI KOPEHS 71-TO CTeIeH s AJIA HeBil’eMHNX 3HAUEeHb i KO-

peHeBUX BUPAasiB.

*. JoBemiTh BJIaCTUBOCTI KOPEHS 71-T0 CTeIeH IS HeBi)’ e MHMX 3HAUEHD ITi JKO-

peHeBUX BUPAasiB.

.SIKuMU BJIACTUBOCTAMU KOPEHS N -T'0 CTEIEeHA MOXKHA KOPUCTYBATHUCSH IIPU 0~

BimpbHUX 3HaueHHAX OYKB (3 O13 niBoi wacturu BigmoBigHoi dhopmynu)? Ha-
BeIiTh MPUKJIAIU BUKOPUCTAHHSA OCHOBHUX (DOPMYJI Ta IX y3arajibHEHb.

ITpu AKMX 3HAUEHHAX a4 Ma€ KOPeHi piBHAHHA:

1) x?**'=q (k€ N); 2) x** =a (k € N).

8. 3anuIiiTh yci po3s’ A3KYU piBHAHHA:

1) x*'=q(ke N);2)x*=a(ke N):a)upua > 0; 6) npua <0; B)upua =0.
HageniTh nmpuKIaay TaKuX PiBHAHDL Ta PO3B’ AKITh iX.

Bnpasu

. IlepeBipTe mpaBuIbHICTH PiBHOCTI:

19 ¥64=4; 2)Y-1=-1; 3)V1024=2; 4)X0=0; 5)Y-32=-2; 6" ¥1=1.

. O6uucCIIiTE:

Y-8 24 VL 4z 5 Yizs 6 YL

3HaigiTe 3HaueHHa Bupasy (3—7).

17 ¥/8-1000; 2°) J16-625; 3) ¥24.9; 4) }/48-81.
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4. 1) Y9327, 2) 3/2-3/500; 3) U8-U-16; 4) 45.4125.

Y-16 . 2) U129 3) 625 $/1024

5
6°. 1) 75115 9) §25.35; 3) Y37.57; 4) § %
10 1

5. 1)

7. 1) ¥210.35; 2) 5°.2°; 3) Yo'ss;

3
8. IlopiBuaiiTe unciaa:

1) 20,1 io0; 2) W1,3i1; 3) 423 i /5; 4) ¥4 i ¥s.
9°. IIpu AKUX X Ma€ 3MiCT BUpAas:
5
1) ¥5x+1; 2) Y2x-6; 3) Yx+2; 4) f\*/;
10. IlogaiiTe Bupas y BUIIALL Apo0y, 3BHAMEHHHUK AKOT0 HE MiCTHUTH KOPEHS

n-ro creleHd:
1

3 4 * . * 1
RS RN N s D
11. BuHeciTh MHOMKHUK 3a 3HAK KopeHs (a > 0, b > 0):
1) ¥Ya'o7; 2) Ya'b'3; 3) ¥-27a%p4; 4) {128a%"".
12°. BuHeciTh MHOMKHIK 32 3HAK KOPEHS:
1) Ya'b'4; 2) Yaovs; 3) ¢64a'27; 4) Ya''pe.
13. BHeciTh MHOMKHUK i 3HAK Kopeusd (a > 0, b > 0):

1) a¥/7; 2) —b¥ab; 3) ab5; 4) ab?g-~.
b

14°. BHeciTh MHOMKHUK IIiJ 3HAK KOPEHd:

1) a¥/7; 2) a?¥ab; 3) abf{/5 4) -b¥-3p3.
15. CopocriTs Bupas:

1) ¥a® npua<0; 2) Ya’ npua <0;

3) Yar -¥a? npu a > 0; 4) Ya7 +Yas npua <0.

16". CrupocriTh Bupas:

1) Y2ab® -416a%°; 2) Yabie-Yasbic-Ybsct; 3) Yas¥a*; 4) Val3a¥2a2.

17. CupocrtiTh Bupas: . -
1) —f:gf—%; 2) o § \/x{f?
-9«
3)\/?72:’/", ,nea>0,b>0,a#b; 4)\/, ﬁ

18°. Po3B’s1okiTh piBHAHHA:
Dx=7, 2)x°=3; 3)x’=-5; 4)x¥=-13; 5)x*=16; 6)x®=-64.
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IPPALUIOHAJIbHI PIBHAHHA

Tabnumsa 44

MoHSATTS ippaLLiOHaNbHOMO PIBHSAHHS

PiBHsHHS, y AKUX 3MiHHA 3HAXOAUTHCS 11l BHAKOM KOPEeHs, Ha3UBaIOTh ippa-
uionaavHumu. [1Jis po3B’si3yBaHHA 3ajaHe ippallioHaabHe piBHAHHA HaliuacTi-
11e 3BOAATH 0 PAI[iOHAJIBLHOT0 PIBHSHHS 3a JJOIIOMOTI'0IO [eAKUX IePETBOPEHb.

P0o3B'3yBaHHs ippaLliOHaNIbHUX PIBHSAHb

1. 3a 4ONOMOroo NifgHeceHHs 060X YaCTUH PIBHAHHA 0O OLHOMO CTemneHs

IIpu migHeceHHi 060X YaCTUH PiB-
HAHHS 10 HEIIAPHOTO CTENeHsI oJep-
SKY€MO PiBHAHHSI, PiIBHOCHJIbHE 3a/1a-
Homy (ua iioro O/13).

IIpu migHeceHHi 000X YaCTHH PiB-
HSHHSA 10 IaPHOTO CTENEeHA MOKYTh
3’SIBUTHCS CTOPOHHI KOpeHi, AKi Bif-
CilOIOThCH ITePeBipKoIo0.

IIpuxxan 1.
PosB’skiTh piBHAHHEA Yx—1=2.
> (Yx-1)" =2,
x—1=8,
x=9.

Bidnosidv: 9. <|

IIpuxaan 2.
Poss’soxiTe piBEaHHES V2X+ 3 = X.

> (x/2x+3)2 =x2,

x*-2x—-3=0,x,=-1,x,=3.

ITepesipka. IIpu x = —1 maemo:
J1=-1 — HellpaBUJIbHA PiBHIiCTB,
oTKe, X = —1 — CTOPOHHIN KOpiHb.

ITpu x = 3 maemo: \/§ =3 — IpaBUJIb-
Ha piBHiCTB, OT:Ke, X = 3 — KOPiHb
3a]aHOr0 PiBHSIHHS.

Bionosidv: 3. <|

2. 3a JONOMOrol 3aMiHW 3MIHHNX

SK10 10 piBHAHHS 3MiHHA BXOOUTH B O[THOMY i TOMY CAMOMY BUTJISIi, TO
3pYYHO BiIIOBigHMII BUPA3 i3 3MiHHOIO MO3HAYUTH OTHi€I0 OYKBOIO (HOBOIO

3MiHHOIO).

IIpukaan 3.

. . 3 3
PosB’soxiTh piBHAHHES VX2 +Vx =2,

» Tosuaummo Yx =t. Toxi ¥x? =¢2.

Opepxxyemo pisasanHaA: t?+t=2, t*+t—-2=0, ¢, =1,¢,=-2.

Bukonyemo o6epHeHy 3aMiHy: Yx = 1, Toxi x =1 abo 3x =-2, sBigcn x = - 8.

Bionogidv: 1; —8. <]
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MosicHeHHs 1 0GIPYHTYBaHHS

IppayionanvHuMU Pi6HAHHAMU HA3UBAIOTH TaKi DIBHAHHA, Y AKMX 3MiHHA 3HA-
XOOUTHCS MHiJ 3HAKOM KopeHsa. Hampuxmaanm, vx—2=25, Ye+x=2 — ippartio-
HaJIbHI piBHAHHA.

Haiiuacrirme po3s’ss3yBaHHs ippallioHaIbHNX PiBHAHL I'PYHTYETHCS Ha 3BeIeHHIL
3aJTaHOT'O PiBHAHHSA 34 JOIIOMOI'0IO0 IeSIKMX IIEPeTBOPEHb 0 PaIlioOHAJIBLHOTO PiBHAH-
HA. SIK mpaBuIo, Iie J0CATAETHCA 3a JOIIOMOTOIO ITiJHeCeHHs 000X YaCTUH ippa-
IiOHAJIBHOTO PiBHAHHS /IO OJHOTO 1 TOT'0 caMOT0 cTelleHs (YacTo AeKijabKa pasis).

Ciix BpaxoByBaTH, I0

npu nidnecenHi 060x HacmuH Pi6HAHHA 00 HENAPHO20 cMenena 3464 0L
odepicyemo pi6HAHKA, Di6HOCUNLbHE 3adanomy (Haiozo O 3).

Hanpuxmnan, piBEAHEA ytr7=3 (1)
piBHOCHJIbHE PiBHAHHIO (3x+7 )3 =3° (2)

TOOTO piBHAHHIO X + 7 = 27. 3Bigcu x = 20.

st 06T pyHTYBaHHS piBHOCUIBbHOCTI piBHAHD (1)1 (2) 1ocUTH 3BepHYTHU yBary
Ha Te, 110 piBHOCTI A= B i A®= B3MO0OMyTb OyTH IPABUJILHUMU TiJIbKHX OJHOUAC-
HO, OCKLIbKY QYHKIiA Yy = t3 € 3pocTatouoio (Ha pucyuKy 108 HaBemeHo il rpadik)
i KO’KHOI0 CBOr0 3BHAUEHHA BOHA HA0YBAE TiJIbKY IIPY OJJHOMY 3HAUEeHHI apryMeHTy f.
Or:xe, yci Kopeni piBaAHHA (1) (AKi IepeTBOPIOIOTH ITe PIBHAHHSA Ha IIPaBUJIBHY
piBHicTB) OyAyTh i KOpeHAMY piBHAHHA (2), Ta HABIAKHU, YCi KOpPeHi piBHAHHS (2)
OyayTh KopeHsaMU piBHAHHA (1). A 11e it o3Hauae, 1o piBugauug (1) i (2) e piBHO-
CUJIBHUMHU. AHAJOTIUHO MOXKHA OOI'PYHTYBATH PiBHOCHJIBHICTH BigIOBigHMX
PiBHAHDB iy BUNAAKY IIifHeCeHHs 000X YACTUH PiBHAHHS 10 OJHOTO i TOTO CAMOTO
JOBLILHOT'O HETIAPHOTO CTEIIeH .

SAxuro 1A po3s’A3yBaHH ippal[iOHAJIHHOTO PiBHIHHS 00MIBi YaCTUHY ITiTHE-
CTH JI0 IIAPHOTO CTEIEeHsI, TO OIePIKYEMO PiBHAHHSI-HACIITOK — KOJIM BCi KOpeHi
IepIIIoro PiBHAHHS OyIyTh KOPEHAMHU APYTroro, ajie APyre piBHAHHSA MOXKe MaTH
KOpeHi, 110 He 3aJ0BOJIbHAIOTH 3aJJaHOMy piBHAHHIO. TaKi KopeHi Ha3MBaOTH

CTOPOHHIMU /1 3aaHoro piBHAHHA. 11100
3’siCyBaTH, YU € OJIePsKaHi YU CJIa KOPEeHsI-

Yl y=13 MH 3a/IaHOTO PiBHAHHS, BUKOHYIOTH IIepe-
BipKYy Olep:KaHUX PO3B’ A3KiB.
Hanpuknaan, mjis poss’a3yBaHHsA piBs-
HAHHSA
< - Jx=2-x (3)
nigHeceMo 00UABI IOT0 YACTUHU 0 KBaJ-
paTaionep:kumMo piBHAHHSA
2 2
Puc. 108 (Vx) =(2-x)". (4)

278
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Bpaxosyroun, 1110 (\/;)2 =x, maeMo x = 4 — 4x + x2, To6T0 X2 — Hx + 4 = 0.
3Bigcu x, = 1, x,= 4.

Burkonyemo nepeBipky. IIpu x = 1 piBHAHHSA (3) HIepeTBOPIOETHCA HA ITPABUIIb-
HY piBHiCTBH Vi= 2-1, 1=1.0mxe, x =1 ¢ kopereM piBHAHHA (3).

IIpu x = 4 omeprryeMO HeIPaBUIBbHY PiBHICTH Ja=2- 4; 2+-2.0TKe, x =4 —
CTOPOHHIN KOpiHb piBHAHHA (3). To6TO0 Ko BigmoBiAi moTpi6HO 3anucaTu TiTbKU X = 1.

3’ABJIEHHS CTOPOHHLOT'O KOPEHsA IIOB’ A3aHe 3 THM, 1110 PiBHicTL A% = B2 MOoKHA
OJlepPsKaTH IIPH IiJHeCEeHHI 10 KBaapaTa 000X yacTuH piBHOCTi A = B a60 piBHOCTI
A =—-B. Orxe, BUKOHaHHA piBHOCTI A% = B2 111 He rapaHTy€ BUKOHAHHA PIBHOCTI
A= B. TobTo KopeHi piBHsAHHS (4) He 000B’ A3K0BO € KopeHaAMU piBHAHHA (3) (ae,
3BUYAHO, KOKEH KOPiHb piBHAHHA (3) € KOpeHeM pPiBHAHHS (4), OCKiJIbKH IIPU
BUKOHAHHI piBHOCTI A = B 0008’ A3K0BO BUKOHYETHCH 1 piBHicTE A% = B?).

Mpuknapu po3B'a3aHHA 3aBAaHb

Ipuxknag 1. Poss’skiTe piBHAHES VX +3++Vdx—-1=4.

PosB’as3anusda KomenrTap
> x-1=4-x+3, I3o1r0€ MO OTMTH KOPiHB i mimHECceMo
9 9 00MBi YaCTUHY PiBHAHHSA 40 KBajapa-
( Vox _1) = (4_ VX + 3) ’ Ta — TaKk MU H030yAeMOCS OLHOTO KO-
5x-1=16-8JVx+3+x+3, pensd.
IToTim 3HOBY 130J110€MO KOPiHb i 3HO-
BVx+3=20-4x; 2Vx+3=5-x, BY IIiTHeceMo 006U ABi UacTUHY PiBHAH-
2 J— -
(2dx13) =(5-x)° , Hs 0 KBaApara — OJepP KIMO KBaapar

He PiBHAHHA.

OcKiJnbKY IpU MiJHECeHHi 10 KBa-
paTa MOKeMO OIePKaTU CTOPOHHI KO-
peHi, To B KiHIIi BUKOHAEMO IIEPEBiPKY
(JZ +J/4=4, 4= 4); x =13 — CTOPOH- | omep:KaHUX PO3B’ABKIB.

Hill KOpiHb (\/E +/64 = 4).
Bionosgiov: 1. <|

4(x +3)=25—-10x + x?,
x*—14x+18=0,x,=1,x,=13.
ITepeBipka.x=1—KopiHb

IIpuknax 2. Poss’s:kiTh piBHAHHSA - —-V6—-x=2.
-X
Posp’ssaunsa Komenrap

» Hexaii \/6—x=t, net>0. Sdxmio B 3amaHe piBHAHHA 3MiHHA
8 BXOIUTH B OLHOMY i TOMYy cCaMOMY BH-
Opepsryemo T t=2. TIAIL (\/6 - x), TO 3PYYHO Ie¥ Bupas is
Tomit2+2t—8=0. 3MiHHOO IIO3HAYUTY OJHI€I0 OYKBOIO —

SBincut, =2,t,=—4. HOBOMO 3MiHHO© (V6 —x =1).
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t,= 2 — 3a/10BOJIbHSIE YMOBi t > 0;
t,=—4 — He 3a/]0BOJIbHAE YMOBi ¢ > 0.
OGepHeHa 3aMiHa 1ae:

N6—x =2,
6-x=4,
x=2.
Bionosiov: 2. <|

Axiio sadgikcyBaTu oomeskenusa t > 0

(apudpMernuHe 3HAUEHHA /6—x >0
i B 3BHaMeHHHUKY He Mo:ke cTtoATu 0), To
B pe3yJIbTaTi 3aMiHU i 3BeJIeHHSA ofiep-
JKaHOT'0 PIBHAHHSA 10 KBaJIPaTHOI'O BU-
KOHYBAaTUMYThCA PiBHOCUJILHI ITIepeTBO-
PEeHHS 3aJaHOTO PiBHAHHA.

Mosxua 6ya0 He (pikcyBaTu odome-
sKeHHs t > 0, aje ToAi B pe3yJIbTaTi me-
PeTBOPEeHb OTPUMYEMO PiBHAHHSA-HA-
caigku, i omepskaHi po3B’aA3KU JOBe-
IeThCs IepeBipATU.

IIpuknax 3°. Poss’saxirs piBHanaa Yx—-2++Vx+1=3.

PosB’aszauusga

Yx-2=u, [x-2=u3,
P Hexaii Toxai )
vx+1l=v. x+1=0v%
u+v=3,
OepKyeEMO CICTEMY
ud-v?=-38.

3 mepIIoro piBHAHHA 3HAXOAUMO

v =3 — uimiacraBiasgemMo B Apyre pis-

HSHHS.
u?—(3—-u)?=-3,
u?—(9 - 6u +u?)=-3,
w-ut+6u—-6=0,
w(u-1)+6w-1)=0,
(u—-1)(u®+6)=0.

Bpaxosyroun, mpo u? + 6 # 0, ogepaxye-

mou=1. Toxi v = 2. Maemo cucremy

Yx-2=1,
Jx+1=2.

3 mepIoro piBHAHHA X = 3, IO 3a70-
BOJIbHSIE i APYrOoMYy PiBHAHHIO.

Bionosiov: 3. <|

KomenTap

Ieaxi ippayioHanbHi DiIBHAHHS, ULO
micmambv KillbKa KOPEeHi6 n-ro cTeleHs,
MOoCHaA 36ecmu 00 cucmeM payioHalb-
HUX PDiIBHAHb, 3AMIHUBULU KO}CEH KOPiHb
HO0B8010 3MIHHOI.

Iicaa saminu Yx—2=u, Vx+1=v
i3 3agaHOTO PiBHAHHSA OTPUMYEMO
TiTBKYM OfHe PiBHAHHA u + v = 3. [lna
OJlepPsKaHHSA IPYroro PiBHAHHSA 3aIIUIIIe-
MO, IO 3a O3HAUYEHHAM KOPEeHs 71-TO

x-2=ud, . )
Bigaimemo Bif mmep-
+1=02

mroi piBHOCTi Apyry (106 mo30yTucsa
3MiHHOI X) 1 OepPKUMO II[e OAUH 3B’ -
30K Misk uiv: u®—v?=-3.

Omeporany crucTeMy PiBHAHDL PO3B’ -
3y€EMO METOIOM IIi/ICTAHOBKH.

Ciipx 3BepHYTH yBary Ha Te, 1110, BU-
KOHYIOUY 00epHeHy 3aMiHy, Heo0XiTHO
3’sicyBaTH, UM iCHY€ 3HAUEHHSA X, AKe
3a/J0BOJILHSE 000M CIIiIBBiJHOIIIEHHAM
3aMiHU.

CTelleHd
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ITpu poss’sA3yBaHHi cucTeM PiBHAHD, 1[0 MiCTATDH ippallioHAIbHI PIBHAHHSA,
HaluacTrille BUKOPUCTOBYIOTHCS TPAAUIIiNiHI MeTOaM PO3B’sI3yBAHHSA CHUCTEM
PiBHAHBL: MeTOM MiZACTAHOBKY i MeTo 3aMinu aMiHHUX. IIpu po3B’s3yBaHHi cIIif
BPaxOBYBATH, 1110 3AMIHA 3MIHHUX ( paA30M 3 00ePHEHOI0 3aMiHOI0 ) 384U € PiBHO-
CUNILHUM nepemeaopeH M (3BUUaiHo, AKITO IPY BUOPaHii 3aMiHi He BifOyBaeTh-
ca 3By:keHHA OI13 3aganoro piBHAHHA YU cuCTeMU ). AJie SKIIO AJIA TOAAJIBIIIOTO
PpoO3B’A3yBaHHA PiBHAHD, OJIePKAHUX B pe3yabTaTi 3aMiHM, M1 0yIeMO KOPHUCTY-
BaTHCsA PiBHAHHAMMA-HACJIIAKAMM, TO MOXKE€MO OTPUMATH CTOPOHHI pO3B’A3KU,
i Toxi omepskaHi po3B’ A3KU SOBENETHCA IIEPEBipATH.

Yx +4fy=3,
Jx—\Jy=3.

IIpuxknag 4. Poss’s:kiThcucreMy piBHAHD

PosB’as3anusda KomenrTap
» BaminaYx =u i Y =V [1a€ CUCTEMY Ao mosrauntn Yx =u i 4 y=v,
u+v=3, to Jx=u? i \/Q =v2. Toxi samana cuc-
u2—p2=3. Tema Oyze piBHOCHIbHA ajnredpaiunii

cucTeMi, IKY JIET'KO PO3B’A3aTH, a IiCJIsa

3 IlepI110To PiBHAHHA i€l cucTemMu: - .
obepHeHOI 3aMiHU 0/leP:KaTH CUCTeMY

u=3-vo.
TO,I[i 3 APYTOro piBH&IHHH OLEPIKYEMO HaﬁHpOCTIHIHX 1ppanmloHaJbHUX PI1B-
(3—v)2—vz=3. HAHB.

Bpaxosyroumn, 1110 3amiHa Ta o6epHe-

3sBigcuv =1, Togiu=2. ' :
HAa 3aMiHA IPUBOIMIIN IO PiBHOCUIBHUX

O6epHeHa 3aMiHa fa€: ,
CHCTEM, OZIEPIKYEMO, 1110 PO3B’IZKU 3a-
4 — —1- . .
\/? =1, omxe, y =1; JaHOI crcTeMU 30iraloThCs 3 PO3B’sA3Ka-
4x =2, orxe, x=16. Yx =2, . x=16,
MU CUCTEMU TOOTO
Bidnosios: (16; 1). < iy =1, y=1.

3anuTtaHHsa ansa KOHTpOIJIIO

1. HasBiTh 0CHOBHI MeTOAM PO3B’sI3yBaHHA ippallioHanIbHUX PiBHAHL. HaBeqiTe
IPUKJIaAM 3aCTOCYBaHHS BiIITIOBiTHMX METO/IiB.
2. TloscHiTh, YoMy AJIA PO3B’ A3yBaHHA PiBHAHD

Yu? +3Ux-4=0, Yx-Yx-2=0
3PYYHO BUKOPUCTATH 3aMiHy 3MiHHOI. YKaKiTh 3aMiHY JJIS KOMKHOT'O PiBHIHHS.
3". O0rpyuryiiTe, 1110 IpH IIiJHECEHH] 000X YaCTHH PiBHAHHA 10 HEIIAPHOTO CTelle-
HSA 3aBXKIU OJePIKYEMO PiBHAHHS, PiBHOCUJIbHE 3aJaHOMY .
4", TTosicHiTEL, YOMY IIPH IIifHECEeHH] 000X YACTUH PiBHAHHS J0 IIAPHOI'0 CTEIIeHs
MOJKYTh 3’ IBUTHCS CTOPOHHI KopeHi. fIK BifcirooTh cTopoHHI KOopewi?
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Bnpasu

PosB’soxiTs piBHaAHHS (1—6).

1. 1) Jx-2=1 2) Jx-1=-3;
4)Yx*>+125=5 5) Y2x-9=3.
2. 1) Vrrl=x-5
3)Yx-1=-3
3. 1) Jx-2+2x+5=3;
3)J;?§=1+J;j2;
4. 1) m=x;
3) V3-Yx+10=2;
5. 1) Yx+3Yx =4
3) 3Yx+1+¥x+1=4;
6.1) ¥2-x=1-Vx-1;

PosB’saxiTh cuctemy piBHAHL (7 — 8).

3)Vx-1=-3;

2) m+x=4;
4) Yx?+125=5.
2) V2x-20 +Vx +15 =5;
4) Jx+2-x-6=2.

2) Yx—x%+5=—x;

4) Y2++/x2 +3x-4 =2.
2) Vx-2+2¥x-2=3;
4) Jxr-1+4x2-1=2.
2) Yox+3-¥2x+1=2.
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Y3ATANbHEHHSA NMOHATTS CTEMEHS.
CTENEHEBA ®YHKUIA, Il BTACTUBOCTI TA TPADIK

25.1. Y3ATAJIbHEHHA NMOHATTA CTEMNEHA
Tabnumsa 45

1. CTeniHb 3 HAaTYPaNbHUM i LM MNOKA3HNKOM

a*=a-a-....a|lac R,ne N(n=2)
—

n pasis

a’®=1|a#0 an=>L a#z0,ne N

n

Q
A
I
Q
N

2. CTeniHb 3 ApoOOBMM NOKA3HMKOM

=[3

ar=%Ya | a>0 ar=%am | a>0,ne N(n>2),me Z

3. BnactmsocTi cTeneHis

am-at=qmt" an_an

am:a"=an" b b
(am)n=amn a -n ~ 2 n
(ab)' = a"b" ) T \a

MosicHeHHs1 11 0GIPYHTYBaHHS

1. Bam BijjoMi MOHATTSA CTEII€HIB 3 HATYPaJbHUM Ta IIiJIuM HOKasHUKoM. Hara-
IaeMo iX OBHAUEHHS Ta BJIACTUBOCTI.
AxImo n — HaTypaJibHe Ynciao, 0iabIme 3a 1, To 115 0y Ab-AKOro JifiCHOro umc-

Jaa a"=a@-a-...-a | — AOOYTOK 7 CHIiBMHOMXHUKIB, KOXKEH 3 AKNX JOPiBHIOE A.

n pasis

ITpu n = 1 BBaKaOTh, 10 .
Aximo a # 0, To ila™m= L

a"

, Ie n — HaTypaJibHe YHnCJO.

Hanpuxmaz, (- 5)° = (- 5)- (= 5)- (- 5) = —125, 2% = ;==

Taxrkox BaM BiJoMi OCHOBHI BJIACTHBOCTI CTeIIeHiB:

n
am™-a'= am+n; am™:a= am—n; (am)n — amn; (ab)n — anbn; (%) ==,
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PO34171 3. CreneHeBa dyHKL,if

Harapmaemo 111e 01HY KOPUCHY BJIaCTUBICTh

(2)_" = 1 = i = b—n = (2)”
b a)" %” a" \a

(5
2
VsaraabHIMO NOHAMMS CTeIle s Aus Bupasis tuny 37; 625  iT. 1., To6TO
0asl cmeneHlis 3 payioHalbHUMU NOKA3HUKaMU. BinmoBinHe o3HaueHHA 6aKaHO
IaTu Tak, 1100 cTelleHi 3 palioHaJbHUMU IIOKA3HUKAMU MaJHX Ti caMi BJacTu-
BOCTI, IT10 ¥ CTEeNeHi 3 I[iJIMMU IIOKa3HUKaMU.
Hampurnazn, AKIo Mu xoueMo, 11100 BUKOHyBaJacs BiaacTuBicTs (a?)? = a’?, To

1
3

m n m
. . n el
IIOBMHHA BUKOHYBATHUCH PiBHICTH (a " ) =a" =a". AJe 33 03HAYEHHAM KOpPeHA

m

n-TO CTEIeHs OCTaHHSA PiBHICTH 0O3HAUAE, 1[0 YMCJIO0 a” € KOPEeHEeM Nn-To CTeleHs
3 yncJia a™. Ile TpuBOAUTS HAC 0 TAKOr'0 O3HAUEHHS.

. m .
Crenenem unciaa a > 0 3 panioHaJbHUM MOKA3HUKOM 7" =—, JAe m — I[ijie
n

YHMCJI0, a N — HATypaJbHe YucJI0 (n > 1), Ha3MBa€THCI YUCIO0 Va™.
Tako:K 32 0O3HAUEHHAM IPUMeMO, 110 mpu r > 0

-0,

Hanpukianm, 3a 03HaUeHHSAM CTeIeHs 3 PAIliOHATBHUM ITIOKA3HUKOM:
2 1 _3 1
31 =Ys=Yo; s5s=V5; 2a=V20=y

m
3ayBa’KkeHHsd. 3HaUEHHA CTENeHA 3 Pal[ioHAJIbHUM MOKa3HUKOM a” (me

n > 1) He o3HauaeTwhes npu a < 0.
ITe mosicHIOETHCSA TUM, 110 PAIliOHAJIBHE YKCJIO " MOXKHA IIOAATY PiBHUMU CIIO-

cobaMu y BTl Apo0y: r="1= m—:, e k — Oyab-AKe HaTypaJbHEe YUCJIO.
n n

ITpu a > 0, BUKOPHUCTOBYIOUY OCHOBHY BJIACTUBICTH KOPEHS i 0O3HAUEHHS CTele-

mk

. R %_nlm_nk mk _ Tk
H 3 paljlOHAJbHUM IIOKa3HUKOM, MaEMO: @ =4~ =Na = \Na =a™. OT}Ke, IIpu

a > (0 3HaueHHd a” He 3aJIe;KUTH BijJ (hopMu 3anucy r.

. 1_2
ITpu a < 0 1110 BIacTUBiCTh He BAAa€ThCs 30epertu. Hanpukianm, AKIIO 7 = 3 = s
1 2
TO MOBUMHHA BUKOHyBaTucA piBHicTb a®=a’. Azne npu a = —1 oxzepsryeMo:

1 1 2 2
a®=(-13=Y-1=-1; a®=(-1)6 =¥ (1) =%1 =1%-1. Tobro npu Bix emMHUX 3HA-
1 2 m
yeHHAX a MaeMo: a® #a®, iuepes me o3HaueHHd cTemeHd a” (m — mine, n —

HaTypaJbHe, He piBHe 1) 115 Bix’eMHNX 3HaUEHDb @ He BBOAUTHCA.
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§ 25. Y3aranbHeHHs NOHATTA cTeneHs. CteneHeBa yHKUiA, Ti BAAaCTMBOCTI Ta rpadik

ITokaskeMo Temep, 1110 AJIsI BBeIEHOT'0 O3HAUEHH S CTeIIeHs 3 PallioHAJIbHIM I10-
Ka3HUKOM 30epiraoThcs BCi BJIJaCTUBOCTI CTENIEHIB 3 IiJINMU ITIOKa3HUKaMu (pisHU-
15 IIOJISITA€ B TOMY, III0 HaBeeHi faJji BJaCTUBOCTI € IPaBUJIbHUMU TiJIBKHU IJIS
IOZATHUX OCHOB).

s Oy ab-IKUX PAIliOHAJIbHUX YKCEJ "1 $ Ta OyAb-AKUX JOJATHUX YUCET a 1b
BUKOHYIOThCSA PiBHOCTI:

1) a’a’= ar+s;
2)a":a*=a""%
3) (@) = a;
4) (ab) = a'db";

o o =

151 mOBeeHHS [UX BJIACTUBOCTEH JOCUTH CKOPUCTATUCA O3HAUEHHAM CTeIe-
HS 3 pallioHAJbHUM IMOKA3HUKOM i JoBeJeHUuMHU B § 23 BIIACTUBOCTSIMU KOPEHS
n-To CTemeHs.

o m . . . . . . P
® Hexaii r=" i s=2, geniq— narypanshiuncua (6ixsurisa 1), amip — mini.
n q

Toninmpua > 0ib>0maemo:
q ngq nq nq
1) ar _as — nlam . [ap — [amq . [anp — lamq+np —a nq =ar+s;

r nf m g/ mq mq mq-np

a _Na _ a _ng a _ "l mq-np _ nq r-s,
s q nql n, np

a Va? \Va™® a

3) (a") =(<L/a_”‘)s =Va™ =a$ =a%s =a";
4) (ab) =(ab)» =¥(ab)" =%a™v" =%a™ -Ab" =a” -b" =a’b"

2)a :a’=

ITonammasa cmenens 3 ippayioHaivHuM noka3nurxom. OIUIeMo B 3araJbHUX
pucax, SK MOKHa O3HAYUTHU YNCJIO a* IJIS ippallioHaAJIbHUX O, Koau a > 1. Hanpu-

. 3

KJIaJ], IOSICHUMO, AK MOKHA PO3YMiTH 3HAUEHHS 25,
Ippamionansue ymcio V3 momxna moIaTy y BUTJIS1 HECKiHUeHHOT0 Hellepio-
JUYHOTO NECATKOBOTO APo0y: J3= 1,7320508075.... PosriasgsHeMo AecsaTKOBi Ha-

OJIM)KEHHS Yncia~ 3 3 HeloCTauero i HaAJIUIITKOM:
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PO34171 3. CreneHeBa dyHKL,if

1< \/§ <2
1,7</3<1,8;
1,73</3<1,74;
1,732</3<1,733;
1,7320<+/3 <1,7321;
1,73205 <~/3 <1,73206;
1,732050 <~/3 <1,732051;

Bynemo BBaskaTu, 1110 Koau r < \/g <s (meris— pamionaiabHi uncJsa), To 3Ha-

3 . . . .
venna 2 3HAXOAUTHhCA MiK BimmoBimuumu 3HauenHaMmu 2" i 2°, a came:
3 o . .
2 <o <90, 3HaiineMo 3a JOIIOMOI'0I0 KaJbKYJIATOPA HAOIMsKeHl sHauenHa 2'1 2°,

BUOMPAIOUN AK I'i S HAOIMIKeH1 3HAUeHHS 3 3 HeJocTauelo i HaAJUIITKOM BiJIo-
BigHO. OIep:Ky€eMO CITiBBiTHOIIIEHHA:

2'< 2% < 22
27 = 3,2490096 < 2% < 2% = 3,4822022;
247 - 3,3172782< 2% < 2™ < 3,3403517;
2772 = 3,3218801< 2" < 2" = 3,3241834;
2% - 33218801 < 2% < 2! = 3,3221104;
2172 - 3.3919952< 27° < 2872 - 3,3990182;
QTR0 _ 3 3919952 < 2¥8 < 217201 _ 3 3919975,

fAx 6aunmo, sHaueHHd 2" 1 2° HAOIUKAIOTHCA 4O OLHOI'O 1 TOr0 CaMOro YncJIa

3,32199... . Ile uncio i BBaKaeThCA CTEIEHEM 2‘/§. Omxe, ng =3,32199....

3HaUeHHA Zﬁ, obuncieHe HA KaJbKYJIATOPi, TaKe: 2% < 3,321997.

Mo:skua mtoBecTH, 110 3aBK /A1, KOJU MU BUOMPAaEeMO palioHaJbHi yuca r, aKi 3
HeJocTauyero HaOIMKAIOThCA 0 ippallioHaJILHOTO YKCIa O, i paljioHaJabHi yKucaa s,
AKi 3 HaIJIUIITKOM HaOJIUKAI0ThCA 40 IILOTO CAMOTO ippaIlioHaJILHOTO YrCJIa O, JJIs
Oyab-sikoro a > 1 icuye, i npuToMy TiJIBKY OfHE, YUCJIO J, OiJIbIile 3a BCi a” 1 MeHIIIe
3a Bci a’. Ile yucio y 3a 03HAYEHHAM € a”.

AwnajoriuHo 03HAYAETHCA i CTEMiHb 3 ippallioHAJIbHUM IMOKA3HUKOM O JJIs
0 <a < 1, tinpku y BUnagKy, koau r <o < supu 0 <a <1 BBa:kaioTb, o a* < a* < a’.
Kpim Toro, gk i gjisa pamioHalbHUX IIOKA3HUKIB, 32 03HAUEHHAM BBasKalOTh, IO
1*=1 gna 6ygp-axoro o i 0% = 0 gua secix o > 0.
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§ 25. Y3aranbHeHHs NOHATTA cTeneHs. CteneHeBa yHKUiA, Ti BAAaCTMBOCTI Ta rpadik

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpuxxang 1.
DY 2) 5
PosB’aszauusga
5
1) » Y77 =734
_3
2) b 457 =5 4;,<
2
3) b TIpua>0 Ya’=a’; <

1) » Yo = af =|a". <

IIpuknarn 2.
PosB’a3aHusa
3
1> 81 =481° = (¥81)° =3° =2a7; <
_2 _
2)p 128 7 =128 % =(¥128) " =
o2 1.
_2 _4’<]

1 . . .
3°) P> (-8)3 HeicHYE, OCKLIBKY CTEIiHb

-

a® osHauenuii Tinbku npu a > 0.<

3 2
O6uncaits: 1) 81%4; 2) 128 7;

ITonmaiiTe Bupas y BUTJIAI CTeIeHA 3 Pal[iOHAJIbHUM ITIOKa3HUKOM:

3) Ya2 npu a > 0;

4%y Yaz.
KomenTap

3a 0o3HAUEHHSIM CTeIleHs 3 pallio-
HAJbHUM ITIOKa3HUKOM ajsta > 0

m
Ya" =ar. (1)
s saBganug 3 BpaxyeMo, 1110 BU-
2

pas a” osHaueHMi TaKoXK i mpua = 0.
¥V 3aBpanHi 4 npu a < 0 Mu He MaEMO
npaBa KopuctyBatucsa dopmysioo (1).
Age axmo BpaxyBaTi, mo a’=| a |2, To
1151 ocHOBY | a | opmy.toro (1) yske MOK-
HA CKOPUCTATUCSH, OCKiNbKY | a | > 0.

1
3) (-8)3.
KomenTap

BukopucToByemMo 03HAUEHHS CTeIle-
Hs 3 palliOHAJIbHUM IIOKa3HUKOM:

m
n m .
a™ =Xa™, nea> 0. A npu BUKOHaHHI

m

3aBJaHHA 3 BpaXOBY€EMO, 1110 BUpas a”
He o3HaueHo npu a < 0.

IIpukxax 3. CupocriTh Bupas:
a-b . . x+27
1) — 2) = 1 -
a? -b? x%-3x%+9

PosB’as3anusga
1\ (132
o a2 T

a® - b?

KomenTap

OCKiJbKY B 3aJaHUX IIPUKJIAIAX YiKe
1 1 1

npucyTHi Bupasu a2, b2, x3, roa >0,

b>0,x >0. Toxi B 3aBganui 1 me-
Bim’emui uncia a i b MosKHaA mogaTu AK

1\? 1\?
KBajpaTu: a=(a2) , b:(bz) i BuKo-
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PO34171 3. CreneHeBa dyHKL,if

2*) > x+27

( 1 )3 pucratu GopMyJay PisHUILI KBaJApaTiB:
«3) +3% x2—y?=(x—y)x +y), aB3aBmanui 2
= mogaTH HeBiJ’€MHe UHMCJIO X AK KyO:

x® =3x° + 1\3
( 1 )( 2 1 ) L x= (x3) i BuxopucraTu GopMYyJIy PO3-
_ x%+8\x®-38x%+9 _ .3 3. <] .
= 7 1 =X +o. KJaay cyMu KyOiB:
x%-3x%+9 a®+ b%=(a+ b)(a®— ab + b?).
IIpuxknax4. Poss’saxiTspiBHAHHA:
2
1) ¥x2=1; 2%) x% =1.
PosB’asanusga Komenrap
O6iacTh AONYCTUMUX 3HAUEHD PiB-
1) » Yx*=1. 03: x€ R, 2 o
=1 HAHHS Vx =1 — Bci mificHi uymcaa,
s 2
x==1. a piBHaHHA x° =1 — TigbpKu x > 0.

2
29 P x3=1. O3: x > 0,

<

Bidnoeide: £1. < Ilpu migHecenHi 060X YacTHH piB-

HAHHSA 10 Ky0a oZ1ep:KyeMO PiBHAHHA,
piBHOCHMABHE maHOMY Ha itoro O[3.

x?=1, Or:xe, IepIIoOMy PiBHAHHIO 3aJJ0BOJIb-
x=*1. HAIOTH BCi 3HANIEHI KOpeHi, a Apyro-
Bpaxosytoun OII3, onepixyemox = 1. | vy — minpku HeBig’eMHi.
Bidnosiov: 1. <| (VY saBmanHi 1 TaK0K BpaxoBaHO, II[0

3/ 2 2 .
( X ) =X", aB3aBJaHHi 2 — 1110
3
2 2
2 2.3
2
(x3) =3 =x.)

HaiiTe 03HAUEHHA CTEIIEH A 3 HATYPAJIbHUM IMOKasHuKOM. HaBeniTs npukiaau
00YMCIeHHA TAKUX CTETIEeHiB.

IMatiTe 0O3HaAUEHHSA CTEIICHS 3 I[IJIUM Bil’€MHUM MIOKA3HUKOM Ta 3 HYJIbOBUM II0-
KasHuKoM. HaBeiTs mpuKIagy O0UMCIeHHS TAKNX cTeneHiB. IIpu axkux 3Ha-
YeHHAX aiCHYIOTH 3HAUeHHA BupasiBa’raa ™, nene N?

3anuTtaHHs gs KOHTpOIJIIO

o . m .
IMaiiTe 03HaUEeHH CTEIIEHA 3 PAI[iOHAJBHUM HOKA3HUKOM ' =—, 1e m — IIije
n

YKCJ0, a n — HaTypajbHe, He piBHe 1. HaBeaiTh mpuKIagy 00UNCIeHHS TAKUX
m

creneHiB. [Ipu AKMX 3HAUYEHHAX @ iCHYIOTh 3HAUEHHS BUPaA’dy a” ? YKaKiTh
2 _2

06J1acThb JOIYCTUMUX 3HaUeHb BUpasiB a’® Ta a °.

3anuIriTe BJIACTUBOCTI CTEIIeHIB 3 palioHAJbHUMU IIOKa3HuKaMu. HaBemiTs

MIPUKJIAAY BUKOPUCTAHHSA ITUX BJIACTUBOCTEMH.

*. OOr'pyHTYIHTE BJIACTHUBOCTI CTEIIEHIB 3 pal[iOHAJbLHUMY IIOKA3HUKAMMU.
*.IlosicHiTh HAa IPUKJA/i, TK MOKHA BBECTH IIOHATTS CTEIIeHs 3 ippallioHaJIbHIM

IIOKa3HUKOM.
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§ 25. Y3aranbHeHHs NOHATTA cTeneHs. CteneHeBa yHKUiA, Ti BAAaCTMBOCTI Ta rpadik

1°

10.

Bnpasu

. IlopatiTe BUpa3 y BUTJIALI KOPEHS 3 UKCJIA:

1 _2 _3 2
1) 22; 2) 35, 3) 5%25; 4)47 5) 215 6) 7 3.
ITomatiTe Bupas y BUTJIAI CTEIIeHA 3 PallioHaJIbHUM HOKA3HUKOM:

1) ¥35; 27 ¥4; 3) V7 4) Ya? npua>0; 5) Y26 upub>0; 67 Vi

. Hu mae 3micT Bupas:

2
1) (—3)%; 2) (-5)2 3) 47; 4) 05?7

3HalIiTh 00J1aCTh JOIIYCTUMUX 3HAUEHb BUPA3y:

1 2 3
1) x5 2)x3; 3)(x-1)3; 4) (x+3)7; 5)(x2—-1)% 6)(x*—5).
3HaUIiTh BHAUEHHSA YMCJIOBOTO BUPA3Y:

Do

1258

1 _% 1 1 _% -1 1 _% 1 _% -3
o (3) 16 -2 (F) e (5] (G) T2 e

PoskiagiTh Ha MHOMKHUKA:

1 2 - 1 1 1
1) 24304  2) (%:)8; 3) 165 4) (2 I's 5 (i) 257 -81° 125 7

1 1 1 1 1 1 11
1) (ax)3 +(ay)3; 2) a—a?; 3) 3+3%; 4) a+b%+a®+a®b2.
CKopoTiTs apib:
1 1 1 % %
a? +b? 2_5 +c2d®+d m+n
D=y 2) ngEiE; 3) —5 5 4) 511 3
c?-a? m?% -m3n3 + n?
CupocriTs Bupas (8—9).
12 1 1 12 11
1) (1+c2) —2c2; 2) (xz—yz) +2x2y?;
1 1 1 11 1 1 1 1
3) (x“ +1)(x4 —1)(x2 +1); 4) (k“ +1* )(ks +18 )(ks -8 )
1
2 _4 -b -8 +b
Dﬁ; 2) 1 e B o s o e
a®-b3 234223 +4 a®-a®p? +b3
Po3B’aKiTh piBHAHHS:
3 1 2
1) x°=1; 2) x7=2; 3) x> =2; 4) ¥x? =2.
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PO34171 3. CreneHeBa dyHKL,if

25.2. CTENEHEBA dYHKLUIA, il BNTACTUBOCTITATPADIK

O3nauveHH4d. PyHKLHig Buay y = x% ge 00 — OyIb-sKe JAilicHe YHUCIIO,
Ha3UBAETHCS CMeneneor0 QYnKyiero.

Mpadhiky i BNACTMBOCTI

Mpadpik

1.y =x% 0. — mapHe HaTypaJbHE YUCIIO

y=x y= x4 y y= x2n, y
ne N
x 0 x 0 x
2.y =x" o.— HemapHe HATypaJIbHe YUCJIIO
y — x2n+1
1 =x3 v ’
y=x y=x ne N
x 0 x 0 x
3.y =x" o.— HemapHe Bii’eMHe YUCJIIO
. 1 1 ) 1
y=x1=; y=xs=—| y=x " = ne N
y * y
X 0 x 0 X

290




§ 25. Y3aranbHeHHs NOHATTA cTeneHs. CteneHeBa yHKUiA, Ti BAAaCTMBOCTI Ta rpadik

Tabnumsa 46

Oco6auBmuii Bunamgok (o0 = 0)

Yy
Aximo o= 0, To 11 y=x°
y=x*=x"=1 (upu x # 0). 1
[ x
HKLUIT y = x* (zmpu o # 0)
Yy y
BnactmsocTi
HapHiCTb .
D (y) E (y) i HemapmicTs 3pOCTaHHA 1 CllaJJaHHA
(y=x*",ne N)
crajae Ha MpoMisKKYy (—2°; 0],
: apHa
R [05 +o0) fapH 3pocTae Ha IpoMisKKyY [0; +00)
(y=xray=x*"*,neN)
R R HelapHa 3pocTae
(y = x-(n-1) — = ne N)
crasae Ha KOKHOMY
#0
x#0 y Henapua 3 MPOMiKKiB (—20; 0) Ta (0; +0)

291



PO34171 3. CreneHeBa dyHKL,if

Mpadhiky i BNACTMBOCTI

Mpadpik
4. y=x% o — mapHe BiJ’eMHe UmnCIO
_ 1 . 1 = —2n=L
y:xzzﬁ y=x4=F y X x2n’nEN
Y| Y| Y
X 0 X 0 X
5.y=x%
L 3 y=x“(a>0, 0. — He mine)
vl y=x2 vl y=xz |y, vl
a>1
O<a<l1
0 ; 0 ; 0 ; o x
6.y=x"
L 3 y=x*(a0<0, 00 — He mine)
Ly y=x2 y y=x 2 Y|
0 x 0 ?C 0 x
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IIpoxgoBxk. Tabu. 46

dyHKUITy = x* (mpu oL # 0)

BnactmsocTi

D (y) E (y)

HapHiCTh
iHemapHicTh

3POCTaHHA i CIIagaHHA

(y=x—2" =%, ne N)
X

3pocTae Ha IPOMiKKY (—20; 0),

x#0 (05 +°0) rapra crasae Ha IPoMisKKYy (0; +0)
0, — He IIiJie JoJaTHe YNCJIO
) | toseen) | i
oL — He Iije Bif’eMHe YKCJI0
1) | Oy | o cnns
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MosicHeHHs 1 0GIPYHTYBaHHS

Cmenenesumu QpyHKyiamu Ha3UBAIOTH GYHKIII BUgY y = x%, 1e 0. — OyAb-AKe
IificHe YMCJIo.

3 OKpeMUMHU 3 TAaKUX (PYHKIIIN BU BiKe 03HAMOMUINCA B Kypci anrebpu 7—9
kaacis. Ile, manpuriaan, Qyukmii y = x' = x, y = x2, y = x3. IIpu goBinsHOMY
HaTypaJIbHOMY O rpadiku i BracTuBocTi GyHKIII y = x* aHaJIOriuHi BizoMuM BaM
rpadikaM i BIacTUBOCTAM YKa3aHUX PYHKITiMH.

Onucyrouu BJIACTUBOCTI CTeIIeHeBUX (PYHKITil, BUAIJINMO Ti XapaKTepPUCTUKU
dyHKIiA, AK1 MU BUKOPHCTOBYBaIu B po3aiji 1: 1) obiacTs Bu3HaUeHHA; 2) 06-
JIaCTh 3HAaUYeHb; 3) MapHIiCTh UM HETIaPHiCTh; 4) TOUKU IEPETUHY 3 OCAMU KOOPIH-
HaT; 5) IPOMiKKU 3HAKOCTAJIOCTi; 6) IPOMiKKU 3pOCTaHHA i cafganHs; () Hall-
OiJIbIlle Ta HaliMeHIle 3HaUeHHA PYHKITII.

1. ®yHKnisy = x*(0.— mapHe HATYypaJbHE YHUCJIO). SIKII0 0. — mapHe HaTypaJb-
He YMCJIOo, TO PYHKIIA y = x2* , n € N, Mmae BiacTuBocTi i rpadik, mosHicTio aHa-
JioriuHi BiracTuBocTAM i rpadiky QyHKIil y = x2.

IiticHo, o6.1acmb 8usHavenHA PyHKIIL y = x2" : D (y) = R, OCKiIbKY 3HAYEHHS
iel pyHKIIT MOXKHA 00UUCAUTY TP Oy Ab-IKUX 3HAUEHHIX X.

DyHKIig napHa: ko f (x) = x2", o f (—x) = (=x)*" = x?" = (x). OT:xe, rpadik
byuKii y = x?" cumerpuuHuii BigaocHo oci Oy.

Ockinbku npu x = 0 suavenusa y = 0, 1o epagik pyrKryii y = x*" 3a8xc0u npoxo-
Jumo uepe3 nouamorx KoopouHam.

Ha npomisxcry [0; +°) pynruyis 3pocmac.
@ [liiicHo, nJa HeBix €MHUX 3HAUEHD IPH x,>x, (x, 20, x, > 0) onepsryemo

2 2. . . . .
x," >x,", OCKIJIBKM, K BiZIoMO 3 Kypcy airebpu 9 Kjacy, Ipu mifHeceHHI 060X

YACTHH IIPABUJIBHOI HEPiBHOCTI 3 HEBi € MHUMU YJIEHAMMU [0 IIAPHOTO CTEeIIeH
(i3 36epesKeHHAM 3HAKY HePiBHOCTI) 0/lep:KyeMO IPaBUIbHY HePiBHICTb. (
Ha npomixcky (—o0; 0] pynruyis cnadae.

® [liiicHo, A/ HeJOZATHUX 3HAUEHD x,1x,(x, <0, x,<0), axmo x, > x,, TO
_ _ . . _ s 2 _ 2 2n 2n
x, <—x, (iremep: —x, = 0, —x, = 0). Toxi (—x,)*" < (—x,)*, oTske, x, <x; ,

To6TO f (x,) <[ (x,).

Il sHAXOMKeHHA 00J1acTi 3HaueHb PyHKIIl y = x2", n € N, cKiageMo piBHAH-
He x2" = a. BoHO Mae po3B’sa3ku 114 Beix a > 0 (Toxi x =+%a ) iTiTbKY IpU TAKUX
3HAUEHHAX @. Y ci I1i unciia i ckaagyTh o6J1acTsb 3HaUeHb PyHKII. OTiKe, 06J1aCTH
3HauYeHb 3a/jaHO0l QyHKIiI: y > 0, Tob6TO E (y) =[0; +00).

TaruMm YuHOM, IJId BCiX AificCHUX 3HaueHb X 3HaUeHHA Y > 0. HaillmeHuwe 3na-
uenHsa QyHKIi1 fopiBHIoE HYJII0 (Y = 0 mpu x = 0). Hailbinbuio20 3HAveHHA QYHKUIS
He mae.

3a3HAUMMO TaAKOK, [0 Ipu X = 1 3HaueHHA y = 12" =1.
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Bpaxosyrouu BiactuBocTi QyHKIL y = x2", n € N, omep:Kyemo ii rpadik
(puc. 109).

2. ®yHKHisay = x*(0.— HemapHe HATYyPaJIbHE YHUCJIO). SIKIIo 0L — HellapHe HATY-
panbHe uncio (o0 = 2n — 1, n € N), To BractuocTi Qpyurnii y = x**"1, n€ N,
aHajoriuni BiactuBocTAM QyHKIHT y = x2.

Iiiicuo, o6iacmb usnauennsa yurniiy =x**~1, ne N: D (y) = R, ockinbKu
3HaUYeHH i€l PyHKIT MOKHA OOUNCIUTY IPU Oy Ib-AKNUX 3BHAUEHHAX X.

Dyuknia Henapua: axio f (x) = x21, 1o f (=x) = (—x)?" ! = —x?1 = —f (x).
Otxe, rpadik QyHKIII cuMeTPUUYHUH BiJHOCHO IIOUYATKY KOOPAUHAT.

Ockinbku npu x = 0 sHauenus y = 0, To rpadik GyHKIil y = x2"~ 1 3aBxkaU
POXOAUTD Uepes MoUaTOK KOOPAUHAT.

Ha aciii obiacmi 6u3naveHHs QYHKUIA 3pocmac.
® [TiiicHo, mpu x, > X, 0A€PIKYEMO x> 227, ocKimbKY IpHU mifHECeHHI 060X

YaCTUH IPaBUJILHOI HEPiBHOCTI 0 HeIIapHoro crerneHs (i3 30epeKeHHAM 3HAKY

HepiBHOCTI) 0ZlepIKyEMO IPABUILHY HEPiBHICTH.

Iliisa sHaxomKeHH 001acTi 3HaueHb PyHKIHT y = x?* 1, n € N, cKJiaageMo piBHsH-
Hs x2"1 = g. BoHo Mae po3B’aA3Kku 1151 BcixX a € R (upu n = 1 omepxyemo x = a, a mpu
n+1, ne N omepxKyeMo x="a ) OT:ke, 00J1aCTh 3HAUEHD 3aaHO0l QYHKILI:
y € R, 100TO0 E (y) = R = (—90; +00).

Tomy HallmeHUL020 i HALLOILLULOZO 3HAYEHb PYHKUISA HE MAE.

IIpomincku snaxocmaaocmi: upu x > 0 auaueHHA y = x2" "1 > 0, anpu x <0
3HaueHHA Yy = x2" 1 < 0.

3a3HaunMMO TaKO0K, 1110 Ipu X = 1 3HaueHHA Yy = 12" "1 =1,

Ax Bimomo 3 Kypey anredbpu Ta reomerpii, rpadikom QyHKINI y = x! = x € mpsama,
AKa IPOXOAUTH Yepes mouaTok KoopauHat (puc. 110), a npu iHIINX HemapHUX
HaTypaJbHUX O QyHKIiA y = x***1, n € N, mae rpadik, anajgoriuauii rpadiry
dyurii y = x2 (puc. 111).

3. DyHKLiay = x* (0. — HemapHe Bix’eMHe yucI0). SIKIIo 0L — HemlapHe Bix’eMHe
YmCII0, TO QyHKIiA Yy = x "~V ne N, mae BaacTuBocTi i rpadik, moBHiCTIO aHA-

JIOT1UH1 BJaCTUBOCTAM 1 rpadiky QyHKIil Y = e

1y Iy Yy Yyl
y=x!
y — x2n, y _ x3 y — x2n+1,
ne N ne N
5 - 0o x 0o x
0 X
a 0

Puc. 109 Puc. 110 Puc. 111
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1

MliiicHo, o6acTs BusHaYeHHA QyHKLIT y=x~ "V =——: x#0, T06TO
X

n—1
D (y)=(—20; 0)U(0; +00), ockinmbKu 3BHAUEHHA ITiel QYHKII] MOKHA 00UUCINTUA
npu Oy Ab-AKNX 3HAYEHHAX X, KpiMm x = 0.
®yuknia Henapra: npu x # 0, axiro f (x) = x "~V 1o
f(=x)=(x) " V=—x¢"D=—f(x).
Otxe, rpadik GyHKIII cuMeTPUUYHMUN BiJTHOCHO ITIOUYATKY KOOPAMUHAT.

Bpaxosyioun, mox#0iy#0 (y=x"@1 = #0), omepsxyemo, 110 2padir

x2n—1

@Pynkuyily = x "~V ne nepemunae oci koopdurnam.
Ha npomixcky (0; +00) ¢pynruyis cnadae.

® [lificHo, N4 DOZATHUX 3HAUYEHb IIPU x, > x, (x, >0, x, > 0) oneparyemo

2n-1 2n-1

x>, ame roai 1 L “en-D) . ~@e-D ()

o1 S aan OTHE X <
X9 X1

Ha npomixry (—o0; 0) pynkruis mex cnadae. lle BurinBae 3 Toro, mro ii rpadik
CUMETPUYHUH BiTHOCHO MOYaTKy KOOPAMHAT.

@ HagezxeMo TaxkoK i aHaTiTHYHE OGI'PYHTYBAHHS: AKIIO x,<0,x,<0ix,>x,

T0 —X, < —x, (i remep —x, > 0, —x, > 0). Toxi 3a 06rPyHTOBAHUM BHIIE

—(2n-1) >_

(—x,) 2D > (—x,)?"" D, orake, —x, x

17(2n71) —(2n—1)<x1—(2n—1) ’

. 3Bixcu x,
1A 3HAXOKEeHHA o0iacmi 3Havenb QyHKIii y = x "~V n e N, ckiaagemo

. —@n- 1 . .
piBEaHHEA x ®"~ Y= a, T06T0 —— =a. BoHo Mae po3B’a3Ku Ay Beix a # 0 (Toxi
pTs

1 . 1 o . ..
X = 2”‘,1’— npun#1ix== opun=1)1iTiIbKy Opyu TaKUX 3HAUEHHAX 4. Yci mi
a a

ypcJa i CKIanyTh obJsiacTh 3HaUeHb GyHKII. OT:Ke, 001aCcTh 3HAUECHD 3aaHOL
dyurmii: y # 0, toéto E (y) =(—020; 0)U(0; +0).

Tomy railmeHuL020 i HALOILULOZO 3HAYEHb PYHKUIL He MAE.

ITpomincku 3narxocmanaocmi: upu x > 0 sHaueHHA y = x @~V >0,anmpux <0
3HaueHHA y = x "~V <0,
3a3HauMMO TaKOK, II10 ITpu X = 1 3Ha-

Y yeHHsay = 1@ D=1,
e 1 BpaxoByouu BiracTuBOCTI QPYyHKILiT
y=x =1 y=x@"Y ne N, ogepsyemo ii rpadgik
ne N (puc. 112).

4. ®dyukrniay = x* (00 — napHe Big’eMmHe
gyucxo). AKImo o — mapHe Bix’eMHe unc-
J10, TO pyHKIiA y = x 2", n € N, Mmae Bja-
CTUBOCTI i rpadik, MOBHICTIO aHAJIOTiUHi

Puc. 112 BJIACTUBOCTSAM i rpadiky QyHKIIII Yy = x—lz
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‘o . 1
IiticHO, 00acmb 6usHavernna QYHKIIL Y = x 2" = —, - x#0, To0TO
X

D (y)=(—20; 0) U (0; +20), ocKinbKYu 3HAUEHHA I[iel QYHKITI] MOXKHA O0UNCIUTHA
npu Oy Ab-AKNX 3HAYEHHAX X, Kpim x = 0.

Dyuknianapra: upu x # 0, axmo f (x) = x 2", 1o f (—x) = (—x)2"=x"2" = f (x).
Otxe, rpadik GyHKIII cuMeTpuYHUM BigHOCHO Ooci Oy.

Bpaxosytouu, mio npu x # 0 3HaUEHHA Y =x"2" = % >0, oepsKyeEMO, 1110 2padik

X

PYHKUYIL Y = X" He nepemuHace oci KOOPOUHAM.

Ha npomixky (0; +°) gpynruyis cnadae.
® [liiicHo, 114 JOAATHUX 3HAUEHD IIPH x,>x (x,>0, x,>0) omepxryemo x22" > x12 "

n

-2n -2
» OTIKE, X, <.9Cl .

2n < 2n
X X

aJie Toxmi

Ha npomixcky (—o°; 0) pyHKUis 3pocmac.
o ITe BuntuBae 3 Toro, mio ii rpadik cumerpuyHuii BimrHocHo oci Oy. HaBenemo
TaKOK 1 aHaIiTUYHE OOIPYHTYyBaHHA: AKIIO X, <0, x, <0ix,>x ,T0—x, <—x,
(i renep —x, > 0, —x,> 0). Tozi 3a o6rpynToBaHUM Bule (—Xx,) " > (—x,) ",
-2n -2n
oTIKe, X, >Xx; .

—2n

s sHaxoIKeHHA 001acTi 3HaUeHb QYHKIIL y = x 2", n € N, CKJaaeMo PiBHAH-

HA X 2" = g, TOOTO T

=a. BoHno mae po3B’a3Ku g Bcix a > 0 (tomi x=1= 2@)
i TLIBKY IPU TAKUX SHAUEHHAX a. ¥ ¢iI1i unca i CKIaayTh 00J1acTh 3HAUECHb (DYHK-
ii. OTike, o0.1acms 3HaveHb 3aganoil PyHKILii: y > 0, To6To E (y) = (0; +00).

Tomy HallmeHw o020 i HallOinbULO20 3HAUEHb PYHKUIA He MAE.

3a3HAYMMO TAKOK, [0 Ipu X = 1 3HaueHHA y = 172" = 1.

Bpaxosyioun BiaactuBocTi GyHKIIl y = x72*, n € N, omeps:kyemo ii rpadik
(puc. 113).

5. DyHKLig y = x* (0L — He IiJie JogaTHE YMCJIO0). SIKIMO 00 — He Iiije JonaTHe
YHUCJIO0, TO GYHKRIIA y = x* (o0 > 0, o0 — He 11ie) Mae obracmb 6udHavennsa x = 0:
D (y)=[0; +°°), ocKinbKU 3HAUEHHSA CTENEHA 3 TOJATHUM He I[iJIMM HOKa3HUKOM
03HAUEHO TLJIbKHU AJIS HeBix eMHUX 3HA-
YeHb X.

Toxi obs1acTs BU3HAUEHHS HE CHIMET-
puuHa BigHocHo Touku 0, i QyHKI[iT He
MOKe OyTH Hi napHOw, Hi HenapHorw. Y|

Ockinbku npu x = 0 3HauenHa y = 0,
TO 2pagik Qynryii y = x“(a> 0) 3asxucou
npoxodums uepe3 nouamokx KoopouHam.

ITpu x > 0 3HaueHHA y = x* > 0.

MosxHa 0OTI'PYyHTYBATH, IO HA BCLil
obsacmi 6Uu3HAYEHHA QYHKUIL Y = x*
(o> 0) € 3apocmarroyoro. Puc. 113
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y=x"(o>1, Il1a 3HAX 0P KeHHs 00J1aCTi 3HaUeHb

o — He Iite)  PyHKHii y = x“ cKIaZeMo PiBHAHHA

y y=x° yi x* = a. BoHO Mae Po3B’A3KHU [IJIs BCiX
(0<a<1) 1

a=20(roni x=a" ) iTinbKY IpU TAKUX

3HAUEeHHAX a. YCi 11i uncia i ckaagyTh
obsacTh 3HaUeHb QyHKIii. OT:Ke, 00-
. — JIaCTh 3HAUEHb 3aAaHoi QyHKILii: y >0,
0 x 0 X po6ro E (y) = [0; +00).
Puc. 114 Puc. 115 3a3HauMMO TaKoK, IO mpu x = 1
3HaueHHA Y = 1*=1.
IIpu 306paskenui rpadika pyurmii y = x*(o. > 0, 0. — He 11iy1e) cJ1iJy BpaxoByBa-

TH, 1110 Ipu 0 < o0 < 1 rpadik Mae BUTIIAL, aHATOTiYHUN rpadiky y = \/; (puc. 114)7,
ampu o> 1 — ananoriunuit npasiit Bitii rpadika y = x2 (puc. 115).

6. ®dyuknia y = x* (00 — He 1iae Bix’emHue unciao). Ko oo — He 11iye Bix’eMHe
YuCJI0, TO QyHKIIA y = x* (o0 < 0, o0 — He 1iJie) Mae 001acTh BUdHAUeHHA X > 0
(D (y) = (0; +9°)), oCcKiIbKY 3HAUEHHS CTEIEHS 3 Bii’ € MHUM He I[iJ UM IT0OKa3HU-
KOM O3HAY€HO T1JIbKH AJIs JOJaTHUX 3HAUEHD X.

Toxi 061acTh BU3HAUCHHS He CUMETPUYHA BigHocHO TouKu 0, i QyHKITiIA He MoiKe
OyTH Hi nAPHOI0, Hi HENAPHOI0.

Bpaxosytouu, 1o npu x > 0 3Hauens y = x* > 0 (rooéro x # 0iy # 0), onep:xye-
MO, 1110 2paik pyHkyiil y = x* (0. < 0) He nepemuHae oci koopduram.

Ha npomincky (0; +°) ¢pynruyis cnadae, To6TO AJAA JOSATHUX 3HAUEHDb IPU
x,> x (x,>0, x,> 0)onepxyeMo xj <x,.

o IoBenemo 11ie, HAIPUKJIA, AJIs BUIAAKY, KOJU 0. — Bifi’e€MHe paljioHajabHe He

IIiJIe YuCJIo (oc =-™ —nemine, me N, ne N).IIpu fogaTHuX 3HAYEHHAX x,>x,
n

(x, > 0, x, > 0), Bpax0OBYyIOUYM DPe3yJbTATU NOCHiIpKeHHA QYHKIII y = x* mpu

IiJIOMY Bit’€MHOMY O, OIEPIKYEMO X, <X, . IloTim, 3Baskatoun Ha Te, [0 QyHK-

m m

mig y = ot IIPH JOAATHUX ¢ € BPOCTAIOYOI0, MAeMO §/x," < ¥x,™, Toal x," <x, ™.
MosxHA 00T PYHTYBATH, II[0 i B TOMY BUIIAAKY, KOJIM O, — Bi’eMHe ippariionaabue
YuCI0, PYHKIA y = x* TaKOK cIlajae Ha Bciit o6acTti BusHaueHHsA (TOOTO Ipu
x> 0).
s sHaxoasKeHHs o01acTi 3HaueHb QYHKINT y = x” cKJIaeMo PiBHAHHA X* = a.
1
Bowno mae poss’sisku qiisa Beix a > 0 (Toxni x =a® ) iTiIBKY IPU TAKUX 3HAYEHHAX d.

Veimi unena i cKiagyTh 00/1aCTh 3HAUEHDb (QYHKILII.

* Ile Oyme meranbHimme o6rpyHTOBaHo B 11 Kuraci.
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OT:xe, ob0sacTh 3HAUYEHDb 3aJaHOI
dyukKIii: y > 0, ToéTo E (y) = (0; +0).

3a3HAUYMMO TAKOK, IO Ipu X = 1
3HaueHHA Y = 1*=1.

BpaxoByiouu BiacTuBOCTi PyHKITiI
y = x* (o < 0), oxep:kyemo ii rpadik
(puc. 116).

Ocob6auBuii BunagokK. SAxmo o= 0,
TO QyHKIiA Yy = x*=x"=1mpu x# 0
rpadik — npsamay = 1 6e3 Tourku (0; 1)
(puc. 117).

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpuknarm 1.
1

1) y=(x-3)3;
PosB’aszauusga

1) » x-3>0, TobTo x > 0, oT:xe,
D (y) =[3; +o0). <

2) P x+1>0, T0o6T0 X > —1, OT3KE,
D (y) = (-1; +0). <

IIpuknarn 2.
Dy=x"+1;
PosB’aszauusga

1) » Byayemo rpadik y = x°, a moTim
mapajgejbHO IMEPEHOCHMO MHOro
B30B:K oci Oy Ha +1.

yl
7y
y=x°
y=x5+1
/
0 X 0 X
<

Yy y=x(a<o0,
. Iy
o — He 11iy1€)
1] y=x°
0 x 0 3
Puc. 116 Puc. 117

3HalIiTh 001aCTh BUBHAUEHHS (DYHKITI1:

2) y=(x+1)2.

KomenTap
1
BpaxoByeMo, 1110 Bupas a® o3Haue-
_1
Huiiopu a >0, a Bupas @ 2 TiNbKU Ipu

a>0.

IToGynyiiTe rpadik PyHKILII:
1
2) y=(x+2)3.

KomenTap

I'padiku 3aganux QyHKIIIN MOKHA

orpumaTu 3 rpadikiB QyHKITi:
1

1) y=x%, 2) y=x* 3a momomoroio
mapaJiejibHOTO IIePeHEeCeHHA:

1) ma +1 y3moBox oci Oy;

2) Ha (—2) B3moB:K oci Ox.
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2)

1
P Byayemo rpadik y=x2, a morim

mapaJjieJibHO MEePeHOCHUMO IHOTro
B3I0B:K oci Ox Ha (—2).

5%

3anuTtaHHs g KOHTpOIJIIO

. Kopucryouncs rpadikom BinmoBigHOI PyHKIIII, 0OXapaKTepusyiiTe BJIaCTUBOCTI

dyurIii y = x*, axkmo: 1) o0 — mapHe HaTypajJbHE YUCJIO0, 2) (L — HemapHe
HaTypaJibHe YLCJIO, 3) 0. — HemapHe Bif’eMHe umciio, 4) o0 — mapHe Bix’ emMHe
YKCJI0, B) O — He IiJe Big eMHe uncio, 6) o — He I[iJie JoJaTHe YKCJIO.

*. OOr'pyHTYHTE BJIACTUBOCTI CTeIIeHeBOl (PYHKIIII B KOXKHOMY 3 BUIIAAKiB, yKasa-

HUX y 3aBmanHi 1.

Bnpasu

. 3HaUAITH 06J1aCTh BUBHAUEHHS (DYHKITi1:

1
1) y=x7; 2)y =x3 3) y=(x-1)z;
. 2 5 9
) y=x"T; 5) y=(x?-x)3; 6) y=(x?-x+1) 2.
. ITobynytiTe rpadik GyHKII:

Dy =x% 2)y=x% 3y=x7 hy=x"

1 5 1
5) y=x*; 6) y=x4; Ny=(x+ 1) 8 y=x°-38;

1

9% y=|x[3; 10y y=|x"—1]|.

IToGynyiiTe i mopiBHANTE rpadiku QyHKITIN:

1
y=¥Yxiy=xa% 2)y=ﬂ§iy=x?
Po3B’skiTh rpadiuHo piBHAHHS:
1 1 5 1
1) x2=6-x; 2) x‘§=x2; 3) x2=2-x 4) x f=2x-1.
IlepeBipTe nmizicTaHOBKOIO, 110 3HAUEHHS X JiMICHO € KOPeHEeM PiBHAHHS.

HoBexnits, 1110 piBHAHHSA, HaBeJeHI B 3aBJaHHi 4, He MAIOTh iHITUX KOPEHIB,
Kpim 3HalAeHUX rpadidHo.
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3ACTOCYBAHHS BJIACTUBOCTEN ®YHKLIA
[JO PO3B'A3YBAHHA IPPALUIOHAJIBHUX PIBHAHDb

26.1. 3ACTOCYBAHHS BJIACTUBOCTEW ®YHKLIA
A0 PO3B'A3YBAHHSA IPPALIOHAJIbHUX PIBHAHb

Haramaemo ocHOBHI ifiel, AKi BUKOPHUCTOBYIOTHCS P PO3B’ A3yBaHHI PiBHAHD

3a IOIIOMOTOI0 BJIaCTUBOCTEeI (DYHKITIM.

Tabnuma 47

1. CkiH4eHHa O/13

CHCTEMH) CKJIAJAETHCA i3 CKiHUeHHO-
ro YucJja 3HaYeHb, TO JJISI PO3B’A3Yy-
BaHHS IOCUTH ITePeBipuTH BCi 11i 3HA-
YeHH.

OpieHtnp Mpuknag
Vx—3+2x2=36-2x +18.
x-3> 07 x>3
SxK1o 06JacTh JOMYyCTHUMHUX 3HA- » O]I3: 69250 Toxi { y
uenb (0/13) piBHsaHHs (HepiBHOCTI 260 - x<3.

Otxe, O3: x = 3.
ITepeBipka.x=38— KopiHb
(Vo+18=%0+18; 18=18).
IHImMuX KopeHiB HeMae, OCKiJIbKU 0
O13 BXOOUTH TIIBKY OJJHE UKCJIO.

Bionosiov: 3. <|

2. OujiHKa NiBo1 Ta NPaBOl YaCTUH PIBHAHHS

SAximo moTpi6bHO po3B’sI3aTH piB-
HAHHA BuAY f (x) = g (x)i3’acysaio-
ca, mof (x) > a, g (x)< a, TO piBHiCcTH
Mi3K JIiBOIO i TPaBOIO YACTUHAMMU PiB-
HIHHS MOKJMBA JHIIE Y BUIATKY,
SAKIO ogHOYAcHO f (x) i g (x) mopis-
HIOIOTH @.

OpieHtnp Mpuknag
Jx? —5x+6 = 4x—x? 4.
f()=g(x) {f (x)=a, P Banuiremo 3asaHe PiBHAHHS TaK:
D oa gx)=a Va? —5x+6 = —(x2 —4x+4),
g(x)ga m=—(x—2)2,
fx)=x2-5x+6 >0,

g(x)=—-(x-2)2<0.
Or:xe, 3aaHe piBHAHHA PiBHOCUJIbHE

Vx2-5x+6=0,
—(x-2)*=0.

I3 npyroro piBHAHHSA OIEeP;KYEMO X = 2,
1110 3aJ0BOJIbHSIE 1 IEPIIIOMY PiBHAHHIO.

Bionosgiov: 2. <|

cucTeMi
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IIpomoBsxk. TaGm. 47

3. BUKOpWCTaHHS MOHOTOHHOCTI (OyHKLLiM1

Cxema po3B’A3yBaHHS PIBHAHHSA

1. ITid6upaemo 00un abo OeKinbKa KOPeHi8 PiBHAHHAL.
2. oodumo, u,0 iHwux KOpeHi6 ue pi6HAHHA He Ma€ (BUKOPUCMOBYIOLU Meo-
pemu npo Koperi pi6HAHHA A00 OUIHKY Ji60L Ma Npa6oi Y acmMuH Pi6HAHHA ).

Yi

N

7
)

Teopemu Npo KOPeHi PIBHAHHS

1. ko B piBHAHHI [ (x) = a pysKUia f (x)

3pocTac (crmaac) Ha e IKOMY ITPOMIiKKY, TO
1e PiBHAHHSI MOKe MATH He 01JIbII HisK OJNH
KOPiHb Ha IILOMY IIPOMiSKKY.
Mpwknag

PiBuanna vx + 2¥x = 3 mae equnmii KOpiHb
x=1 (\/I + 2‘3’/1 =3, T00TO 3 = 3), OCKiIbKU
dyuxruia f (x)=x +2¥x spocrae (ua Beiit
obsacti BusHaueHHsa x > 0) AK cyMa JBOX
3pocTaunXx PyHKITIN.

Y1

-\

y=g(x)

& S .
\(4')

. dAxwmo B piBHAHHI f (x) = g (x) PyHKUiAf (x)

3POCTAE HA JeSIKOMY IIPOMISKKY, a (QyHKIIis
g (x) cmagae Ha ILOMY CAMOMY IIPOMIiKKY
(a00 HaBMaKu), TO Iie PiBHIHHA MOKe MAaTH
He 0iJIbII HiK OTUH KOPiHb HA IOMY IIPO-
MIiXKKY.

Mpwknag
Pipusnasa x =6-x Mae €IUHUN KOPiHb

x =4 (V4=6-4, 2=2), ocximbxu f(x)=x
3pocrae (npu x = 0), a g (x) =6 — x cnazgae.

MosicHeHHs 11 OOFPYHTYBaHHS

1. Burkopucranua ckinuennocti O/I3 nas po3s’a3yBaHHA ippanioHaIbHUX PiB-
HaHb. OCHOBHIMIU CIIOCO0aMM PO3B’ A3YBaHHA ippallioHAIBHUX PiBHAHB, 1110 BHU-
KOPHCTOBYIOThCSA B KypcCi airedopu i mouaTKiB aHaIi3y, € BUKOHAHHS PiBHOCUJIbL-
HUX IIEPETBOPEHb PiBHAHL a00 0[epyKaHHA PiBHAHBb-HACIIAKIB, AKi 103BOIAIOTD
3BECTH 3aJlaHe PiBHAHHSA 0 pallioHAJIbHOTO. AJle iHOAI ofepsKaHe palioHaJIbHE

302



§ 26. 3acTOCyBaHHA BNacTMBOCTEN YHKLIM 40 PO3B’'A3yBaHHA ippaLioOHaNbHVX PIBHAHb

PiBHAHHSA BUABISAETHCA CKJIAIHUM JIJIs1 po3B’si3yBaHHA. Hanmpukian, piBHAHHSA
Nx—8+2x2=46-2x +18, HaBemeHe B IyHKTI 1 Tabauni 47, MOKHA 3BECTHU IO
parioHaIbHOTO, i30a0I0un v/6—2x 1 migHOCAYM 06MIBI YACTUHM KO YETBEPTOTO

CTeleHs, a IOTiM i30JIF00UY BUPAa3, AKUI MiCTUTD +/x — 3, i migHOCsSYM 00uaABi Ua-
CTUHU 0 KBaZpaTa. Ajie B pe3yJabTaTi MU OIePsKYEMO IIOBHE PiBHAHHS MIicTHA-
JOIIATOrO CTeIleHA. Y TAKUX CUTYAI[idX CIIPOOyeMO 3aCTOCYBATH BioMi HAM MeTOAM
po3B’sA3yBaHHA PiBHAHD, I0B’A3aHi 3 BUKOPUCTAHHAM BJIACTHUBOCTEH (DYHKIIIH.

x-320,
6-2x>0.

3BiIKY OIEPIKYEMO TiJIBKY OHE 3HAUEHHA X = 3, iKe BXoauTh 10 O3. OcKintbKu
Oyab-AKUM KOPiHb PIBHAHHS BXOAUTS A0 fioro O13, mocuTh nepesipuTu, uu € Ti
yucJa, o BxonAars 1o O3, kopensamu 3aganoro piBHaHHA. [lepeBipka mokasye,
10 X = 3 — KOpiHb. [Hmux KopeHiB 6yTu He MOKe, ocKimbku O3 piBHAHHA CKJIa-
IAEThCA TiIBKHY 3 OJHOI0 3HAUEHHA X = 3.

3ayBasKuMo, 1110 B TOMY BUNIAAKY, Koau OJ13 3a7aHOro piBHIHHS — IMOPOKHI
MHOSKHMHA (He MiCTUTbD JKOJHOTO YHCJA), MU HaBiTh 0e3 mepeBipKu MOKeMO JaTh
BiATIOBi A, 1110 PiBHAHHA He Ma€ KopeHiB. Hanpukias, sKimo moTpioHo pos3s’a3a-

30KpeMa, y poarsisguyromy piBHAHHI O3 BudHaUaeThCA yMOBAMU

. . x-320
tu piBHaHEA VX -8 =%2-x +5x, To ftoro OJI3 3amaeThCA CHCTEMOIO ’
2—-x20,
x >3, , . ) .
TOOTO < o AKAHeMaePo3B’A3KiB. Omxe, O13 3aganoro piBHAHHA HE MiCTUTH
XSS 4,

2KOJITHOTO UMCJIa, i TOMY Ile piBHSHHS He Ma€ KOPEeHiB.

2. Ouinka xiBoi Ta mpaBoi yacTuH piBHAHHA. [HOi B TMX BUNagKaX, KOJIU ipparli-
ioHaJbHE PiBHAHHS 3BOAUTHCS 0 TPOMi3KOI0 parioHaabHOro (abo 30BciM He 3BO-
IUTHCSA 0 PAIiOHAJBHOTO), JOILIBHO CIIPOOYBATH OIiHUTY 3HAUEHHA PYHKIIIiH,
AK1CTOATH y JIiBili i mpaBiii yacTUHAX PIBHAHHS.

Hanpuxnian, 11106 pos3s’a3aT piBHAHHSA

Jx +Yx =cos2x -1, (1)

JTOCHUTH 34 MOIIOMOTOI0 PiBHOCUJILHUX IE€PETBOPEHDb 3aMMCATU MOTO Y BUIJIALL
Nx+Yx=-(1-cos?x), To6T0 x +Yx =—sin?x. V niBiif yacTHHI OCTAHHBOIO

piBHAHHESA cToiTh GyHKIiA f(x)=+x +¥Yx >0 Ha Bciit o6sacTi BusHaUeHHs, a B

npasiii — pyaknia g (x) = —sin? x < 0 npu Bcix 3HaueHHax x. Toxai piBHiCTE MixK

JIIBOIO 1 ITpaBOIO YaCTMHAMU PiBHAHHS MOJKJIMBA TiJIBKU B TOMY BUIIAAKY, KOJIU

BOHMU OJTHOUYACHO JOPiBHIOIOTH HYJI10. OT:Ke, piBHAHHA (1) piBHOCHIbHE cCTEMi
fx)=0, Vx +3x =0,

TOOTO (2)
g(x)=0, —sin2x =0.
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PosB’sa:xemo cmouaTky mepire piBHAHHEA 1iel cucremu. Bpaxyemo, 1110 /x > 0
. 4 > 0 C PR o . PR
i ¥Yx 2 0. Cyma aBox HeBix’eMHUX (DYHKIIIN MOsKe JOPiBHIOBATH HYJIIO TOI i TiTbKH

TO[Ii, KOJIM KOKEH 3 IOTaHKiB MopiBHIOE Hy 10. OTKe, DIBHAHHA VX + Yx =0 piBHoO-

. |[Vx =0, . .
CHUJIbHE CUCTEeM1 { sika Mae equHuit Pos3s’ 130K x = 0. Ileii po3B’A30K 3a10-

Yx =0,
BOJIBHAE 1 Apyromy piBHAHHIO cucteMmu (2) (giticao: —sin?0 = 0, 0 = 0), oT:xe,
cucrema (2) Te;x Mae TiIbKY OTUH PO3B’A30K X = 0. 3HAUUTD, i piBHAHHA (1) Mae
equHNN Kopiub x = 0.

3. Bukopucranusa moHoToHHOCTI pyHKIii. [Ile ogHuM crioco6om po3s’ A3yBaHHS
TUX ippallioHaJIbHUX PiBHAHB, SKi 3BOAATHCSA 0 TPOMi3IKUX pPalliOHAJIBHUX, € BU-
KOpPUCTaHHA 3pocTanHA a00 criafanud BiqnoBigHux QyHKIi. Hatuacrimie 1e po-
OUTHCS 38 TAKOIO CXEMOIO:

1) nid6upaemo 00ur abo dexiavka KOPeHi8 PIBHAHHS;

2) 00800uMO, UL0 IHWLUX KOPEHIB Ue DIBHAHHS He MAE.

OOrpyHTYyBaHHSA BiAMMOBiAHUX BIacTUBOCTel HaBeneHo B § 18 posainy 2, a mpu-
KJIAAYW BUKOPUCTAHHS I[LOT'0 IPUHAOMY [JIS PO3B’I3yBaHHSA ippaljioHaJbHUX PiB-
HAHb — y Ta0muIi 47.

Bnpasu

Posp’sokiTe piBHsAnHA (1—4) Ta cucTeMu piBHAHD (5), BUKOPUCTOBYIOUM BJIac-
TUBOCTI BiITITOBIAHUX (DYHKITIMA.

1. 1) Yx2-1+x2=Y2-2x2 +x+2;
2) 2x++/x2 —Bx+6 =x2+8§10x—2x2-12-3.
2. 1) Y16+ x2 =2—x3+x; 2) 1+]x—Vx|= 91| x[;

3) Vr+——=1-x—x% 4) Yx—2+-2
) \/; ) \/4x—2

3. 1) Vx-1+¥x2-1+¥x3-1=0; 2) |Vx -2|+|Jy - 5|+ 4xy-100=0.
4. 1) Jx-T+¥x =3 2) Yx+12+Yx-3=3;
3) 2x—1+Vx+2=6-48x; 4) Yx+3Yx =2,
X

=2—|x—3|.

1 Ve +3¥x =y +¥y, 2) x -3y =y -¥x,
2x— 4y =2; JVx+fy =4.
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26.2. MPUKNAAN BUKOPUCTAHHSA IHLUMX CNOCOBIB PO3B'A3YBAHHSA
IPPALLIOHAJIBHUX PIBHAHD

Ao npu poss’s3yBaHHi ippanioHalbHUX PiBHAHB MU BUKOPHCTOBYEMO
piBHAHHA-HACHiIAKU (AK Vv § 24), TO B KiHIIi JOBOAUTHCA BUKOHYBATU IE€PEBipPKY
oZlepyKaHNX PO3B’A3KiB. AJle B TUX BUNAAKAX, KOJIN ITi pO3B’ I3KM — He palliOHaJIbHi
ymcsa, mepeBipKa 3a JOImoMOro HifICTAHOBKY OfeP:KaHUX 3HAUEHbD Y IOYaTKOBE
PiBHAHHA € JOCUTH CKJIAJHOIO i rpoMisaKoro. [ly1d TakuX piBHAHB JOBOAUTHCA BU-
KOPHCTOBYBATH PiBHOCUJILHI IIePEeTBOPEHHA HA KOMKHOMY KPOI[i pO3B’ A3yBaHHS.
IIpu nboMy HeoOXimHO mam’ ATaTH, 110 BCi PiBHOCUILHI IIepeTBOPEHHA PiBHAHD Ul
HepiBHOCTel BUKoHYy0TheA Ha OJ13 3amarnoro piBHaHE uu HepiBHOCTI (§ 17), ToMY,
BUKOHYIOUY PiBHOCHUJIbHI IIEPEeTBOPEHHSA ippallioHaJIbHUX PiBHAHB, JOBOIUTHCS
BpaxoByBaTu Ol13 3amanoro piBHAHHA. TaKOXK JOCUTH YaCTO B X BUIIaIKaX BU-
KOPUCTOBYIOTHCS MipKYBaHHS TUITY: 08 8CiX KOPeHi8 3a0aH020 PiBHAHHA 3HAKU
21601 i npasoi wvacmut Pi6HAHHA 30i2a10MbCi, OCKIIbKY IIPU ITi ICTAHOBIIL B 3a1aHe
PiBHAHHA YHMCJIa, AKe € 10ro KopeHeM, OIepPKy€eMO IIPAaBUJIbHY YHCJIOBY PiBHICTb.
BuxkopucTroByoouu ocTaHHE MipKYBaHHS, YaCTO BAAETHCA OEP/KATH IKYCh JOAAT-
KOBY YMOBY JIJISI KOPEHiB 3a/IaHOTO PiBHAHHSA i BUKOHYBATH PiBHOCUJIBbHI IIEPETBO-
peHH4A He Ha Beit O/13 nanoro piBHAHHS, a HA AKilick ii yacTuHi.

Poss’sokiTh piBHAHHA V2x+1 —Vx+1=1.

KomenTap

IIpuxxan 1.

PosB’aszauusga

BukonaemMo piBHOCUJIBHI IIepeTBO-
PEeHHS 3aJaHOT0 PiBHAHHS.
Bpaxosyiouun, 110 Bci piBHOCUIBHI
Po3B’A30K 1iei cucremMu: X > — 1 TIepeTBOPeHHA BUKOHY0ThCA Ha O]13 3a-
2 . . o
. . IaHOTO PiBHAHHSA, 3adikcyemo ioro
Ha OJ13 zajgaHe piBHAHHSA PiBHO- o3 ’

cUJIbHe PiBHAHHAM: ) .
IIpu nepenecenHi ureHa (— x+1 ) is
V2x+1=1+x+1,

(Vox+1) =(14vxr1),
2¢+1=1+2Vx+1+x+1,

2x+1>0,

> OI3:1 150,

JIiBO1 YaCTUHY PiBHAHHS B IIPaBy 3 IIPO-
THJIEKHUM 3HAKOM O/JIePsKYEMO PiBHSH-
HSA, PiIBHOCUJIbHE TaHOMY.

V pieaanHi V2x+1=1+/x+1 o6u-

x—1=2Jx+1. (1)
I Bcix KopeHiB piBHAHHSA (1)
x—120 (2).
3a miei ymoBu piBHAHHA (1) piBHO-
cCUJbHEe PiBHAHHAM:

(x-1) =(2x/x+1)2,
x2-2x+1=4(x+1),
x?—6x—-3=0.

IBi vacTUHM HeBix’eMHi, oTiKe, IpU
migHeceHHI 000X YacTUH A0 KBaapara
0JIepPKyEMO PiBHAHHS, PiBHOCUJIbHE 1a-
HOMY, dKe piBHOcUJIbHEe piBHAHHIO (1).

J1s1 Bcix KopeHiB piBHAHHA (1) BOHO
€ IIPaBUJBLHOIO YMCJIOBOIO PiBHiCTIO.
V 1iii piBHOCTI ITpaBa yacTrHa — HEBix -

€MHe YHCJIO (2\/x+1 > 0), roxi i sriBa
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Toxi x=3+ 23.

x, =3+ 2\/5 — BxoauTh 70 O13 i 3a-
IOBOJIbHSAE YMOBI (2), oTiKe, € KOpeHeM
3a/laHOTO PIBHAHHA; X, = 3-2J3 —

BxoauTh 1o O3, ase He 3a10BOJIBHAE
yMOBi (2), oT:Ke, He € KOpeHeM 3a1aH0r0
PiBHAHHA.

Bidnogidv: 3+23/2. <

YacTUHA € HeBix € MHUM YHCJIOM, TOOTO
x—1 >0 gnsa Bcix KopeniB. Toxai 3a ymo-
Bu (2) o6uaBi wacTuHu piBHaHHA (1)
HeBix e€MHIi, OToKe, IIPH ITiTHEeCeHHi 000X
YaCTUH 0 KBaJpaTa 0[epPKyeEMO PiBHO-
CcUJIbHEe PiBHAHHA. AJie micasa 3HaAX0-
I:KeHHS KOPEeHiB IIbOT0 PiBHAHHA He-
00XifHO ImepeBipuTy He TiIBKU Te, YU
BxOoIATH BoHU 10 O[3, a i yu 3a10BOJIb-
HAIOTHb BOHU yMOBIi (2). 14 Takol nepe-
BipKU JOCUTH B3ATH HAOIMKEHI 3HAUCH-
HSA KOPEHiB x, = 6,4 Ta x,= -0,4.

IIpukaanx 2. Po3p’s:KiTh piBHAHHSA \/x+ 3-4vx-1 +\/x—2\/x—1 =x+2.

KomenTap

3amina~/x—1 =t [03BOJIsIE MIOMITUTH, II[0 KOYKEH BUPa3, IKUI CTOITH i 3HA-

KOM 30BHIIITHHOI'O KBaAPATHOI'O KOPEHs, € KBAAPATOM JBOUJICHA.

3acrocoByoun GopmMyaIy va? = | a

, OIEPIKYEMO PiBHAHHSA 3 MOIYJIAMU, AJIsI PO3-

B’ A3yBaHHS SIKOI'0 BUKOPUCTOBYEMO NJAAH!

1) snaitmu O/]3;

2) snHatimu Hyai 8cix ni0MoO0yabHUX PYHKUILL;
3) nosnavumu nHyai na O3 ipozbumu O3 Ha npomincKu;
4) 3naiimu po36’A3KU PiBHAHHA 8 KOHCHOMY 3 NPOMIHCKIE.

PosB’aszaunusga

P HexaiiVx-1=t net>0.Togix— 1=t x=t2+1.

OzmepskyeMo piBHAHHA 12 + 4 — 4t +\/12 +1-2¢t =12 + 3,

SKe MOJKHA BalIMCATH TaK: \/(t— 2 + \/(t— 1)* =2+ 3. Bincu
[t—2|+|t-1|=t>+3. (1)
1) O3 piBuanHa (1): t € R, aje 3a 3MicTOM 3aBIaHHA Ile PIBHAHHA IOTPiOHO

posB’sasatu nput > 0.

2) HynininmonynpHUX QpyuKIii: t=2it=1.

3) IIi myxni posdbuBaioTs obsacTh t > 0 HA TPU OPO-
MiKKH, ¥ KOXKHOMY 3 AKX KOMKHA IIiAMOIYyJIbHA >

(GYHKIIiA Mae IMMOCTiHMI 3HAK (IUB. PUCYHOK). 0 1 2 t

IIpowmiskok I. ITpu ¢t € [0; 1] Mmaemo piBHAHHSA
-(t-2)-(t-1)=t*+3.
Tomi t2+ 2t =0, t =0abo t =—2, aye B mpomixok [0; 1] BxoauTs TinbKu ¢ = 0.
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ITpowmiskok II. IIpu t € [1; 2] maemo piBHAHHA

—(t-2) +

(t —1) =t + 3, AKe piBHOCHJIbHE PiBHAHHIO {2 =

—2, 110 He Mae

KopeHiB. OToKe, y mpoMiskKy [1; 2] KopeHiB HEMAE.

ITpomiskok ITI. ITpu ¢t € [2; +00) MaemMO piBHAHHSA

(t—2)+(t—1)=1%+ 3, 3 AKOT0 OLEPKYEMO PiBHAHHA 12 —

2t + 6 =0, 110 He Mae

KopeHiB. OT:Ke, y TPOMIMKKY [2; +0°) KOpeHiB HEMAEe.
006’ emuyroun ofiepsxaHti pe3yabTaT, poOMMO BUCHOBOK, 1110 piBHAHHA (1) Mae

TiIBKY OWH KOPiHb t = 0.

Bukxonyroun obepHeny saminy, Mmaemo +x—1=0, 3Biggux = 1.

Bionosgiov: 1. <|

Ipuknax 3. Poss’axiTh piBHAHHA

Y(x-6)" -3 (x-6)(2x+3) +2¥(2x +3)* =0.

PosB’aszauusga

P Ockinbru x = 6 He € KOpeHeM 3a7a-
HOT'O PiBHAHHS, TO IIPH JiJIeHHI 000X Ua-

cruH piBHAHHA Ha 4(x—6)° #0 oxep-

2KY€MO PiBHOCUJIbHE PiBHAHHS

2
1_33/2x+3+23}(2x+3) ~0
x—-6 x—-6
ITicnazaminu ¢ =3 2x—+63 Ma€eMo piB-
\j x—

3t +1 =0, KopeHi AKoTO:

HAHHA 212 —
tl = 1, tz =

Bukonagiu obepHeny 3aMiHy, ofep-
JKY€EMO:

3/2x+3 _ -1 a6o g/2x+3 _ 1

\'x-6 Vx-6 2’

2x+3 =1 ab6o 2x+3 l

x—-6 x—-6 8

x=-9abox=-2.
Bidnosiov: —9; —2. <|

b

KomenTap
. 3
fAxmo BuKonaTu saminy Vx—6 =u,

¥2x+3=v, TO OZEPKUMO PiBHAHHA

—3uv + 202=0, yci yareHU AK020 Ma-
10Mb 00HAKOBULL CYMAPHUIL CMENniHb * —
nBa. Haragaemo, 1110 Take piBHAHHSA Ha-
3uBaemuvcs 00HOPIOHUM i p038°A3Yemb-
cs OifleHHAM 000X YACMUH HA HABU-
wuili cmeninb 00Hi€l i3 3aminHuX. Posmi-
JWMO, HAIPUKJAL, oOuABI YacTUHU

Ha u? (To6ro Ha ¥(x—6)° )

IITo6 npu dinenHi Ha 8UPA3 i3 3MiH-
HOW0 He 3a2y0umu KOPeHi Pi6HAHHSA, NO-
mpiOHo mi 3HAYeHHS 3MIHHOL, NPU AKUX
ueil 8upa3 00PiBHIOE HYNI0, PO32JAHYMU
0Kpemo, TOOTO B TaHOMY IPUKJIAAI Hif-
CTaBUTHU 3HAUEHHS X = 6 B 3ajaHe piB-
HAHHA (Ile MOKHA BUKOHATHU YCHO, 0
PO3B’I3aHH 3alINCATU TLILKY OflepiKa-
HUH pe3yJsIbTar).

s peasisariii ogep:kaHoro miany
po3B’saA3yBaHHA He 000B’ I3KOBO BBOU-
TH 3MiHHI u 1 v, JOCUTH MOMiTUTH, IO
3aJlaHe PiBHAHHSA OJHOPiAHE, PO3ILIUTH

. 2
06uBi vacTuau Ha 4 (x —6)°, a BiKe IO-

TiM BBECTU HOBY 3MiHHY £.

“ B 03HAUeHHI OMHOPIAHOTO PIBHAHHA HE BPAaXOBYEThCA uieH 0, AKUI CTemeHA He Mae.
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3anuTtaHHs ansa KOHTpOIJIIO

1. IToscHiTE, AKi 0OMesKeHHS JOBEeJeThCA HAKJIACTU Ha 3MiHHY X, 11100 PO3B’ -
3aTH PiBHAHHA VX — 2 = X — 6 3a JOIIOMOTI'0I0 PiBHOCUJILHUX IIEPETBOPEHb.
2. Hasenith npukJiag ogHOPiAHOTO ippaliioHasbHoro piBHAHHEA. CKIAmITh ILJIaH

ioro po3B’sI3yBaHHA.

Bnpasu

1. PosB’s:kiTh ippaljioHasbHe PiBHAHHSA 34 JOIIOMOT0I0 PiBHOCUJIBHUX II€PETBO-

peHb:
1) V3x-2=5-x;
3)\/3x+4+\/x—4=2\/;;

Posp’sikiTe piBHAHEA (2—5).
Dvx+2dx—1+vx—2Vx-1=x+1;
1) e+ 17 + 20 -1)? = 88— 1;
1) Vo-1-Vx-2=4x2-3x+2;

x%—l \/5x3—1_ .
=16;
Yar o1 WYx-1

ook b

1)

+

2) J3-2x—-1-x=1;
3) Vx+5+vx =J4x +9.

2)Vx—3-2Vx—4 +x—4/x—4 =1.
2) x2+xvx+1-2(x+1)=0.
2) ¥2x+3-%2x+1=2.

9 1 1 _1
N P

E PO3B'A3YBAHHS IPPALLIOHANIbHUX HEPIBHOCTEN

Tabnuma 48

OpieHtnp

Mpuknag

1. MeTop iHTepBanis (s HepisHOCTEl BUAy f (x) 2 0)

1) 3naiitu O/I3 HepiBHOCTI.

2) 3uayTy HyJi QyHKLii f (x)
(f (x) =0).

3) IlosnauuTu Hyai pynknii Ha O3
i 3HAWTH 3HAK (DYHKIII1 B KOKHOMY
IPOMISKKY, HA SIKi pO30MBA€ETHCA
ona3.

4) 3anmucaTH BiIlIOBigh, BPAXOBYIOUH
3HAK HEePiBHOCTI.

Nx+4>x+2.

P Bamana HepiBHiCTHL piBHOCHIBHA
HepiBHOCTI Jx+4-x-2>0.
ITosmauumo f (x)= Je+4-x-2.
Ol13: x +4 >0, To6To X > — 4.
Hyui f (x): Jx+4-x-2=0,
m=x+2,x+4=x2+4x+4,
x*+8x=0,x, = 0 —Kopinb, x,=—3 —

CTOPOHHIN KOPiHb. N_
+ —

-4 0 x

Bionosiov: [—4; 0).
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IIpomoBxk. Tabu. 48

2. PIBHOCUITbHI NepeTBOpPEHHS

1) IIpu migHeceHHi 000X YACTHH He-
piBHOCTI 10 HemapHOro creneH (i3
30epeskeHHsIM 3HAKa HePiBHOCTI)
OIepP:KyEMO HEepiBHiCTH, PiBHO-
cuabHy nanii (Ha O3 nanoi).

Yx+2<-1.
> O13:x < R.
3amaHa HepiBHICTH piBHOCUJIbHA He-
piBHOCTAM:

(V3x+2)3<(—1)3, x+2<-1,x<-3.
Bidnogios: (—o0; —3). <

2) ko o0uaBi YacTHHY HEPiBHOCTI
HeBix’eMHi, TO mpu migHEeceHHI
000X YaCTHH HEPiBHOCTI 10 MapHO-
ro creneHdd (i3 30epekeHHAM 3Ha-
Ka HepiBHOCTI) ogep:xyeMO HepiB-
HicTh, piBHOCUIBHY HaHi (Ha O3
AaHOT).

Y2x-6<1.
> Oon3: 2x —6 > 0, Tobro x > 3.
OO6uaBi yacTUHU 3aJlaHOI HEPiBHOCTI
HeBix eMHi, OTiKe, BOHA PiBHOCHIBHA
HepiBHOCTSAM:

4
(Y20-6)" <14, 20 -6 <1, x <.
Bpaxosywouu OI13, onep:xyemo

3<x<%.

Bionosidv: [3; %) <

3) SAxmo na O3 3aganoi HepiBHOCTI
sIKaCh YaCTHUHA HEPiBHOCTI MOXKe
Ha0yBaTH AK TOTATHUX, TaK i Bix’-
€MHUX 3HaY€Hb, TO, IIePII HikK ITiI-
HOCUTHU OOUABi YaCTMHU HePiB-
HOCTI 0 IapHOTO CTeIeHsd, IIi BH-
MaJKu TOBOJAUTHCA PO3IIATATH
OKpeMo.

Hanpurnan,

W) >glx)

@{g(x)>0, ; {f(x)>0,
fx)>g%(x) °° |gx)<0.

f(x)>0,

rx)<gx)={g(x)>0,
flx)< g2 (x).

Nx+4>x+2.

P Bagama HepiBHiCTH piBHOCHIBHA
CYKYITHOCTI cucTeM:

x+2>0, x+4>0
abo ’
(Vrra) > (xr2)? {x+2<0.

x>—27 {x>—4,

Tonl {x2+3x<0 avo

x<-2.

Poss’aszasiiu HepiBHicTs x2 4+ 3x <0,
maeMmo —3 < x <0 (ZUB. PUCYHOK).

+ +

-3 0 x
BpaxoByrouu HepiBHiCTb X > —2, onep-
JKY€MO PO3B’S30K IIEPIIoi CUCTEeMMU:
-2 < x <0. Po3B’s130K Apyroi cucre-
mu: —4 < x <—2. 00’ eguyouu I1i pos-
B’SI3KU, OLE€PKYEMO BiATIOBiAb.
Bidnogids: [-4; 0). <
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1.

MosicHeHHs 1 0GIPYHTYBaHHS

Po3B’a3yBaHHs ippaniioHaJsHUX HEPiBHOCTEH METOIOM iHTEepBaJIiB. 3arajib-

HY CXeMy PO3B’ A3yBaHHs HepPiBHOCTeI MeTOLO0M iHTepBaJIiB moscHeHo B § 21 pos-
Ity 2, a IpuKJIag 3aCTOCYBAaHHSA METOAY iHTEPBaJIiB 0 po3B’ A3yBaHHA ippaiiio-
HaJbHUX HEePiBHOCTEN HaBe eHo B TabauIi 48.

2.

PiBHOCHIBHI IIepeTBOpPEeHH ippanionaJbHuX HepiBHOCTEeH. Kosu 11 poss’ -
p 1Y ppar |Y ATAD

3yBaHHA ippallioHAIbHUX HEPiBHOCTE BUKOPUCTOBYIOTHCSA PiBHOCHUJIBHI IepPeTBO-
PeHH#A, TO HalfyacTiIlle 3a JOIIOMOT 00 Ii/fHeceHHs 000X YaCTUH HePiBHOCTI 0 011~
HOTO i TOTO caMOTO0 CTelleHA 3ajJjaHa HEPiBHICTh 3BOAUTHCA 10 PaIllioOHAJIbHOI He-
piBHOCTi. ITpu boMy OTPiOHO MaTH HA yBa3i TaKi BJaacTUBOCTI:

1)

2)

SAKImo 06uaABi YacTUHY HePiBHOCTI JOBOAUTHLCS i THOCUTHU [0 HETIAPHOIO CTeIe-
Hs, TO CKOPUCTAEMOCS TUM, II[0 YUCLO08L HepieHocmi A > Bi A% *1> B%**1qg60
00HOUACHO NPABUNbHI, a0 00HOUACHO HenpasuavHi. Toni KoKeH PO3B’A30K
HepiBHOCTI

f(x)>g(x) (1)
(AKUI IIepeTBOPIOE 1[I0 HEPiBHICTL Y NpaBUJIbHY UMCJIOBY HepiBHiCTH) Oye
TaKOK i p03B’ A3KOM HEpPiBHOCT

f2k+l(x) >g2k+l(x) (2)

i, HaBOmaKM, KOYKEeH PO3B’sA30K HepiBHOCTI (2) Oyme TakoK i po3B’sA3KOM He-
piBHocTi (1), To6TO HepiBHOCTi (1)i(2) — piBHOCHABHI. OT!Ke, IPHU MiTHECeHHI
000X YaCTUH HEPiBHOCTI 70 HeIIapHOTO cTeneH (i3 30epekeHHsIM 3HAKA He-
piBHOCTI) OZIep:ky€EeMO HepiBHiCTD, piBHOCHIABHY HaHil (Ha O/]3 naHoi).
Hanpurnan,

WU (%) > g (x) &  (x)> g2+ (x)|.

Amnamnoriuno, axuwo yucna A i B negid’emni (A = 0, B > 0), mo uucnosi He-
pienocmi A > B i A?* > B? taxko a60 00HO4ACHO NPABULbLHIL, 460 00HOYACHO
HenpasuabHi. IloBTOPIOIOYY ITONIEPEIHI MipKYBaHHA, MAEMO: AKII0 O0UIBI yac-
TUHU HEPiBHOCTI HEBiJI’ €MHIi, TO IPH IMiTHECEHHi 000X YaCTUH HEPiBHOCTI 10
napHoro cremneH (i3 30epesKeHHAM 3HAKa HEPiBHOCTI) 0/IePIKyEMO HEPiBHICTb,
piBHOCUIBHY maHii (Ha O/13 maHoi).

Hanpukaan, posriisagaioun HEPiBHICTH

Xf (x)<g (x) (3)

Ha 1l O3, me f (x) = 0, momiuaemo, 1110 7151 BCix po3B’sa3KiB HepiBHOCTI (3) 1iBa

JacTHHAa HeBiJ eMHa (apudMeTuyHuil KOopinb /f (x) > 0) iHepiBHIiCTS (3) MOXKe
BUKOHYBATHUCH TiILKU 32 YMOBU

g(x)>0. (4)
Axo BuKonyerhesa ymosna (4), To 00uaABi uacTuuu HepiBHocTi (3) HeBix eMHI,

i Ipu migHEeCceHHi 10 mapHOTo cTeleHs 2k Oep:KyeEMO HepiBHiCTh, PIBHOCUJIBLHY 3a-
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§ 27. Po3B's13yBaHHSA ippaLioHanbHUX HEPIBHOCTEN

nmauiii: f (x) < g% (x) (sBuuaiino, 3a ymoBu BpaxyBaunua O3 saganoi HepiBHOCTI
i ymoBu (4)). OT:xe,

f(x)=>0,
A (x)<gx) =18 x>0,
f (x)<g*(x)

3) AKIIo 3a 10IOMOro PiBHOCUIBLHUX IIEPETBOPEHb HeOOXiHO pO3B’ A3aTH He-
piBHiCTB

N (x)>g (x) (5)
Ha 11 O3, me f (x) = 0, To s mpaBoi YaCTUHMU I1i€l HEPIBHOCTI PO3rIAHEMO JBA
Bunagku: a) g (x) <0;6) g (x) >0.
a) Ilpu g (x) < 0 mepiBHicTb (5) BUKOHYeThCA nas Beix x 3 OI13 samanoi He-
piBHOCTi, TOGTO ITpM f (X) = 0.
6) IIpu g (x) > 0 o6uzaBi vacTunu HepiBHOCTi (5) HeBix eMHi, i mpu migHEeCceHH
o crerneHsa 2k oIep:KyeMO HepPiBHICTD, PiBHOCUIbHY 3aJaHili:
I (x) > g% (x). (6)
3ayBasKuMo, I110 JJId BCiX po3B’a3KiB HepiBHOCTI (6) oOMeskenus O[3 saganol
HepiBHOCTI f (x) 2 0 BUKOHYETHCA aBTOMATUYHO; OTKe, IpHu g (x) = 0 mocuTh 3amm-

caTH TiIbKU HepiBHICTSH (6).
00’eqHyIOUM OIePIKaHI pe3yJIbTaTH, POOMMO BICHOBOK, II[0:

2W>g(x)@{g(x)>0’ 5o {f(x)>0’

f (x)> g%*(x) 2 gx)<0|.

Mpuknaan po3B'sisyBaHHs 3aBoaHb

IIpuknax 1. Poss’axiTs HepiBHICTD Jx+3-Jx-1>/2x-1.

KomenTap

3BemeMo HepiBHicTb 70 BuAY f (x) > 01 poss’axxemo il MmeTomoM iHTEpBaJIiB.
s sHaxOoM:KeHHA HYAiB GYyHKII f (X) BUKOPUCTAEMO PiBHAHHA-HACTIAKH.
1106 BigcisiT; cTOPOHHI KOpPEHi, BUKOHAEMO ITIePeBipKY OlepsKaHuX PO3B’ A3KiB.

PosB’aszauusga

P 3amana HepiBHICTH piBHOCHJIbHA HEPiBHOCTL Jx+3-+x-1-/2x-1>0.
ITosmauumo f (x)= Jx+8-Jx-1-2x-1.

x+3>0, x= -3
1.008: {x-1>0, Tomi 1L  Tobrox>1.
2x-1>0. x>é.
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2. Hymi dyskmii f (x): Vx+3 -vVx-1-+/2x-1=0. Togzi:
Jx+3-x-1=v2x-1, Nx+3-vx-1) =(V2x-1),
x+3-2Vx+3-vx-1+x-1=2x-1, 2Jx+3-Vx—-1=3.

ITigHOCHMMO 06U IBi YaCTUHY OCTAHHBOT'O PiBHAHHA J0 KBajpaTa:
4(x+3)(x—-1)=9, 4x2+8x—-21=0,

3 . 7 o .
X, =— — KODiHB, X, = ~, — CTOPOHHi{ KOpiib.

2
3 . .
3. PosbuBaemo OJ13 Toukoio  HaJ(BA IPOMIKKH i 3HAXO- /;Y—
IrMo 3HAK f () y KOXKHOMY 3 ITPOMIMKKIB (I1B. PUCYHOK). 1 3 ;
2

Bionogiov: [1; %) <

x%+8

>x—2.

IIpukaax 2. Poss’axiTh HepiBHiCTH

I cnoci6 (meTon inTepBasiB)
KomenTap

3BenemMo 3amany HepiBHiCTD 10 BuAy f (x) > 01 poss’axkemo il meTogoM iHTEP-
Basis. [Tpu sHaxomxkenui OI13 3aganoi HepiBHOCTI 1 PO3B’ I3yBaHH HEPIBHOCTL

3
x +8

3
850 rex BuKopucraemo metos inrepsaiis (O3: x #0; =0 opux=-2).

X
s 3HaXOMKeHHA HyJIiB PYHKII f (X) BUKOPUCTAEMO PiBHAHHSA-HACTIAKH.
Xoua pyuKIia f (x)1iHe Mae HyJIiB, aje I y TAaKOMY BUIIAJKy METOJ iHTepBaJIiB
TakosK mparioe. TiIbKY B IIbOMY BUIIAAKY iIHTepPBaJIN 3HAKOCTAJIOCTI PYHKILIT f (x)
36irarmoThcd 3 iHTEepBaIaMu, 3 AKUX CKJIAJa€ThCA i1 00/IaCTh BUSHAUCHHS.

PosB’aszaunusga

P Bazana HepiBHiCTH piBHOCHIBbHA HEPiBHOCTI

NESELES N 1)
X
x3+8
ITosnaummo f(x)=,———-x+2.
X

x%+8
— 20, .. x3+8
1. 0l13: 7 « Po3p’a:xeMo HepiBHiCTD =0
x#0. $ =
MeTOZOM iHTepBaJIiB (IUB. PUCYHOK). -2 0 x
Opnepsxyemo: x € (—00; —2]U(0; +0).

. x3+8 .
2. Hyuni pyuxii f (x): T—x+2=0. Tomi:

34
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3 3
\}x—+8=x—2, X8y 4x+d, x%+8=uxP—4x2+4x,
X

xX
4x%—4x + 8 =0 — Kopenis memace (D < 0).

y axux QyHKIiA f (X) Mae 3HAKY, YKa3aHi Ha PUCYHKY.

3. OJ13 mepiBuocTi (1) po36uBaeThCs HA [BA IIPOMIiKKH, m‘ F—
-2 0 x

Bionogiowv: (—o0; —2] U (0; +00). <]
II cioci6 (piBHOCUIIBHI IEPETBOPEHHS)

KomenTap

151 po3B’sI3yBaHHSA BUKOPUCTAEMO PiBHOCUIBbHI mepeTBopenHs (c. 311):

g(x)>0, 169=0,
Y7 )>g ) {f @ > g% o) "% {g (x)<0.

x3+8

11106 po3B’a3aTn ofepKaHy IPOMisKHY HEePiBHICTE =0, BpaxyeMo yMOBH,

3a IKUX Iel Apib Oyme HeBix eMHMIIA.
V kinmi, 06’ egHy0UM 0fepsKaHi po3B’ A3KM, OTPUMYEMO BiITIOBiAb.

PosB’aszauusga

x—22>0, x3+8 x =2,
18 =+8 50,
> >x-2 © {,3.3 (2—9)? abo 1 «x S ix348_ s d
x YOS (x- = >x?—4x
* x-2<0 x
3 > 3 <
x3+8>0 x>2, x3+820, x3+8<0,
—_— Z
abo | «x e 4 4x+8 a6o x>0, a6o 1x <0,
x<2 x x<2, x<2.

Bpaxosyroun, mo 4x2—4x + 8> 0 npu Bcix sHavenuax x (D <0ia=4>0),
0JIEPIKYEMO, IO OCTAHHS CYKYITHICTh TPhOX CHCTEM PiBHOCUJIBHA CYKYITHOCTI:

x>9 x>—2, x<_2,
{x>0, abo x>0, abo {x<0, &S x22a000<x<2ab0x<-2 <
x<2 x<2

& x<—2abox>0.
Bidnosidv: (—o0; —2] U (0; +0). <

3ayBaieHH d. 3aINCYyIOUN HaBeleHe PO3B’ A3aHHA, 3HAKU PiBHOCUJILHOCTI
(&) MolKHA He CTaBUTH, JOCUTH HA IIOYATKY PO3B’ A3aHHA 3anucaTu hpasy TUILY:
«BukoHaeMo piBHOCHJIbHI IIePeTBOPEHHS 3aJaH0I HEPiBHOCTI» .
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IIpuknax4. Poss’axiTh HepiBHiCTH

J3x+9-4V3x+5 +3x+14-6v3x+5 <1. (1)

KomenTap

3amiHa /3x+5 =% M03BOJISIE IIOMiTUTH, 110 KOKEeH BUPA3, IKUHA CTOITH IIif
3HAKOM 30BHiIITHHOT'O KBAIPATHOTO KOPEHs, € KBaAPATOM IBOUJICHA.

3acTocoBynun GOpMyTy Jaz=la |, omeps:KyeMo HEPiBHICTD 3 MOLYIAMU, NI
pPO3B’sI3yBaHHS K01 BUKOPUCTOBYEMO NJAH:

1) snaitmu O/]3;

2) snHatimu Hyi 8cix ni0MoO0ybHUX PYHKULL;

3) nosnavumu nHyai na O3 ipozbumu O3 Ha npomincKu,;

4) 3Halimu po36’A3KU HePiBHOCMI 8 KOMCHOMY 3 NPOMINCKIE.

PosB’sasauusga
P Hexaii V3x+5=t, net>0.Toxi 3x + 5 =12, 3x =t>— 5.
OTpPUMYEMO HEPiBHICTD /#2 + 4 — 4t + /12 + 9 — 6¢ < 1, IKY MOKHA 3aIIICATH TAK:
\/(15—2)2 + \/(t—3)2 < 1. Onep:ryeMo
[t—2|+|t—-3|<1. 2)
1. O13 mepiBHoCTi (2): t € R, aJie 3a 3MicTOM 3aBAaHHA I[I0 HEPiBHiCTH MOTPiIOHO
posB’asatu npu t > 0.
2. HynininmonynpHUX QyHKIiNA: t =21t=3.
3. IIi myxai posbupatTh ob6aacTs ¢t > 0 Ha TpuU MPO- I 1I 111

MIXKKH, Y KOXKHOMY 3 SKNX KOKHA IiAMOAYJIbHA W

(GYHKIIig Mae IMMOCTiiHMI 3HAK (IUB. PUCYHOK). ¢ -

IIpomiskok I. ITpu £ € [0; 2] maemo HepiBHiCTD
—(t—2)—(t—3)< 1, 3akoiozaep:kyemo t > 2, ayie B mpoMikok [0; 2] BXoquTH
TiIbKU t = 2.

IIpomiskok I1. ITpu ¢ € [2; 3] maemo HepiBHiCTD
(t—2)—(t—38)<1, aka piBHocuabHa HepiBHOCTI 0 * f < 0, 1110 BUKOHYETHCSA IPU
Oyab-AKuX 3HaueHHSX t. OT:Ke, y IpOMiKKY [2; 3] po3B’sa3kamMu HepiBHOCTI
OyayTh yCi 3HAUEHHA ¢ 3 I[Or'0 MPOMLKKY (2 < t < 3).

IIpomiskok III. ITpu ¢ € [3; +°0) maemo HepiBHiCTH
(t—2)+(t—3)<1,3akoiogepkyemMo ¢ < 3, ajie B IIPOMiKOK [ 3; +0°) BXOAUTH
TiTbKY 3HAUEHHA t = 3.
00’emuyroun oepKaHi pesyJabTaT, pOOMMO BICHOBOK, II10 PO3B’ A3KaMU He-

piBHOCTI (2) 6ynyTh yci 3HaUeHHA , Taki 1m10: 2 < ¢ < 3.

Bukonyoun obepHeHy 3aMminy, Mmaemo 2<+3x+5 <3, 3Bigkm 4 <3x+5<9.

1 4
i —=<x<-=.
Toxi 3 SES3

- 1.4
Blanoelab.[ 3’ 3} <
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3anuTtaHHsa ansa KOHTpOIJIIO

—

. HassiTb ocHOBHI MeTO 1 PO3B’sI3yBAHH ippaIlioHAIbHIX HEPiBHOCTEI.

2. HasBiTh 0OCHOBHI eTanu po3B’A3yBaHH ippallioHaJIbHOI HEPiBHOCTI METOLOM
iHTepBaJiB.

3. O6r'pyuryiite cripaBefJINBiCTh TAKNX PIBHOCUJIbHUX IIEPETBOPEHD:

1) 9 () >g () & f (x)>g**(x);

fx)=0
2) ¥f () <g (x) = 18 (x)>0,
f (x) <g%(x);

N g(x)=>0, f(x) =0,
3) 4T (x)>g @) e {f @ > g ** |g @ <o.

Bnpasu

PosB’sokiTh HepiBHiCTE (1—8).

1. 1) Vx2-3x-18<4—x; 2) Vx?-3x <5-x.

2. 1) (x-3)Jx2+4<x2-9; 2) (x—DVx2+1<x2-

3.1 \/6+x—x2 >\/6+x—x2; 2) \/3—2x—x2 <\/3—2x—x2.
2x+5 x+4 x+8 2x+1

4. 1) Jx-2+2x+5 > 3; 2) V2x-20 +VJx +15 > 5.

x\/—2
3\/—>\/_+5 x\/_6

3
6. 1) %27>x—3; 2) Vat-2x2+1>1-x.

7°.1) \V5x+8-6v5x—1 +/5x+24—-10V6x -1 < 2
2) Va+3-4vx—1+x +8-6Jx—1>1.
8.1) (Va2 —4x+3+1)Vx +1(V8x—2x2-6+1)<0
X

2) (Vx2—5x+6 +2)Jx ——(\/10x 2x2-12+2)>0
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PO3B'AA3YBAHHSA IPPAUIOHAJNIbHUX PIBHSAHDb
TA HEPIBHOCTEW 3 NAPAMETPAMMU

OcHoBHi MeToAM Ta ifel, IKi BUKOPHUCTOBYIOTHCA P PO3B’ A3yBaHHI 3aBIaHb
3 mapameTrpamu, 6ys0 po3rasayTo B § 20 posainy 2. fk i paniie, npu po3s’sa3y-
BaHHIi 3aBIaHb 3 IapaMeTpaMu, Y AKX BUMAara€eTbCcsa Po3B’A3aTU PiBHAHHSA UU
HEepiBHICTH, MOKHA KOPUCTYBATUCA OPi€HTU PO M: 6ydb-iKe PiBHAHHA YU
HepieHicMb 3 NAPAMEeMPAMU MOHHA PO36°A3YEAMU AK 36UYAUHI PIBHAHHA YU
HepieHicmb domu, NOKU 6Ci nepemeopents abo MipKYy6aHH, He00XiOHi 015 PO36’ -
3Y6AHHS, MOHCHA 6UKOHAMU 00HO03HAYHO. AJle 6 mOMY pA3i, KOJLU AKeCb nepemaeo-
PEeHHS He MOHCHA 6UKOHAMU 00HO03HAYHO, D036’ A3Y6AHHA He00Xi0HO po36umu Ha
Oekinvka 6unadkie, W00 Yy KOHCHOMY 3 HUX 8i0n06i0b uepe3 napamempu 3anucysa-
aacs 00HO3HAYHO.

TakosK Ha eTalli IOMIYKY IIJIaHy PO3B’I3yBAHHA PiBHAHD UM HEPiBHOCTEI 3 1a-
pameTpamu abo Ipu IIPOBeAeHHI MipKyBaHb, OB’ A3aHNX i3 CAMUM PO3B’ A3aHHAM,
YacTo 3PYyYHO CYIPOBOKYBATH BiITIOBIHI MipKyBaHHS cCXeMaMH, 38 SKHUMHU JIETKO
OPOCTERKUTH, Y AKUA MOMEHT MU He 3MOTJIM OJJTHO3HAYHO BUKOHATH Heo0XiHi me-
PeTBOpPEeHHS, Ha CKiJIbKY BUIAKiB JOBEJIOCA PO30UTH PO3B’ I3aHHA 1 UMM Bifpis-
HAETHCA OLUH BUMNAOK Big iHIITOTO.

3a3HaYNMO, 1110 PiBHAHHSA Ta HEPiBHOCTI 3 TapaMeTrpaMu Haiiuacriiie po3s’s-
3YIOTh 3a JOIIOMOT'0I0 X PiBHOCUJIBHUX IIEPETBOPEHD, X0Ua iHKOJIU BUKOPUCTOBY -
I0ThCA i BIacTUBOCTI (PYHKILIIT, METO iHTepBaJIiB [JId PO3B’ A3yBaHHA HepPiBHOCTEI
Ta PiBHAHHA-HACTiIKU.

Ipuknag 1. Poss’sxkirts piBHsaaas Vx—2=a.
KomenTap

Mu He MO2KeMO OTHO3HAYHO JATH Bi/IOBiIb Ha INTAHHS, UM € B 32/JaAHOTO PiBHAH-
Hs KOPeHi, i ToMy BiKe Ha MepIiroMy KpoIli HOBUHHI po30uTH PO3B’ A3aHH Ha 1Ba
Bunaaku: 1) a <0 — KopeHiB Hemae, 2) a = 0 — KopeHi € (1uB. cxeMmy).

ITpu a > 0 maemo HalimpocrTiiie ippa-
ioHaJbHE PiBHAHHSA, Y AKOT0 00MABL
yacTuHU HeBix emHi. OToKe, IpH IIiHE-
CeHHi 0 KBaJpaTa OfleP:KUMO PiBHAH- a<0 a>0
Hd, piBHOCHIbHE 3aganomy. OI13 3aga-
HOTO PiBHAHHS MOKHA He 3aIICYBaTH,
BOHA BPaXOBYETHCSA aBTOMATUYHO, OO KOpPEeHiB HeMae x=a?+2
JIJIS BCiX KOPEeHiB 0/IepKaHoro PiBHAH-
HIXx—2=a%>0.

PosB’aszaunusga

P 1) IIpu a <0 piBHAHHS He Ma€ KOPEHiB.
2)IIpua >0 x—2=a% Toxix=a?+ 2.
Bidnosidv: 1) axmio a < 0, To KopeHiB HeMae; 2) axkmoa =0, To x =a?+ 2. <
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IIpukaan 2.
PosB’sizamua’
| 4 Nx+a=3-Vx-1. (1)

M Bcix KopeHiB piBHAHHA (1):

3-vJx-1>0. (2)
Toni piBuanrHs (1) piBHOCUIBHE PiBHSIH-
HAM: 9
x+a=(8-vVx-1), 3)
x+a=9-6Jx-1+x-1,

8-a

x—1= = (4)
M5 Bcix KopeHiB piBHAHHA (4):
8-a
>0.
S->0 (5)
Toni piBuauHsa (4) piBHOCHIBHE PiB-
HAHHIO )
_[8-a
x-1 —( 5 ) . (6)
] 2
Orxe, x=( ga) +1.

Bpaxyemo oomesxenns (2)i(5):

2
s

8-a>y,
6

3a ymoBow (5) Tomi

8-a
6

=%. Orsxe, ymopm (2) i (5) 2a-

3-8-2>,

Ial0Th CUCTEMY TOOTO

-10,
3 Togi—10<a < 8.

VAN

a
a
Bionogiov:

2
1)ynpr-10<a <8 x=(85‘1) i1

Po3B’sokiTh piBHAHHA VX +a+Vx—-1=3.

KomenTap

Bukopucraemo piBHOCUJIBHI IIepe-
TBOPEHHA 3aJaHOTO PiBHAHHA. [ada
pOT0 HeoOXimHO BpaxyBaTu iioro OI13:

x+a>0, )]
x-1>0. (8)

Ilpu mepeHeceHHi uJeHa 3aJaHOTO
PiBHAHHSA 3 JIiBOI YaCTUHU B IIPaBY 3 IIPO-
TUJIEKHUM 3HAKOM OJeprKaii PiBHO-
cuibHe piBHAHHA (1).

151 Bcix KopeHiB piBHAHHA (1) BOHO
€ IIPaBUJBLHOIO YMCJIOBOIO PiBHiCTIO.
WVoro jsiBa yacTuHa HeBix eMHA, OTKe,
i mpaBa uyacTuHaA MOBUHHA OyTU He-
Bix’emuoro. Toxi masi mosxHA po3B’aA3y-
BaTu piBHAHHA (1) He Ha Bcit O3,
a TiJIbKM Ha Ti i1 yacTuHi, AKa 3a1a€Th-
cs ymoBoio (2). 3a miei ymoBu 001 ABi ua-
cTuHY piBHAHHA (1) HeBix eMHi, oTiKe,
Ipu migHeCeHHi 000X MOro YacTuH IO
KBajJapara oiepsK1MO PiBHOCUJIbHE PiB-
HAHHA (3) (a micasa piBHOCUIBLHUX IIe-
peTBopeHb — pPiBHAHHA (4)).

151 Bcix KopeHiB piBHAHHA (3) fioro
IpaBa yacTUHA HeBis eMHa, OTKe, 1 JiBa
yactuHa 0yae HeBix’ emuoo0: X +a =0,
ase Toai ymosa (7) O03 sagamoro pis-
MOKHA He 3allCYBAaTHU O PO3B’ A3aHHA.

Tako:k a1 BCiX KOpeHiB piBHAHHSA
(4) #oro siBa yacTuHAa HeBix eMHA,
OTJKe, i TpaBa yacTrHAa IIOBUHHA OyTH
HeBix emuor0. Tomy gasti MoXKHa Po3B’ -
3yBaTu piBHAHHA (4) He Ha Bcit O/13, a
TiJIBKY Ha Tili i1 yacTuHi, AKa 3a5a€Th-
cs ymoBoio (5). Toxi obuaBi vacTuHM
piBuanHA (4) HeBix emHi i micaa mig-

*V sanucy posB’A3aHHA NPUKJIAAIiB 2—6 CMHIM KOJILOPOM BHIiJIEHO O0OME)KEeHH:A, AKi JOoBe-
JIocs HAKJACTH B IpoOIleci piBHOCUIBHUX IIePeTBOPEHDb 3aJaHOTO PIBHAHHSA UM HepiBHOCTI.
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PO34171 3. CreneHeBa dyHKL,if

2)upu a <—10abo a > 8 KopeHiB HeMae.

IIpuxaan 3.

PosB’aszaunuga

P ITiis1 BCix KOpEeHiB JaHOTO PiBHAHHS

x>0 (1).
Toni samane piBHAHHA pPiBHOCUJIBbHE
PiBHAHHAM:

a+~Na+x=x2, (2)

Ja+x=x2-a. (3)

I s Bcix KopeHiB piBHAHHS (3)
x2—a>0. (4)
Toni piBHAHHA (3) piBHOCUJIbHE PiB-
HAHHAM:
a+x=(x?—a)? (5)
a+x=x*—2ax*+a? (6)
Posrnauemo piBuanusg (6) K KBag-
paTHe BiTHOCHO a:
a?—(2x2+1a+xt—x=0.
D=2x2+1)?-4(x*-x)=
=4x2+4x+1=2x+1)>%
(2x2+1)x(2x+1)
s
Orxe,a=x>+x+1aboa=x%—x.
3Bigcu

Tomi a =

x>—a+x+1=0 (7)
abo
x2—a=x. (8)
BpaxoByrouu ymoBu (1) i (4), omep-
skuMo, mo (x2—a)+x + 1 > 1, orsxe,
piBHAHHA (7) He Ma€ KOPEHiB.

HeCceHHs 000X HOro YacTHUH 0 KBaJpaTa
0JIePKUMO pPiBHOCHIIbHE PiBHAHHA (6).

151 Bcix KopeHiB piBHAHHA (6) fioro
paBa yacTUHA HeBix eMHAa, OT:Ke, 1 JiBa
yacTtuHa 0yze HeBig emuoio: x — 1 >0,
aJte Tozi i1 ymosa (8) O3 sagamoro pis-
HSHHS BpaXOoBaHA aBTOMAaTUYHO, i TO-
my OJ13 MmoskHa He 3aIIUCYBaTHU O PO3-
B’sI3aHHA.

Po3B’skiTh piBHAHHA Va+va+x =x.

KomenTap
Ak i B mpukgani 2, O3 3aganoro

at+~Na+x =0,

a+x>0 Oynme Bpaxo-

piBHAHHSA
BaHa aBTOMATUYHO IIPU IIepexoji a0
piBHaHB (2) Ta (5) (14 BCix KOpeHiB
uX PiBHSAHB), OT:Ke, 11 MOXKHA He 3alu-
CyBaTu B PO3B’sI3aHHI.

MipKyBaHHS IpU BUKOHAHHI piBHO-
CUJBHUX II€PEeTBOPEHb 3aJaHOTO
piBHAHHA (70 piBHAHE (2) — (3) — () —
(6)) moBHicTIO aHAJIOTiUHI MipKyBaH-
HAM, HaBeJIeHUM y KOMeHTapi 10 mpu-
KJaanmy 2.

Amnanisyrouu piBuauus (6) (Ake 10-
CUTH Ba’XKKO PO3B’S3aTu BiJHOCHO
3MiHHOI X), KOPUCTYEMOCS OPiEHTHUPOM,
AKUHA YMOBHO MOKHa HasBaTu «Illykait
KBaJpaTHUU TPUUJIEH», a caMe: Cnpo-
oyitme posdenanymu 3a0aHe PiBHAHHA
K KeadpamHue 8i0HOCHO AKOICb 3MIHHOT
(4u 8i0HOCHO AKOicL PYHKYIT). Y JaHO-
MY BUIIQKY PO3TJISHEMO I1e PiBHAHHA
AK KBaJApaTHe BiIHOCHO ImapameTrpa a
(et coocib epeKTUBHO CIPAILOBYE
TiJIBKY TOJi, KOJIU TUCKPUMiHAHT OJIep-
JKaHOTO KBaAPATHOTO TPUUJIEHA € OB~
HUM KBaJpaToM, K y PO3TIAHYTOMY
BUIIAIKY).
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§ 28. Po3B’s13yBaHHA ippaLioHanbHMX PiBHSAHb Ta HEPIBHOCTEN 3 MapaMeTpamm

SKImo 18 KopeHiB piBHAHHS (8) Bu-
KouyeThcs ymoBa (1) (x = 0), To aBTO-
MaTUYHO BUKOHYETHCA i ymoBa (4)
(x2—a >0).

3 piBHAHHS (8) OmeP:KUMO

x2—x-a=0.

Ile piBHAHHA Mae KOpeHi, AKIIO
D=1+ 4a >0, 10670 mpu a>—i.

_1+~1+4a 1-V1+4a

Toxi x, = P , Xy = P

st x, ymoBa x > 0 BUKOHY€TbHCS,
OT3Ke, X, — KODiHb 3a1aHOT0 PiBHAHHS

upu a>—i.

Bpaxyemo ymoBy x > 0 gy x,:
%%, V+4a <1,

0<1+4a<1, —-<a<Oo.

N

Bionosios: 1) npu —% <a<0

1++V1+4a 1-+1+4a
Xy=——"— Xy=—""——3
2 2

3)npu a< —% KopeHis Hemae. <]

IIpuknarn 4.
Posp’ssauusa
P 3amama HepiBHiCTHL piBHOCHIBLHA
ax >0,
x+4a>0, (D)

(x+4a)’ > 25ax.

OIEPIKYEMO CUCTEMY

0-x>0,

x>0,

cucTeMi

po3B’A3KoM K01 € x > 0.
x2>0,

Ilepen sanucom BigmoBizi 3py4HO
300pasuTH BCi ofeprKaHi po3B’ A3KM HA
cxeMmi (ak 1e omucawno Ha c. 219).

1
a1 0 a
! !
_1++1+4a | !
e : |
! !
! !
1-1+4a ! ‘
x2= 2 i i

Posp’skiTh HepiBHiCTS X+ 4a > 5Vax.

KomenTap

Bukopucraemo piBHOCUJIBLHI IIepe-
TBOpeHHA. g 1mporo Bpaxyemo O3
s3aganoi HepiBHOCTi (ax = 0) i Te, 110
mpaBa YacTUHA HEBil €eMHa, OTKe, AJIs
JIiBa yacTUHA IIOBUHHA OYTHU JOIaTHOIO
(x + 4a > 0). 3a uiei ymosu (aa O13)
o0uABi wacTUHU 3aJaHOl HepiBHOCTI
HeBix eMHi, OToKe, IIPH ITi JHEeCeHHi 000X
YaCTUH HePiBHOCTI IO KBajpara onep-
2KMMO PiBHOCHJIbHY HEPiBHICTB.
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0ZIEPIKYEMO CUCTEMY

x =0,
x>—4a,
x2—-17ax+16a? > 0.

PosB’s1:xeMo OKpeMo HepiBHICTH
x2—17ax + 16a%> 0.
Ockinbru x2—17ax + 16a2 = 0 mpu
x=arax=16a, Tonpua > 0ongepxye-
Mo x < a abo x > 16a.
Toxi cucrema (2) mae po3B’ A3KMU:
0<x<a abo x> 16a.

0ZIEPIKYEMO CUCTEMY

x<0,
x>—4a,
x2—-17ax+16a? > 0.

Cucrema (3) po3B’sa3KiB He Mae, oc-
Kigbku mpu a < 0 mepima i gpyra HepiB-
HOCTi He MAalOTh CHLIBHUX PO3B’A3KiB.
Biodnosiov: ipua =0 x> 0;

npua>0xe [0;a) U (16a; +0);
npu a < 0 po3B’aA3kiB Hemae. <

(2)

3

IIpuxaax 5.

Otpumyemo cuctemy (1).

Hius posB’sisyBaHHA HePiBHOCTI
ax 2 0 He0OXiHO PO3TJISHYTH TPU BU-
nagku: a =0 (giguTy Ha @ He MOKHA);
a > 0 (3Hak HepiBHOCTI 30epiraeTbcs Ipu
nIismeHHi 00ox ii vactun Ha a); a < 0 (3HAK
HePiBHOCTi BMiHIOETHCS).

IIpu a > 0 3uauennsa —4a < 0, Tomy
nepini ABi HepiBHOCTI cucremu (2)
MAalOTh CHiJIBHUN Po3B’A30K x = 0,
a aas posB’A3yBaHHS HepiBHOCTI
x?—17ax + 16a? > 0 MO3XHA BUKOPUC-
TaTu rpadiury irocTpaiio:

\ /.
a\;/ma x

IIpu a < 0 3uauennsa —4a > 0, Tomy
nepirni aBi HepiBHOCTI cucrtemu (3)
He MaIOTh CIIiJIbHIX PO3B’ A3KiB, OTiKe,
iBcsa cucrema (3) He Mae po3B’A3KiB.

Posp’skiTh HepiBHicTs VX —a >x+1.

KomenTap

CrmouaTKy CKOPHCTAEMOCS PiBHOCMJIBHUMH IlepeTBOpeHHAMU (c. 311):

Nf x)>g ()<

g@)>0,
F)> g

f(x)=>0,
g (x)<0.

AKuwo 6 o0epicani cucmemu napamemp a 8x00umv AiHiilHO, MO 8 MAKUX 8UNA0-
Kax iHo0di 6y8ae 3PY1HO UPAZUMU NAPAMEMP Yepe3 3MIHHY, PO32ASHY MU napa-
Memp K QYHKUII0 810 Yi€el 3MIHHOL i BuKopucmamu epapivHy inocmpayiio poss’s-
3ysannsa HepieHocmell (y cucteMi KoopauHaT xOa). 3a3HaUUMO, 10 IJId 300pa-
YKeHHJ Po3B’ A3KiB CYKYIIHOCTI HepiBHOCTEH 3pyYHO BUKOPHCTOBYBATH IBi cucTe-
MU KOOPAUHAT, Y SKuX oci Ox 3HAXOAATHCS Ha ONHIN IpaMii (1 Ha KOXKHIT BuIiis-

THU IMITPUXOBKOIO BiATIOBiHI pO3B’sA3KM).

ITpu pisHUX 3HAUEHHAX a IpAMa a = const abo He mepeTMHAE 3aIITPUXOBaHI

ob6uacTi (mpu g > — %), abo repeTuHae ix o Bigpiskax. AGCIICHU TOUOK IEPETUHY

€ posB’askamu cucteM (1)i(2), a Tomy i po3B’ss3KamMu 3a4aH0I HEPiBHOCTI.
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§ 28. Po3B’s13yBaHHA ippaLioHanbHMX PiBHSAHb Ta HEPIBHOCTEN 3 MapaMeTpamm

Posp’ssaunusa
P Bajgana HepiBHICTL PiBHOCUJIBHA CYKYITHOCTI CHCTEM:

{x+1>0, {x—a>0,

x+1<0, Toni:

x—a>(x+1)? &

{x>—1, "

a<-x?-x-1

(2

300pasumo rpadiuno po3s’ 3Ky cucTeM HepiBHOocTel (1)1 (2) y cucremi Koop-
nuuat xOa (Ha pUCYHKAaX 3alITPUX0BAHO BifgmoBigHi obacTi @ i @).

a<x,
x<-1.

- a‘ — [ a‘ *
' [ 7
1 \]
I 3 Il 3
8 a>-y 81 a>-3
_1 i
_1 2 0 - _1: 0 -
! x ' A
' H 3| —-1< _3
L2 —1<a<-2 1 /3] -l<a<-j
4 R T
A =l S 1
4 LY
/ N
,l \‘ a<_1 a<_1
’ (Y
A HON Y

3 .
Bauwuwmo, 110:|1) npu a > ~ po3B’a3KiB HeMae (HeMae 3alITPUXOBAHUX TO-

3 .
Y0oK); 2) AKIo —1<a< s TO IpsAMa a = const mepeTuHae TiJIbKU 3aIlITPUXOBAa-

HY 00J1aCTh @ IIpuuyomy omeprxanuii iHTepBaJ OOMeKeHui 3/1iBa i cipaBa BiTKa-
Mu napaboaun a = —x2—x — 1. Aje aj1a BiamoBigi HaM moTpiGHO 3amIMcaT X 4epes a.
Il mporo 3 piBHAHHA X2 + x +a + 1 = 0 3HAX0AUMO X:

x=-2+ 1 -q-1.
2 4
1 3 1 1 3 . ..
Ax 6aunmo, x = -3 + -, > rt TOOTO X = -3 + ~, @ ~ PiBHSAHHA IPaBOI
BiTKM mapaboiiu, a x = —%— —%—a — uiBoi. Toxi BiimoBiAb y IIbOMY BUIIAAKY

oyme:

1 3 1 3
—=— ]S -—a<x<-=+,->-a;
2 4 2 4
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PO34171 3. CreneHeBa dyHKL,if

|3) aro a <—1

, TO IIpAMa a = const mepeTmHae 3amTpuxoBaHi obracTi @ i @

s obiracti @ iHTepBaJI AJI51 X 00OMEKeHUIA: 3/1iBa — mpsaAMoo X =—1, a cupaBa —

1

IpaBoIo BiTKOI0 mapabou, To6ro —1< x < —5+ /—% —a. lns obnacri (2) inTepsau

JULS X OOMEXKeHMH 3J1iBa IIPSAMOIO X = a, a cIpaBa — npsamoio x =—1, Tobroa < x < —1.
00’ eqHAHHSA I[UX iHTEPBAJIiB MOYKHA KOPOTIIIE 3alI1CATH TaK:

a<x<—l+1[—§—a.
2 4

. . 3 .
Biodnosios: 1) ipu a > e pos3B’A3KiB HeMaE;

3)upua <-1 a<x<—%+1,—%—a. <

15t po3B’si3yBaHHA MeAKUX JOCHITHUIIbKUX 3aBIaHb 3 IapaMeTpaMu MOKHA
BUKOPUCTATHU BJIACTUBOCTI KBaJAPaTHOrO TPUUJIeHA i, B0KpeMa, yMOBU PO3MIiIIleH-
HA KOPEeHiB KBaApaTHOTO TPpUUJIeHa BiTHOCHO 3agaHux uuceJ (Tada. 37, c. 225).

IIpuxaan 6.

3HalIiTh BCi 3HAaUEHHS IapamMeTpa k, Ipu SKUX Ma€ KOpeHi piBHAH-

HE X+2BNVx+1-E+3=0.

PosB’aszaunusga

P Bamima ~x+1=t, me t > 0 (Toxi
x=12—-1). OmepsKyeMo piBHAHHA

2+ 2kt—k+2=0. (1)

3amane piBHAHHA OyAe MaTH KOpPeHi
TOJi i TiAbKM TOI, Koy piBHAHHS (1)
Oyme MaTu Xoua 0 OMMH HeBix e MHMH KO-
piusb (t = 0).

Bunanox ¢t = 0 gociigumo oKpemo.

ITpu t = 0 3 piBHarHA (1) maemo
k= 2. Or:xe, ipu k = 2 piBuanuga (1)
mae Kopiub t = 0. Toxi i zagane piBHAH-
HA Ma€e Kopiub x = —1, To6TO k= 2 3a110-
BOJIbHSIE YMOBI 3a/1aui.

ITosmauunmo f (¢) =2+ 2kt — k + 2.

PiBusuusa (1) moxke maTu xoua 0
OJIVH JOJaTHUI KOPiHb B OMHOMY 3 IBOX
BUIIALKiB:

KomenTap

Axmro ippamnionanbHe piBHAHHSA
MiCTHUTB TiIBKY OJUH KOPiHb, TO iHKO-
JIV MOKHA 3BeCTU TaKe PiBHAHHSA [0 pa-
IiOHAJIBHOIO, IIO3HAUYMBIIIHN Ieli KOPiHb
HOBOIO 3MiHHOM0. OCKiJIbKY 3aMiHa € PiB-
HOCHUJIbHUM II€PEeTBOPEHHAM (pasoM 3
00epHEHO0I0 3aMiHOI0), TO OZEPKYEMO
PiBHSAHHSA, PiBHOCUJIbHE JaHOMY, i TOMY
3aMiCTh JOCJIiPKeHHS 3aaHOTI0 PiBHIH-
Hs MOKHA JOCJiI?KyBaTU OfiepIKaHe.

AJne npu 1IbOMY CJIiJI BpaXOByBaTH,
110 Nicas 3aMiHU 3MIHHOL IHKOLU 3Mi-
HI0EMbCA 8UMO2a 3a0ati, 30KpPeMa, AJIs
piBuAHHS (1) BoHa Oye TaK0OIO: 3HANTH
BCi 3HAUEHHSA mapameTrpa k, IJad AKuX
e PiBHAHHSA Ma€ Xoua 0 OfuH HeBig eM-
HUH KOpPiHb (Toai miciia o0epHeHol 3ami-
HY MU 000B’sI3KOBO 3HAiAeMO KOpPeHi
3agaHoro piBHAHHS). Ile MoKIUBO B 011~
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§ 28. Po3B’s13yBaHHA ippaLioHanbHMX PiBHSAHb Ta HEPIBHOCTEN 3 MapaMeTpamm

1) oguH KOPiHb JOmAaTHUM i OqWH Bix’ -
€MHUI — JJIS I[bOTO JOCUTHh BUKO-
"Hauuaa ymosu f (0) < 0;

2) obuaBa KOpeHi JogaTHi — AJId IIbOTO
JIOCUTH BUKOHAHHS CICTEMI YMOB:

7(0)>0,
D>0, (2)
t,>0.

VYmosa f(0) <0 gae: —k+2 <0,
ToOTO £ > 2.

Cucrema (2) nae:

-k+2>0,

-4(-k+2)>0
-k>0.
Topni:
k<2, k<2,
R2+Ek-220, {E< —-2ab0k>1,
k<O0. k<0.
Omixe, k< —2.

Bidnogidv: k< —2a6ok > 2. <

Bnpasu

1. Po3B’siKiTh piBHAHHSA:
1) Vx-a=2; 2)Vx+2a=a;

2. Po3B’sKiTh HepiBHICTD:

1) (x l)Va x>0
4) Vx - a>2x+1

3) Vx+6-m=+Jx-3; 4)

2) x+2a>~3ax+4a?;
5) Va?—x?>2—x.

HOMY 3 TPHOX BUIIaIKiB: a0 OJUH 3 KO-
peHiB piBHsaHHS (1) fOopiBHIOE HYJTIO (1€
BUMIAJIOK JIETKO IOCJiI:KYEThCS IIiicTa-
HOBKOIO B piBuHAHH4A (1) £ = 0), abo pis-
HauHA (1) Mae oguH qoJaTHM i oguH Big -
€MHUH KOpeHi, abo o0uaBa KOpeHi 1o-
maTHi. 300pasuBIIK BiAMOBiAHI ecKisu
rpadikis pysrmii f(f)=12+2kt—k+2
(IVB. PUCYHOK), 3aIIMCY€EMO BiaImoBimmi
IOCTATHI YMOBHU PO3MiIlleHHSA AJIS KO-
peHiB KBagpaTHOro TpuuieHa (abo Bu-
KopucToByemo Taba. 37 Ha c. 225).

\/K/‘

151 po3B’ A8yBaHHA KBaAPATHOIL He-
piBHOCTi k%2 + k — 2 > 0 MOKHA BUKOPHC-
TaTu rpadiuHy iJocTpaiio.

A\ /:
2N\t ¢k

V kiuni HeobximHO 00’emHaTH BCi
oJlep:kaHi pe3yabTaT. SBUUaNHO, AJIs
oJleprKaHHuA Biamosiai moxkHa 6yJ10 pos-
B’s13aTH 3aJaHe PiBHAHHA (AHAJIOTIYHO
npurJgany 2), a moTiM JaTu BiAIOBigH
Ha 3alIUTaHHA 3a1a4i, ajie TaKUH IIJIIX
Oy e OiIbIII TPOMiBIKIIM.

a-va+x =

3) vdx+a > x;

3. 3HaiAiTL BCi 3HAUEHHA IIapaMeTpa @, IPU AKUX PiBHAHHS 3VxX +2 =2x +a mae

KOpeHi.
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PO34171 3. CreneHeBa dyHKL,if

o . . . 4
. 3HaNAITH BCi 3HAUEHHS ITapaMeTpa a, Ipu AKUX PiBHAHHA (\/x - a)(x ——) =0
X

Ma€ TiJIbKY OJAVH OiCHUYN KOPiHb.

. 3HaiAiTh BCi 3HAUEHHA IapaMeTpa a, IPU AKUX PiBHAHHA 2—ax +2=x Mae

TiJTBKY OJWH AiICHUH KOPiHb.

y=a+x,

. BusHauiTh KibKicTb po3B’A3KiB cucTeMu { 3aJIe;KHO BiJl SHaUEHHS

2x+y—-1=0
mapamerpada.

I AOLOATKOBI 3ABAAHHSA A0 PO34INY 3

1.

3BiIbHITHCS Bif ippallioHAIBFHOCTI B BHAMEHHUKY APO0Y:
V2 V3 2 3
1) ——; 2) =+ 3) —; 4 .
NN NN N NP

. O6uucCIiTh:

2 3 3. (5J§+J_)(5 Va4).
1) J(Jg-z,s) -\/(1,5-J5) -1 N ;

3) (J§—1,5)2—\3/((1—J§)3)2+0,75; ZI V20 (114 2430).

) Vo e

CupocriTs Bupas (3—5).

(s o (p- w45

Vel 1 4)[\/_ J[\/_ 1 x/Z+1j

3) 1+ x+x-x2—\/;’ ?_F \/E+1 \/— 1

\/_ \/_+1 ‘\‘/k_3+ k. (\/;+\/_) (2\/_) 320\b
JVE+1 Je-1"’ a-b \/;+f \/a_+\/_
S (</§ ) Va? ++lab? ~a - \/b?
=+1; 4
[II W) {51 0 e et e
1
- x0’5 11 a a —p?
1) xll 1’5+1Jr _20’5, 2) | a? - bll (bjib :
x+x2+1 -box a+a?p?
2x+x%y% ; ch—yg x-y 1-¢7° Zx; ¢ ?oc 2 -
E)N i1 1p YT Tt T (H_z)
x_xzyz x2+y2 2_02 ¢ 2 ¢ 2 ¢



[lopatkoBi 3aBAaHHA 40 po3ainy 3

10.

11.

12.

13.

14.

PosB’sokiTh piBHAHHS (6—10):

1) (Ve —7x+10) =22 —0x 47 2) 22+ —1-(x4v2—1)=0;

3) m=x+3; 1) Jﬁ«/ﬁ:xw.

1) (Vrx+1)(Virx+2¢-5)=x  2) V22®+3x +v2x> —3x+5 = 3x;
3)Va? +3x -4 =+/2x+2; 4) Va® —Tx+1=y2x> -15x +8.
1) V5x+7-8x+1=x+3; 2) V2x+3++/3x-1=+/5x+2;

3) Va+3-4vx—1+/x+8-6Jx—1=1;
4) Jx+11-6Jx+2 +x+18-8/x+2 =1.

1) ¥2x-8+¥x-8=2 2) Y8x+4+¥8x-4=2;

3) Vx+38+¥5-x=2; 4) Y2-x=1-x-1.

1) Yx+¥x-16 =¥x-8; 2) Yx-1+Yx-2-Yx-3=0;
5/ 5.3

3) x x—1+x_—1=16; 4) 13 + 13 =l-
o 0 NFTE SN A S

PosB’sakiTs cuctemy piBHsAHb (11—12).

K
+
w
<
+
[a—y
Il
[\

b

Jx+y=1,
1) 2)
NX-y+2=2y-2; 2x-y+2="Ty—-6;
G S 5, 4 .3t
3) x=T7 AJy+6 ’ 1) x-9 +Jy+9 20
5 3 _13, 3 . 2 _ 7
Je-71 fy+6 6’ x-9 y+9 20
x+y /Zx—l_ x-y xty _10
1) 2x—1+4 x+y =5 2) x+y+ x-y 3’
x=y+1; xy—2x—-2y=2;
{\/2x+y 1-Jx+y=1, 1) Yx+2y+3x-y+2=3,
3x+2y=4; 2x+y="T
Posp’sakiTs HepiBHicTs (13—21).
1) V3x?+13>1-2x; 2) Vx?+x>1-2x;
3) V3x—x? <4-x; 4) Vx* —x—2<2x+6.
1) Va? +8x+2—Va? —x+1<1; 2) V3x% +5x+ 7327 +5x+2>1;
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PO34171 3. CreneHeBa dyHKL,if

15.

16.

17.

18.

19.

20. 1)

21.

22.

23.

24.

x-17

) T —
V4x -19x+12

1) Ve-2Vr—1 +x+adr-1<2;
3) \/x+3>\/x—1+\/x—2;

<0

1.1 1.
1) x 4 x 4:,

3) (x—DVx*-x-2>0;
1) (x+DVx®+1>x2-1;

3) \/6+x x >\/6+x x .

2x+5 x+4

, 2
1) 51-2x—-x <1.

e

V17-15x - 22°
x+3

) Vat+ax—4 —Jx—a/x—4>3;

4) Jx+6 >~/2x —4 +/x +1.

3 1 1,
___< ,
2) 4 x 2

4) (x—S)\/x +x-22>0.
2) (x-3x?+1<x*-9;

2
4) \/12+x x >\/12+x x .
x—-11 2x-9

V2-x +4x—3>2;

X

4) >0.

2)

3) Vx+5<1+v-x-3+/(x+5)(—x-3);

4) J(x=5)(—x+T) +1>V-2x+7-Jx—5.

1) Jx+6>x+1+/2x-5;

2) Jx+3>Vx-1+/2x-1;

3) Vx? —8x+15+x? +2x —15>/4x2 —18x +18;

(l—x)\/:+(1+x)\/m >1
\/4—4x2+2(1—x2)\/1—x2

3) /1+x \/1 x
1-x 2J1+x-

1)\/72\/7+2\/;

20;

(a>0);

) x x+(1—x)\/;
\/x2—2(x2—x)\]x—x2

4) L 2 <o

1-x 1-+1+x

>1;

a

1 1
— 2,
2) \/;+1 \/;—1 \/;

4
PosB’sxiTh HepiBHICTD V1 — &2 (x a) npu a = 0inepexonaiiTecs, 1[0 MHO-
SKMHOIO 11 pO3B’A3KIB € Bi[Pi3oK. Hpn AKX 3HAUEHHAX 0 MHOXKIHOIO PO3B’ I3KiB
.. . . .. 9
JAaHHOI HePiBHOCTI € BiZIPi30K JOBKMHOIO E?
IIpu AKMX 3HAUYEHHA IMapaMeTpa a4 MHOXXMHA PO3B’A3KiB HepiBHOCTI

2 .
a+Vx"+ax > x He mepeTuHAeThCA 3 mpoMixKKoMm [—1; 0]?
IIpu AKuX 3HAUYEeHHS MapaMeTpa ¢ y MHOXKHHI po3B’A3KiB HepiBHOCTI

/ . . 1
x+Vx" —2ax >1 micTUThCS IPOMIKOK [Z; 1}?
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I BIJOMOCTI 3 ICTOPII

IToHATTS cmenens BUHUKJIO B JTaBHUHY . 30eperIncsa ININHAHL IJINTKY JPEeBHiX
BaBuIOHAH (6/1136K0 1700 p. 10 H. €.), AKi MicTATH 3anucy TabJIUIbL KBAAPaTiB
i Ky6iB Ta ix 00epHeHUX 3HAUYEHb. [0 MHOKEeHHS PiBHUX MHOKHUKIB IPUBOIUTD
po3B’si3yBaHHsA 6araThoXx 3aaaud. Bupas keadpam ducsa BUHUK BHACTIiLOK 00UuMcC-
JIEHHS ILJIOIII KBajpaTa, a Ky0 Yucaa — BHACJIIIOK 3HAXOAKEeHHs 00’ eMy Kyba.
Aue cyuacHui mosnauenus (tumy a*, a’) BBeneni B XVIlcer.P. fexaprom(1596—
1650).

I po6oBi MOKa3HUKY CTeIeHs i HalIIPOCTillli mpaBuia Aiit HaJ CTeIIeHAMU 3 PO-
00BMMU IMOKA3HUKaMu 3ycTpiuaroTbea B XIV ¢T. v ppaHIy3bKoro MaTreMaTuKa
H.Opewma(1323—1332). Bigomo, 110 I11 10 & e (671. 1445—6s1. 1500) posrasgas

CTeIeHi 3 Bii’eMHUMU i HYJIbOBUM MOKA3HUKAMU.
. . .1 .
C. CTeBiHB3anmpornonyBas po3yMiTu niJy a» KopiHb a . Ajle cuCTeMaTUYHO

Ipo0OBi i Big’eMHi MOKAa3HUKY IIEPIIINM CTaB 3acTOCOBYBaT HbIOTOH.
Himenskuit maremaTuxk M. Il Tipe ns(1487—1567) naB mosHauenusa a’ =1,
AKIO a # 1, 1 BBiB Ha3By noka3nuk (1ie mepekJan 3 HimernbKkoi Exponent). Himers-
Ke potenzieren osumauae nidnecmu 0o cmenens. (3Bicu MOXOAUTE i CJIOBO NOMeH-
yirsamu, Axe 0yme 3aCTOCOBYBATUCS B HACTYIITHOMY PO3/iJIi IJIs TO3HAUEHHS I1e-
pexoxiB Bix Tak 3BaHux Jorapudmis (log) Bupasis f (x)i g (x) mo Bigmosiguux cre-

neHiB, To6To Bz piBHOCTI log, f(x) =log, g(x) Ko piBHOCTI @!°%/(*) = glog2( 'Y cBOIO

uepry, TepMiH exponenten BUHIMK BHACJIIIOK HE 30BCiM TOYHOTO ITIePeKJIaay 3 I'PeIrbKol
ciaoBa, AKkuM [fliodpaunT OnmercauagpiicbKu it (6ausbko Il cT.) mo3Hauas
KBajJpaT HEeBi[oMOI BeIUUUHU.

Tepminu paduran i kopinw, yeepeni B XII ct., moxomaTs Big taTuHCebKoOro radix,
1110 Ma€ IBa SHAUEHHSA: CIMOPOHA i KOPiHb. I'pellbKi MaTeMaTUKU 3aMiCTh « JOOYTH
KOpPiHb» Kasaju «3HAWTH CTOPOHY KBajparTa 3a Horo JaHOI0 BeJIWUYMNHOIO (ILJI0-

m1er0)» . S3HAK KOPeHs y BUTJIALi CHUMBOJY J 3’sBuBca Brepime B 1525 p. Cyuac-
HUU CUMBOJI BBeleHU [lekapToMm, AKUH fonaB ropudoHTanbHy pucky. I. H b 1o -
ToH (1643—1727) Bike mo3HAUAB ITOKA3HUKU KOPEHiB: ?/_, ¥ .

Tepmin s02apugm TOXOAUTH Bl CIIOJTYUEeHHA I'PEIBKUX CJIIB «JioToc» (y 3HA-
YeHHi «BiJHOIIIEHHS») 1 «apuTMOC» (UHCI0) i IepeKIafacThbesa AK 8i0HOUWEHHA
yuces. Bubip Bunaxigaukom jsorapudmis k. Hemepom Takoi Hazsu (1594 p.)
TMOSCHIOETHCS TUM, IT10 JIOTapu(MU BUHUKJIU BHACJIIIOK 3icTaBJIeHHA JBOX UYMCEJI,
oJlHe 3 AKUX € uJeHoM apudMeTHUYHOI mporpecii, a ipyre — reomerpuunoi. Jlora-
pudmu 3 ocuoBoo e yBiB Crmeiimen (1619 p.), AKuii cKIaB mepIiri TabJINILi TJIs
dyuxkiii ln x. HasBy HamypaavHuil (IpupogHTIT) AJs I[BOTO JIorapudMa 3ampoIro-
HyBaB H. MepxaTop (1620—1687), AKuit BUABUB, 1[0 In X — Iie IJI0IIA i

. 1
rinep6oJioio y==—.
X
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Po3pin

[ToKa3HKIKOBA | NorapridMivHa QyHKLT

m MOKA3HUKOBA ®YHKLIS, 1l BIACTUBOCTI TA TPADIK

Tabnuma 49

1. TTOHATTA NOKa3HMKOBOT (hyHKLLT Ta Ti rpadpik

OszunaueHHd4d. [loka3HUuK06010 QYHKYi€IO HABUBAETHCH

dbyuruiaBunyy =a*,nea>0ia#1.

Mpadik NokasHWKOBOT yHKLIT (ekcroHeHTa)

a>1 0<a<l1
7Y S 7y
y=a y=a*
_/1 '1\
0 X 0 X

2. BnactmBocCTi NOKa3HMKOBOT pyHKLT

2. O6anacmv 3navens: y > 0.

1. O6nacmov 8usnauvenusa: x€ R. | D (a*)=R

| E (a*) = (0; +00) |

3. PyHKYiAHI nApHA, Hi HenapHa.
4. Touru nepemuny 3 ocamu KoopouHam:

3 Biccio Oy

5. IIpomixcku 3pocmaHHA i CnA0AHHA:

x=0,
y=1

3 Biccio Ox | Hemae

a>1

0<a<l1

(dyHKUisa y = a* npua > 1 3pocrae
Ha BCili 001acTi BU3HAYCHHA

dbyurniay=a*upu0 <a <1 cnagae

Ha BCili 00/1acTi BU3HAYCHHA
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§ 29. [Moka3HmMKoBa yHKLIA, Ti BNAacTMBOCTI Ta rpadik

IIpoxgoBxk. Tabua. 49

6. IIpomincku 3HaKocmaJocmi: ’ y > 0 mpu Bcix 3HaueHHAX X € R ‘

7. ’Hatwiﬂbutoeo i HallMmeHu 020 3HA4YeHb PYHKIIIA He Mae ‘ .

8. Jlnsa6ydv-skux diiicHux 3Havenvuiv(a> 0, b>0) sukonyromoscs pigHocmi:

at - a’= au+ v ﬂ =quv (au)u = q%
aU
a\’  at
(ab)* = a“b* = =—
b b4

MosicHeHHs 11 0GI'PYHTYBaHHS

1. ITonaTTA MOKa3HNKOBOI PyHKIIiT Ta Ti rpadik. I[TokasHuko6010 PyHKYicIO0 HA-
3ueaemuvca PyrKyiseudyy=a*,0ea>0ia#1.

x x
Hanpuxknan, y=2%,y= (%) , U =(§) , J=T* — IOKa3HUKOBI QyHKIiI.

3a3HaYnMOo, 1110 QYHKIiA BUAY iy = a*icaye i npua=1.

Toxaiy=a*=1%,To6T0o y =1 Ipu Bcix 3HAUEeHHAX X € R . AJle B IIbOMY BUIIAAKY
dyHKIig y = 1* He Ha3MBaeTHCA MOKAa3HUKOBO. (I'padik pyrKmii y = 1* — npawma,
300paskeHa Ha pucyHkKy 118).

Ockinbku nmpu a > 0 Bupas a* o3Haue- vi
HUU IPU BCiX AiliCHUX 3HAUEHHAX X, TO 00-
JaCmi0 6USHAUEHHA NOKA3HUKO0B0L PYHKUIT
Yy = a* e acidilicHi uucaa.

CupobyeMo crrouaTKy o0y ayBaTu rpa- 0 x
GiKku JeAKNX TOKa3HUKOBUX (DYHKILiiT, HA-

Puc. 118

1 y=1"

X
OpuKIamd, Y = 2% y= (%) «3a TOUKaMu»,

a oTiM IepeiIeMo 10 XapaKTePUCTUKHY 3araJbHUX BJIACTUBOCTEH ITOKAa3HUKOBOIL
GyHKITII.
CrJiaeMo TabJIUIIO feAKUX 3HAUeHb QYHKINT y = 2%,

x 3| -2 | -1 _L 0 1 1 2 3
2 2

_ox| 1 1 1 | L_o7 _

y=2 . 4 : | 57 1 |J2=14]| 2 4 8




PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

Y| Y| —|9%
8 8

4 4
2 2
°
® ®° —
a -3-2-1 |01 2 3 |x 6 -3-2-1 |01 2 3 |x
Puc. 119

IToGynyemo Ha KOOPAMHATHI IJIOIMHI BiAIOBiAHI TOUKM i 3°eHaEMO I1i TOUKU
ILIABHOIO JIiHi€I0, AKY IIPUPOAHO BBAYKATHU rpadikom dyHKmii y = 2° (puc. 119).

Sk 6aunmo 3 rpadika, GyHKIig y = 2" € 3pocTanwuoio GyHKII€0, AKA HA0yBae
BCixX 3HaUeHb i3 mpoMisKKYy (0; +2°).

x
Amnanoriuno muia pysrmii y= (%) CKJIaZeMO TaOJIMUIIO JedKUX 3HAUeHb Iiel
dyHKII.

x 3| -2 | 1 -1 0
2

DN | =

1 2 3

1) IS 1 1 1
p=(2) | 8 | 4 | 2z |VEera| 1 | R0T) 5| G| g

IToGynyemo Ha KOOPAMHATHI IJIOIMHI BiAIOBiAHI TOUKM i 3’eHaEMO I1i TOUKHU

IIJIaBHOIO JIiHi€I0, AKY IPUPOLHO BBaXKaTHU rpadikom GPyHKITII Yy = (%) (puc. 120).

Y] Y]
3 o

[e]

-
I

.I:O

® _ P~ o
a -3-2-1 |01 2 3 x 6 -3-2-1 (01 2 $ x

Puc. 120
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§ 29. [Moka3HmMKoBa yHKLIA, Ti BNAacTMBOCTI Ta rpadik

x
fx 6aunmo 3 rpagdika, QyHKIia Yy = (%) € criagHoI0 (PYHKINiE0, IKa HA0yBae BCix
3HAUeHb i3 mpoMiKKy (0; +0°).

x
3ayBakuMo, 1110 rpadik QyHKIiI y = (%) MOJKHA oJiep:KaTu 3 rpadika GyHrIii

x
y =T (x) = 2* 3a ;OIOMOT0I0 TeOMETPUYHUX IIepeTBOpPeHb. [[ificHo, y= (%) = 2% =

=2-* = f(—x). Orxe, rpadik QyHKIII Y = (%) cuMerpuuHui rpagiry PyHKIiiy = 2°

BigHOCHO oci Oy (Tabu. 4, c. 28), i Tomy, AKINO QYHKIIA y = 27 € 3pocTamuoio,

x
byHKIig y= (%) 000B’ A3K0BO Oy/Ie CIIa HOIO.

Busasnsaerses, 3aBxau nipu a > 1 rpadik GyHKIIT y = a* cxokuii Ha rpadik

(ysrmoiiy = 2%, anpu 0 <a < 1— Ha rpadik QyHKIII Y= (%) (puc. 121).
I'padik morkasHUKOBOI PYHKIIII HABUBAETHCA eKCILOHEeHMO10.

2. BaacruBocti mokasHUKOBOI hyHKIIT. SIK 00T pyHTOBYBAIOCA BUIIE, 001ACTMI0 8U-
3HAUeHHA NoOKa3HUKo8ol PyHKIii y=a*(a>0,a#1) e acidiiichi yucaa: D (a*)=R.
Ob6sacmio 3Havenb QYHKIIL y = a* € MHOKHHA BCiX MOJAaTHUX YMCEJI, TOOTO
QyHKUifLY = a* Habysae miavKu 000aMHUX 3HAYCHDb, IPUUOMY Oy Ab-IKe AoJaTHe
YHCJIO € 3HAUeHHAM GYHKIIIT, TOOTO
E (a¥) = (0; +00).

ITe osHauae, 1o rpadik noKa3HUKOBOI GYHKIIIT y = a* 3aBKAU PO3MileHUH
Bure oci Ox i 0yab-saKa mpsama, 1o mapajieabHa oci Ox i 3HaX0AUTHLCS BUIlE Hel,
mepeTuHaEe el rpadik.

IIpu a > 1 ¢pynkuyia y = a* 3pocmac na 6citi o6aacmi 6u3HaLenus, a npu
0 <a<1¢yuryiay =a*cnadaecna éciti 061acmi 6u3HALeHHA.

OOr'pyHTyBaHHA 00JI1aCTi 3HAUEHD Ta IPOMIiMKKiB 3pOCTaHHA i CIIajaHH II0Ka3-
HUKOBOI (PYHKIIIT TPOBOAUTHCSA TaK: IIi BJIACTUBOCTI IIePEBipPAIOTHCS IIOCTiTOBHO
IS HATypaJbHUX, [iJINX, PallioHAJIbHUX IIOKA3HUKIB, a IIOTiM ysKe IePeHOCATh-
cs Ha JOBiJbHI AilicHI mOKasHUKHN. AJie CJIil Bpax0ByBaTH, I10 IIPU BBeAEHHI 110-
HSATTS CTEIeHd 3 ippalioHaJIbHUM MIOKA3HUKOM MU BiKe KOPUCTYBAJINCS 3POCTaH-

Yy Yi
y=a*
a>1 y=a*
_/1 e 1\
5 - -
a x p 0 x
Puc. 121
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PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

HAM GYHKII] , KOJIM IPOBOAMIN TaKi MipKyBaHHSA: OCKiJIbKM 1,7<\/§ <1,8, To

2" < 2‘/g <2, Otxe, y HaIIiMl cUCTEMi BUKJIAAy MaTepialy MU 3MOKeMO 00T pyH-
TYBaTH Ii BJIACTUBOCTI TIJILKY AJIA PallioHaAJbHUX IIOKAa3HUKIB, ajle, BpaxOoBYIOUN
T'POMiBIKiCTh TAKUX OOT' PYHTYBaHbB, IIPUIMEMO iX 6e3 JoBeIeHHA.

Vi imnri B1acTrBOCTI MOKa3HMKOBOI (PYHKILII JIeTKO 00T pPYHTOBYIOTHCS 34 J10-
IIOMOTI'OIO IIUX BJIACTUBOCTEI.

Dynruiay = a* He € Hi napHoI0, Hi HenapHoio, ockimbky f(—x)=a~ = Lx #f(x)=a*
a

(3a osmauenuam a # 1). Takox f (—x) # —f (x), ockinpku f (—x) = a* > 0 (3a Biac-
tusictio 1), a —f (x) = —a*<0.

Touku nepemuny 3 ocamu koopdurnam. I'padik pyHrnii y = a* nepernnae Biceh
Oy y rouni y = 1. [lificuo, Ha oci Oy 3Hauenusa x =0, roxiy =a’=1.

I'pacdik nmorkasuukosol ¢pyHkwii y = a* (a > 0, a # 1) He nepeTuHae Bich Ox,
ockinbku Ha oci Ox y = 0, asne sHaueHHA y = 0 He BXOAUTH 0 006JIaCTi 3BHAUEHD
moKas3HUKoBOl GyHKIII y = a” (y = a* = 0 Tineku ipu a = 0, aje 3a 0O3HAUEHHAM
a>0).

Ilpomisxcku snaxocmanaocmi.y > 0 ipu Bcix NificCHMX 3HAYEHHAX X, OCKiJIbKU
y=a*>0npua=>0.

3as3HaunMOo IIe OAHY KOPUCHY BJIACTUBICTh ITIOKAa3HUKOBOI PYHKILII . OCcKinbKU
rpadik pyHKIil y = a* meperuHae Bick Oy y TouIli y = 1, T0, BpaXOBYIOUU 3POCTAHHS
dyHKIii npu a > 1 ta cnagasaa npu 0 <a < 1, maemo:

3HaueHHA PYHKITIT 3HaueHHA apryMeHTy
mpua > 1 npu 0 <a <1
y> 1
x € (0; +0) x € (—00; 0)
O0<y<l1 x € (—o0; 0) x € (0; +00)

DyHKYyia Yy = a* He ma€ Hi Hall0iAbUL020, Hi HATLMEHUL020 3HAYEHb, OCKIIBKY 11
00JIacTh 3HAUEHb — IIPOMiKOK (0; +0°), aKuii He MiCTUTh Hi HATMEHIIIOro, Hi Haii-
0isIbIIIOro YncIa.

BunacTuBocTi mokasHMKoBOI PYHKINiT, BKasaHi B myHKTi 8 Tabauiti 49:

u
au P —Ue . o . a
at - ab= au+u; a_v_au v’ (au)u = auu, (ab)u — aubu’ (;) =b_u-
0yJI0 OOT'PYHTOBAHO B PO3Aiii 3.
3a3HAuYMMO ITle OHY BJIaCTUBICTh IOKAa3HUKOBOI PYHKIIi1, AKa BUALISE i1 3 paxy
inmux Gyukriii: skwo f (x)=a*(a>0,a +# 1), mo npu 6ydv-axux 0illcCHUX 3HAYCH-
HAX P2y MeHmi6 X i X, BUKOHYEMbCS PIBHICMb

f(x) f(x)=F(x +x)
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§ 29. [Moka3HmMKoBa yHKLIA, Ti BNAacTMBOCTI Ta rpadik

Ly

I];j.ﬁCHO, f(xl)-f(xz):axl a*: =qgnti =

=f(x,+x,). Y Kypcax Bumioi maTemMmaTn-
KU I BJIaCTUBIiCTh (Pas3oM i3 cTpororw Mo-
HOTOHHICTIO) € 0OCHOBOIO aKCiOMaTHUUYHOI'O
O3HAUeHHS IMOKA3HUKOBOI PYHKILiI. y=a*
VYV npomMy BUIIAAKY HAETHCA O3HAUEHHS,
10 NOKA3HUK08a PyHKuiL Yy = f (x) — ue
cmpozo MOHOMOHHA PYHKUIS, BUSHALEHA 0
Ha 8¢iil Yucn08iil 0ci, AKa 3a0080/1bHAE PYH-
Kuyionanvrhomy pienannio f(x,) - f(x,) = Puc. 122
=f(x, + x,), a morimM 06T PYHTOBYETHCH,
110 PyHKIiA f (x) 36iraeThes 3 PyHKIIIEI0
y=a*(@a<0,a#1).

Kpim saranbHuX BIacTUBOCTENM MOKA3HUKOBOI PyHKIiI npra > 1linpul0<a <1,
BiI3HAYMMO IeAKi 0cO0JIMBOCTI mOBeAiHKY rpadikiB MOKa3SHUKOBUX PYHKIIIH Ipu
KOHKPETHUX 3HaueHHAX a. Tak, Ha pucyHky 122 HaBeeHO rpadiku MOKa3HUKO-

)Y

BUX QYHKIIIN J = a* 1pU BHAYEHHAX OCHOBU @ = 2; 3; %; %

ITopiBHIoIOUM I11i rpaiky, MOKHA 3POOUTH BUCHOBOK: YUM Oiabuia OcHOB8a a > 1,
mum kpymiuwe nionimaemocs epaik GYHKYIL Y = a* npu pyci mouKu 6npaso i mum
weudute zpapix Habauxcaemovces 00 oci Ox npu pyci mouxku 8.i80. AHaL0ziUHO,
yum menuta ocnosa 0 <a <1, mum kpymiute niOHimaemocs zpa@ix GyHKuil y = a*
npu pyci mouku 860 i mum weuduie epagik Habauxcaemocs 0o oci Ox npu pyci
mouKu 6npaso.

3aBepIIyyYn PO3MOBY IIPO MOKA3HUKOBY (DYHKIIiI0, YKaKeMo Ha Ti IPUYNHH,
AKi 3aBaKa0Th PO3TIALATH NOKA3HUKOBI QYHKILII 3 Bif’ € MHOIO UM HYJIHOBOIO OC-
HOBOIO.

3ayBasKUMO, 1110 BUpa3 a* Mo:kHa posrianatu i npua = 0inpu a <0. Aje B 1iux
BUIIaKaX BiH yiKe Oy/ie 0O3HaUeHUH He TP BCiX AiCHUX 3HAUEHHAX X, AK IOKAa3-
HUKOBa QYHKIiA y = a*. 3okpeMa, Bupas 0° osHavenui npu Beix x > 0 (i Toxi

0°=0), a Bupas (—2)° — npu Bcix Hinux 3HaYeHHAX x (HAIpHUKJIAL,

-3 - . ..

(-2) =( 1)3 =—% . 3 i€l npUYMHY 1 He 0epPyTh OCHOBY HOKAa3HUKOBOI QYHKIi1
-2

a =0 (omep:ryemo nocriitny GyHKIio npu x > 0) ra a <0 (ogep:ryemMo GyHKITiTO,
O3HAUeHY TiJIbKU IPU TOCUTh «PiIKNX » 3HAUEHHAX X: X € Z). AJle HaBeleHi MipKy-
BaHHS CTOCOBHO JOIiJIbHOCTI BEOOPY OCHOBH ITIOKA3HUKOBOI PYyHKI[II He BIIMBAa-
IOTh Ha 00JIaCTh JOIYCTUMUX 3HAUEHb BUPA3y a* (HampuKJIal, AK MU OauuIud BUIIIE,
mapa3HayeHb a = —2, x = —3 BXoauTh 10 oro OJ13, i e ;oBOAUTHCSI BpaXOByBaTH
IpH pO3B’ A3yBaHHI [eIKNX 3aBAAHD).
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Mpuknagu po3B'a3aHHA 3aBAaHb

IIpuxxan 1.
2\? . (2"

b2 1)
PosB’aszauusga

1) > ®yuknia y=(§) € CIaJHOIO

(% < 1), TOMYy 3 HepiBHOCTi —8 > —5 ofep-

SKYEMO (%)_3 < (%)_5. <

2) > Oyukmiay =(§) € 3pOCTAI0UOI0

(% > 1), TOMY 3 HepiBHOCTi 4 > 3 oziep-
4 3

SKYEMO (g) >(ﬁ) .<

2
IIpuxaan 2.

1) aJ3>a*/ﬁ;
PosB’aszauusga

1) » Ockinbru /5 <+/11 i sa ymoBomo

a’s >a¥11 1o GYHKIIIS a* € conagHoIo,
omke, 0 <a<1.<

2) P OckinbKu —%<—% i 3a yMOBOIO
1 1

ad<a?®

, To QYHKI[i € 3pOCTAIOUO0I0,

oTsxke, a>1.<

1 _
2)a d<a’.

ITopiBHsAlITEe 3HAUEHHSA BUPa3iB:

o[5) 5 (5]

KomenTap

Bpaxyewmo, 10 @yHKIig y = a* mpu
a >1e3pocrapuoio, anpu<a<1l—
cragaoo. OT:Ke, CIOYaTKY ITIOPiBHAEMO
3aJlaHy OCHOBY @ 3 ONUHUIIEIO, a IIOTiM,
MMOPiBHIOIOUM apryMeHTH, 3pO0OUMO BHU-
CHOBOK ITPO CITiBBiTHOIIIEHHA MisK 3a1a-
HUMU 3HAYEHHAMU QYHKITII.

ITopiBHANTE 3 OMMHUIIEIO OJaTHY OCHOBY @, AKIIIO BiOMO, IITO
BUKOHYETBHCS HEPiBHICTh:

1

5

KomenTap

Y xoxxkHOMY 3aBIaHHi 3aJaHi Bupa-
3U — IIe [IBa 3HAUeHHs PYHKIIiI a*.

IIpoananizyemo, sKe 3HaUYeHHS
¢yHKIil BigmoBigae 6igb10My 3HAUEH-
HIO apT'yMeHTY ([JIs I[bOT'0 CIIOUYATKY I10-
PiBHAEMO apryMeHTH!).

Ao GinbiroMy 3HaAUEHHIO apry-
MEHTY BifgmoBigmae OiybIlle 3HaYEHHS
GyHKIIIT, TO QYyHKIIiA a* € 3pOCTAIOUOIO0
ia > 1; axmo BigmoBimae MmeHIe 3Ha-
yeHHS PYyHKIIII, TO QyHKIIiZ a* € ciaz-
HoroiTomiO<a<1.
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§ 29. [Moka3HmMKoBa yHKLIA, Ti BNAacTMBOCTI Ta rpadik

IIpukaax 3. Ilo6yxyiiTe rpadik MyHKITII:
1)y=1,7% 2)y=0,3".

KomenTap

IIpu a > 0 3HauenHuda a* > 0, omike, rpadik GyHKIII y = a*3aBKAM PO3MIiIleHU
pute oci Ox. Ie# rpadik meperunae Bick Oy Brouniy =1 (a®=1).

IIpu a > 1 nokasuukosa pyukmia (y = 1,7°) apocrae, orsxke, ii rpadikom Gyme
KpuBa (€KCIIOHEHTA), TOUKHU SIKOI IIPU 301IbIIIeHH] apryMeHTY IIiJHiMalThCS BIrOpY.

IIpu 0 < a < 1 mokasuukosa pyuknia (y =0,3") cnagae, orske, rpadikom QyHKIIT
Y = a* 0yle KpUBa, TOYKH AKOI IpU 30i/IbIIIEHH] apTyMeHTY OITyCKAaIThCS BHUS.
(Haragaewmo, 1110, OIyCKaOUNCh BHI3, I'padik HAbAMKaeThCA 10 oci Ox, ajge HiKo-
Jau ii He mepeTUHAE.)

1106 yrounuTu moBeaiHKy rpadikis saganux GyHKIii, 3HaHAEMO KiTbKa KOH-
TPOJBHUX TOUOK.

Posp’sasaunusa

HPy=1,7. yl 2)p y=0,3" y
y=1,7"
0 3 0 3
x -1 0 1 2 x -1 0 1 2
y 00 9 | 1,7 | 2,8 y 19 1 | 0,3 | 0,09
17 3
< <
[l
Ipurkaag4®. 306pasiTe cxemaTnuHO rpa@ik GyHKIIL Y= ‘ (5) -3 ‘
PosB’as3anusda KomenrTap
P TlocrimoBHO Gyayemo rpadixm: CkJ1ajeMo IJIaH I0CIiJOBHOI oby-
. noBu rpadyika 3agaHoi GyHKIIII 3a mo1o-
1. y= (l) : y MOTOI0 T€OMEeTPUYHUX IIePETBOPEHDb
3

(taba. 4 ma c. 28).
1. Mu mosxkemo mobyayBatu rpadik

byarnii y=7(x)= (%)x (ocHOBA

1 .
'\_ a= 3 <1 — nmoxasHHKOBa (PYHKIiA
————————————————————————-
0 X crazae).
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9 y=(l)x- y 2.IToTim MoxxHA mobyayBaTu rpadik

3anuTtaHHs gs KOHTpOIJIIO

[ x|
. 1
byuKRDil y=g(x)= (E) =f(lx):
npaBopyd Bix oci Oy (i Ha camiii oci)
rpadik GyHKII y = f (x) 3auInaeTb-
csa0e3 3mMiHu, i came I yacTHUHA rpa-
¢dika — cumeTpia BizHocHO oci Oy.

. ITicas mporo moskHa mobymyBaTu rpa-

dik pyHKIT

|x]
1
y=0@=(1] -3=¢@-3:
mapaJieJbHO IlepeHecTu rpadik g (x)
y3moB:K oci Oy Ha (—3) oguHuUII.

.ITorim moxkHaA mobyayBaTu rpadik

3a1aHol QYHKITIT

K
v=|(2) -3|-lowl:

Buire oci Ox (i Ha camiit oci) rpadik
GyHKII y = ¢ (X) TOBUHEH 3aJIUIIIN-
THCs 6e3 3MiHU, ajie TAKKX TOYOK I'pa-
dixa pyHKIil y = @ (x) y Hac HeMae, a
HIKYe oci Ox — cuMeTpid BiZHOCHO
oci Ox (To6To Bech rpadik QyHKIIiI
Yy = ¢ (x) moTpibHO BimoOpasuTu cu-
MEeTPUYHO BimHOCHO 0ci OX).

1. HaiiTe 08HaUEHHSA ITOKA3HMKOBOI (DYHKITI].
2. IlobynyiiTe rpadiku mOKa3HUKOBOI PYHKIii y =a*npua>1rTanpul<a<1
(BubepiTh KOHKPETHI 3HaUeHH A a). Yepes AKY TOUKY IPOXOAATh rpadiku Bcix

MOKA3HUKOBUX (PYHKILIH ?

3. Kopucryrouunch rpad)ikoM DOKasHUKOBOI PYHKITII y = a*
(npua>1Tanpu0<a<1),oxapakTepusyiiTe ii BJIacTUBOCTi.
4", O6rpyuryiire BiactTuBocTi PyHKIii y = a*(a >0, a # 1).
5. BukopucToByOUM 3pOCTAHHS UM CIIaJJaHHA Bi/IIOBi 1HOI TOKa3HMKOBOI (PYHKITIT,
. o 5 9 5 9
mopiBHsiTEe 3HaYeHHa: a) 7 Ta 7 ;6) 0,7 ta 0,7

Bnpasu

1. Vraxirs, AKiis sagannx pyHKI[iH 3pOCTAIOTh, a AKi CIaJal0Th:

1) y=45 2°)y=(§)x; 3)y=(3)"; 4)y=ny 5) y=(v5-2)";
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§ 29. [Moka3HmMKoBa yHKLIA, Ti BNAacTMBOCTI Ta rpadik

x

6*)y=[—£1_2j: Ty=(2) s 8-25  9)y--5"

. IToGynyiiTe rpadik QPyHKILiI:

Dy=35 2u=(1); Bu-025 Hy-255 Hy-07"
3Hatouu, 1110 @ > b > 1, 300pasiTh cxeMaTUUYHO B ONHil cucTeMi KOOpAWHAT
rpadikm QyHKIiNA Yy =a*iy =">b".

3HanaiTh 06J1aCTh 3HAYECHD (DYHKITIT:

Dy=8+1 2)y=-535  3y=7-2; 4)y=—(§)-

. IToOynyiiTe rpadik GyHKITIi:

x | x| x
1yy=-35 2 y=(1) +3 8y u=(1) s y=5"% )u=|(} —1‘.
ITopiBHsAlITEe 3HAUEHHA BUPAa3iB:
1,3 1,8
1% 3" ra 3" 2% (%) Ta (%) : 390,78 " 1a 0,78 *°%;
4)(V2) ' a (V2)°;  5) 0,5 1a 0,57; 6) 2V2 1a 243;
8 9 6 -4 5

7) (ﬁj Ta (ﬁ) . 8) (ﬁj Ta ﬁ; 9) (i) Ta (i) :

2 2 2 2 5 4

-10 11
10)0,2 "Tab .
ITopiBHSAIITE MOKA3HUKY M i 1, AKIIIO BiZIOMO, 1110 € IPABUJILHOIO HEPiBHICTh:

1)3,2"<3,2"; 2 (%)m >(%) 3) (%)m >(%) 4) 0,99" < 0,99";
5) (v2)" > (2)'; 6) [@)m <(§) 1 (5-1)"<(5-1);
8) (V2-1)"<(2-1)".

ITopiBHSANTE 3 OMUHUIIEIO TOAATHY OCHOBY @, AKIIIO BiZJOMO, ITT0 € IPABUJIBHOIO
HepiBHiCTB:

-

1) a'” > agg; 2) a® <a? 3) aﬁ <aﬁ;
_1 1
4) a'" >a’; 5)a "<a ¥ 6) a %% >a ™,

ITopiBHANTE 3 ONMHUIIEIO 3BHAUEHHS BUPA3y:

1 _1
1) 0,01 2) 0,99'"; 3) (5)3; 4) (@) %
12 31
NG
5) 0,007°; 6) 100 *"; 7372, 8) (;) .
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10.

11.

127,

SAKnii BUCHOBOK MOJKHA 3POOUTH IIPO 3HAK UKMCJIA X, AKIIO:

1) 3" =0,6; 2) (%) =10; 3)10"=4; 4)0,3°=0,1?
PoaramryiiTe uncia B MOPAAKY iX 3pocTaHHS:

1,4

1
1) 28, 27 2% 9% ol .

9 N 1 9 1
-5 9 - 3
2)0,3,1, 0,3, 0,32, 0,3, 0,3°.
Bimomo, 1110 Koy Ipu pagioaKTUBHOMY PO3IIaai KilTbKiCTh peuoBUHY 3a 100y
3MEHIIIyeThCA BABiUi, TO uepes x ai6 Big macu M , 3anuIaeTbeA Mmaca M, Axa

A M _(1
obunctoeTbeA 3a hopmyaor: M =M, (%) . 3Bigcu T (5) .
0

IToxasxiTs rpadiuno, AK i3 3MiHOIO X 3MiHIOETHCS BiTHOIITEHHS ST
0

Burkopucrosyoun y Bumagky HeobxigHocTi mobymoBanuii rpadik, maire

BiATIOBiAB (TOUHY 200 HAOIMIKEHY) HA 3alIUTAHHS:

a) ¥V CKiIbKU pasiB 3MEHIIUTHLCA Maca pPaJioaKTHUBHOI PEUYOBUHU Uepes
1,5 mobu, 2,5 nodbu, 3 1obu, 4 fodou?

6) CkinpKM yacy IOBUHHO MUHYTH, 11100 IIOYATKOBA Maca paJioaKTUBHOI pe-
YOBUHU 3MEHINNJIAcA B 2,5 pasu, y 3 pasu, y 4 pasu?

PO3B’'A3YBAHHSA MOKA3HUKOBUX PIBHSAHb
TA HEPIBHOCTEWN

30.1. HAMNPOCTILLI MOKA3HWUKOBI PIBHAHHSA

Taoanuma 50

1. OCHOBHI (hopMyIV Ta CNIBBIAHOLLEHHS

Mpadik pyHKUITy =a*(a > 0)
a>1 0<a<l1 a=1
au . av o au+v y‘
(ab)u=au.bu y‘ y=a
u-v (a )u au 'y
—=a N Z = _u
b 1 1 . 1 y=17
(a“)’ = a* _/’ y=a
n[am — a? 0 X 0 Tx 0 ;
3pocTae criagae crajga
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§ 30. Po3B'si3yBaHHSA MOKA3HWKOBMX PIBHSAHb Ta HEPIBHOCTEN

IIpoxgoBx. Tab6ua. 50

2. CxeMa piBHOCUIIbHIX NMepeTBOpeHb HaMPOCTILLMX NOKA3HUKOBUX PIBHSHb

OpieHtnp Mpuknag
3**tt=9 6" % =-36.
Hpua>0ia#l p 3 =37 P KopeniBaemae
2x+4 =2, (ockinmbku 6> 0
a'¥=at® & f(x) =g (x) x=-1. LIS BCiX t).
Bidonosiov: Bionogiov:

-1. < KopeHiB Hemae. <

3. 3BefieHHs AesKMX MOKa3HNKOBUX PIBHAHb 40 HAWMPOCTILMX

OpieHtnp Mpuknag
ff£=@.
16
Lo .. 1
1) Axwo 6 nisiil i npaelu YacmuHax b 93 g2 _ 92
NOKA3HUK06020 PIEHAHHA CMOAMb gt
minvKku 000ymKU, HaCMKU, KOPeHi
abo cmeneni, mo 0ouisbHOo 3a dono- 938 _ 2% -4
MO2010 OCHOBHUX (POpMYS cnpody- h ’
eamu 3anucamu o6ud6i *acmuHu 3x—3=1_4x
Pi6HANHHA AK cmeneHti 3 00Hi€I0 Oc- 2 ’
H08010. 1
x==.
2
Bidnosgiov: % <
2) Axu,o0 6 00Hill YacMUHi NOKA3HU- 5"—2-5""%=23,
K06020 PiBHAHHS CMOiMb YUCO, > 577257 - 2) =23,
a 8 iHWiil 6Ci WJleHU Micmsamb 8U- 5" %.23 =23,
paseudy a (noxasHuku cmenenis 57 2=1,
6i0Pi3HAIOMbCA MILbKU BiALHUMU 52— 5°

YJeHaMU ), MmO 3PYUHO 8 Uil vacmu-
Hi DIBHAHHA UHecMU 3a OYHCKU
HAUMEeHW Ul Cmeninb a.

x—2=0,
x=2.
Bionosgiov: 2. <|
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Uk y=a* Yy
a>1
b=a* a=b
y=a*
1 0<a<l1
_/ 1\
0 c ; c 0 ;
a (1]

Puc. 123

MosicHeHHs 1 0GIPYHTYBaHHS

Iloxa3HuKo8UMU 3BUUANTHO HA3UBAIOTh PiBHAHHS, Y SKUX 3MiHHA BXOIUTH Y TI0-
Ka3HUK CTeIleHd (a OCHOBA IILOTO CTEIIeHs He MiCTUTh 3MiHHO1).

PoarasHemo HalmpocTilie IOKa3HNKOBE PiBHAHHSA

a*=b, 1)

mea>0ia#1.OcKiIbKY IPHU MUK 3HAYEHHAX a PYHKIA Yy =a’ CTPOro MOHOTOHHA
(3pocrae npu a > 1 i criagae npu 0 < a < 1), To KO’KHOT'O CBOTO 3HAUEHHSA BOHA
HaOyBae TLIbKY IPH OAHOMY 3HaUeHH]i apryMenTy. Ile o3Hauae, 110 piBHAHAA @ =b
npu b > 0 mae equamnii Kopink. 11106 fioro sHaliTH, ZOCUTH HOAATHU b y BUTJIALL b = a’.

OueBUAHO, IO X = ¢ € KOPEeHeM PiBHAHHS a’=a’.

I'padiuno 11e mpoinxrocTpoBano Ha pucyHKY 123.

Hanpukaag, 1106 po3s’a3aTu piBHAHHA 7" =49, 1oCUTH IOHATH Iie PiBHAHHS
y Burisani 7" =7 isanucaru fioro eAMHUH KOPiHb x = 2.

fAxmo b < 0, To piBaanus a” = b (npu a > 0) KOpeHiB He Ma€, OCKLIbKY @
3aB:kau 6isbine Hyas. (Ha rpadikax, HaBemenux Ha pucyHKY 124, npsama y = b me
neperuHae rpadik pyurniiy =a opub<0.)

Hanpuxkiaz, piBasusa 7 = —7 He Mae KOPEHiB.

VzaraabHOOUYN HaBeleHi BUIle MipKYBaHHSA CTOCOBHO PO3B’A3yBaHHA HaM-
MPOCTIINNX TOKA3HUKOBUX PiBHAHD, BildHAUUMO, o npu a > 0ia #1 piBHaHHA

Yl Y
y=a* y=a*
_/ ol et
0 X 0 X
y=»b b<0 y=> b<0
a 0
Puc. 124
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al®=qg® 2)
piBHOCUIbHE PiBHSIHHIO
[ (x)=g (x). 3)

KopoTko 11e TBepAKeHHs MOKHA 3anucaTu Tak: npua >0ia#1

W=tV f(x)=g ()|

® II106 06r'pyHTYBATH II0 PiBHOCHJIBHICTE, JOCUTH HOMITUTH, 1[0 PiBHOCTI (2)
i (3) MOy TBH Oy THU IPABUJIBHUMHU TiILKY OMHOYACHO, OCKIIBKY QYHKIA Y = a'
€ CTPOT0 MOHOTOHHOIO i KOKHOT'O CBOTO 3HAUEHHSA BOHA Ha0yBa€ TiJIbLKU IIPU
OJHOMY 3HAUEHHi apryMeHTy ¢ (To0To 3 piBHOCTI cTeneHiB (2) 0608’ A3K0BO BU-
IJInBa€e piBHicTh MoKasdHuKiB (3)). OT:Ke, yci KopeHi piBHaHHS (2) (aKi mepe-
TBOPIOIOTH 1€ PiBHAHHS HA IPABUILHY PiBHICTB) OYAYTH i KOPeHAMU PiBHAH-
H4 (3), Ta HaBOAaKu, yci KopeHi piBHAHHSA (3) OyAyTh KOpeHAMU PiBHAHHA (2).
A mie it osHauae, mo piBuauHg (2)i(3) piBHocuabHI.

V mafinpocTilnx BUIIafKax IPY PO3B’ A3yBaHHI MOKA3HUKOBUX PiBHAHBL HaMa-
TarloThCs 3a TOIIOMOT'0I0 OCHOBHUX (DOPMYJI Iift Hal cTeneHAMH (AuB. Ta0InII0 46)
3BecTHU (AKIIO Ile MOYKINBO) 3aJaHe PIBHAHHSA 10 BUAY a’ @ = g¢*),

st po3B’sizyBaHHs OiJIbIN CKIAIHUX MOKA3HUKOBUX PiBHAHb Halyacriimre
BUKOPHUCTOBYIOTH 3aMiHy 3MiHHUX (3aCTOCYBAHHS I[LOT'O METOY PO3TJISSHYTO B Ta0-
auii 51, c. 344) abo BIacTUBOCTI BifmoBiAHMX (PYHKILiH (3aCTOCYBAHHA I[UX Me-
TOJIiB POBTJIAHYTO B TabuiIli 58, c. 403).

3ayBaK1MO, II10 BCi piBHOCUJILHI ITepeTBOPEeHHS PiBHAHHS 3aBK U BUKOHYIOThH-
cs HA H10ro 00J1aCTi JOIYCTUMUX 3HAUYEHD (TOOTO Ha CIILILHiM 00/1aCTi BUSHAUCHHS
IS BCiX QYHKITIN, IKi BXOIATH /10 3aIUCY ITHOTO PiBHAHHS ). AJie B TOKa3HUKOBUX
piBHAHHAX HaldacrTimie obacTo fonyctuMux 3HadeHsb (O03) e MHOKMHA BCix
IificHUX uymcesi. Y IUX BUIIaJKaX, AK npaBuiio, O3 aBHO He BHAXOAATH i He 3aII1-
CYIOTB JIO PO3B’ A3aHHA PIBHAHHA (AUB. HUKYe IpUKIanu 1—3). Ajle IKIIo B Ipo-
1eci po3B’13yBaHHs MOKA3HNKOBUX PiBHAHDL PiBHOCUJIBHI II€PETBOPEHHA BUKOHY-
IOThCS He Ha BCii MHOYKMHI JiMICHUX YKCEeJI, TO B I[bOMY BUIIAAKY TOBOJAUTHCS 3Ta-
nyBatu mpo OI13 (mpukian 4" Ha c. 343).

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukaax 1. Poss’s:kiTh piBHAHHSA: ,
1)4" = 64; 2)5" =-1; 3) 12° *=1.

PosB’as3anusda KomenrTap
1) P 4°=64,4"=4°, x=3; < Ipu a > 0 sassu a* > 0, TOMY pis-
2) P 5" =-1— kopenis Hemae, ocKinp- | HAHHA 5 =—1 He Mae KOpeHiB.
ku 5" > 0 zaskau; <l Iumi piBHAHHA 3BegeMo N0 BUAY

(%) = g8 (x) i i i
2 2 5 |a af®(mea>0ia#1)inepeiizemo
3) » 1277 =1,12" " =12, x - 4=0; JI0 PIBHOCHJILHOI'O PiBHAHHSA
x=%12.< f(x) =g (x).
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Po3B’aKiTh piBHAHHA:
-0,5
(0,2)"

H =

PosB’aszauusga

IIpuxaan 2.

1) > Bagane piBHSHHS piBHOCHJIbHE
PiBHAHHAM:
1 x-0,5 2
G 7 5.6,
1
52
—-x+0,5

5 — 51 . 5—2x+4,

1
5§

1
5"”0’5‘5 = pl-2xe)

5—x _ 55—2x
—-x=95-2x,
x=5.
Bionosiov: 5. <|

9

2) P Bagane piBHAHHA PiBHOCHIIBLHE

PiBHAHHAM:
(2 . 3)x — (6—1)236—3,

6x _ 6—2x+3
x=-2x+3,
x=1.

Bionosiov: 1. <|

IIpuxkaax 3.

PosB’aszauusga

P Bagane piBHAHHSA PiBHOCHJIBHE PiB-
HAHHAM:
3*7%(3' + 5) = 86,
3**7%.86 = 86,
32x—2 _ 1,
32x—2 _ 30,

Bionosiov: 1. <|

=5-(0,04)";

1 2x-3
2) 2°-3" = (—) .
6

KomenTap

V nisiit i npasiii vacmunax 3a0aHux
PiBHAHbL CMOMb MiAbKU 000YMKU, Hac-
mxu, koperni abo cmeneHi. Y yvomy u-
nadry 014 36e0eHHA PiBHAHHA 00 8UdY
a’® = as® cnpobyemo sukopucmamu
OCHO8HI (hopmyau 0iil Ha0 cmenenHamu,
w06 3anucamu 06ud8i ¥ acMUHU PiBHAH-
Hs K cmeneHi 3 00Hi€I0 0CHOB010.

VY piBuanHi 1 ciixg 3BepHyTHU yBary

1

2 -1
Ha Te, II10 0’2=E=3=5 )

1
=i=L= -2 = 2
a 0,04 100" 25 571 \/3 52, oTke,

JIiBY i mpaBy YaCcTUHU IILOTO PiBHAHHS
MOJKHA 3alIMCaTH AK CTeIleHi uuciia 5.
I 151 mepeTBOPEeHHS PiBHAHHA 2 3ra-
IaEMO, I10 Bci GopMyau MOKHA BUKO-
pHCTOBYBaTU SK 3JiBa HampaBo, TaK
i cupaBa HaJIiBO, HAITPUKJIA, IJIsI JTiBO1
YACTUHMU ITHOT0 PiBHAHHA CKOPUCTAEMO-
ca popmyaoio a“: b* = (ab)“, TobTO
2°-3"=(2-3)"=6".

Posp’soxiTh piBarnaa 372 + 5- 3% % = 86.

KomenTap

¥V niBiti vacTUHI PiBHAHHSA BCi WieHN
. 2

MicTATH BUpasu BUAY 3 (IIOKa3HUKU
CTelleHiB BiIpi3HAIOTHCS TiIbKU Bijb-
HUMMU YWieHaMn). ¥ IIbOMY BUIIAAKY 3pyd-
HO BUHECTH 3a IYKKHU B JIiBill vacTuHi
PiBHAHHSA HaWMEHIIINUI CTeiHb YKca 3,

2x -2

T06TO 3 .
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Jx —x
Ipukaag4’. Poss’sxKiTh piBHAHHSA (1+52)" =(1+p? )4 .

PosB’aszauusga

> O003:x>0,be R.
Posrasanemo gBa BUnagKu.
1) Ilpu b = 0 omep:KyeMO PiBHAHHS

1V* = 14“/;, KOpeHi AKoro — yci mifi-

cHi ymciaa 3 O[3, To6To x > 0.

2) IIpu b#0 suavenns 1+ b2#1,iToni
3aJaHe PiBHAHHSA PiBHOCUJIbHE PiB-
HAHHIO

Jx=4-+/x.

3Bincu Jx =2, Tonix=4.
Biodnosgidv: 1) upu b= 0 x € [0;+0);
upub#0x=4. <

3anuTtaHHsa ansa KOHTpOIJIIO

KomenTap

ITe piBHAHHA BigHOCHO 3MiHHOI X,
AKe MicTuTh mapameTp b. AHaIigyoun
OCHOBY CTeIIeHiB y IIbOMY PiBHSHHI, PO-
0G1MO BICHOBOK, II[0 IIPY Oy Ab-sIKMX 3HA-
yeHHAX b ocuoBa 1 + b? > 1. ®dyuknia
Yy =a* upu a > 1 € 3pocTamyoo, a npu
a =1— mocritiHoi0 (UB. rpadik; PyHK-
mii y = a* y rabauii 50).

OcuoBal +b2=1napubd=0, auapu
BCixX iHmuUX 3HAUEeHHAX b OCHOBA

1+62>1.

PosrianeMo KoskeH i3 X BUIIagKiB
OKpemo, TooTo: b=0ib#0.

1. IToscHiTh, y AKUX BUIIAJKAaX IOKA3HUKOBE piBHAHHA a*=b (mea > 0ia# 1) mae
KopeHi. ¥ AKX BUMIAAKAaX I1e PiBHAHHA He Mae KopeHiB? HaBeniTs npukaagm.
ITpoinrocTpyiiTe 11i npukaagu rpadivHo.

2. fIxoMy piBHSHHIO PiBHOCHJIbHE IOKA3HUKOBE PiBHAHHA a’® = aé® npua > 0
i a #1? HaBeniTh npukaagm.

3". Yu 3MiHUTHCA BiAIIOBiAL Ha 3aIUTAHHA 2, AKIIO AJIs OCHOBHU CTEIIeHiB Oyze
3a/aHO TiNIBKU OfHe o0MesxxeHHss a > 07
Bnpasu
PosB’saxiTs piBHaAHHS (1—5).

x2-x
1. 194°=8; 293" =9""";, 395" '=0,2; )7 "=1; 5) (%) —4/2;
° x2—4x x 6+x-x2 2% o x 13 x
6°) 3 =9; 7)4"=2 ; 8)2° =2 9) 2" =4; 10%) 2" = 16;
1173 =-1; 1292°=32; 13)3"=0; 14)5°=1; 15)3"-3=0;
2 -X x - X
16)3" =81; 17)2%=8; 18)3" =9, 19)7T°=7"""; 20)25"=5" 7
21)2°-3°"'=108; 22)38"-5" °=45.
2. 1) (E) (i) =3, 9 (E) (H) =2, 3 (E) .(2) =27
3 16 8 5 15 5 3 8 64
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2x°
2 a9 2
3.1) 2" =1%, 2) (%) T=ar8h 3)(0,5) 2% =647,
o x(x+2)-1
4) 2-=97; 5) 2" 2 242 4",
4. 17" +4-7"1=589; 292-377'-3"=15; 3)4""' +4°=320;

x-1 x+1
4y3-5"" +2.-5"" =17, 5)8""" 2.3 =79; 6) (%) _(é) =4,8;

x-3 x+1
7)5.(%) +(%) =162, 8)5-9"+9" °=406.

2x-3 x+5
5.1) (sin%) =(sin§) i A +|a) =QQ+|a)

3) (1+\/E)% =(1+\/c;)6_%.

30.2. PO3B'A3YBAHHS bIJIbLU CKITAAHUX TNOKA3HUKOBUX PIBHAAHb
TAIXCACTEM

Tabnuma 51

CxeMa NoLLyKY MyaHy po3B'a3yBaHHs MOKa3HNKOBUX PIBHSAHb

OpieHtnp Mpuknag

4" -3.2"~-10=0.
»4"-4'-3-2"-10=0.
1. ITo36aBasAeMocCs YNCIOBHX JOgaH- | BpaxoByouwn, 1110 4" = 22x, 3BOJIIMO
KiB y IOKa3HUKAX CTeIeHiB (BUKo- | 10 oxHiel ocHOBHU 2:
PUCTOBYIOUM CIIpABa HAJIiBO OCHOBHi 4-2%-3-2°-10=0.
dopmyiu il HAL CTENeHAMU, HA- | 3SaAMiHa 2" =t nae piBHAHHSA
BeneHi B Tabauii 50). , 5
2. IIpoGyemo Bci cremeni (i3 sminnoro | 4t —3t-10=0,¢, =2, t,=——.

4
B noxcasnmcy) 3BeCTH 10 OJH1€1 0C- O6epHeHa 3aMiHa nae 2x — 2’ TO,ZIi x=1
HOBM [ BUKOHAMU 3AMIHY 3MIHHOL.

abo 2° = —% — KOpEeHiB HeMaE.

Bionosiov: 1. <|
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IIpomoBsx. Taba. 51

3. fAxImo He MOXKHA 3BECTH 10 OgHiel
OCHOBH, TO ITIPOOYEMO 3BECTH BCi cTe-
TIeHi 10 TBOX OCHOB TaK, 00 ogep-
JKATHU OMHOPigHe piBHAHHA (AKe
o386’ a3yemucs OileHHAM HA HA8U-
wuii cmeninb 001020 3 6U0I6 3MIiH-
HUX).

4°+3:6"—4-9"=0.
P 3BemeMoBcicTeneHi 10 4BOX OCHOB
2i3:

2% +3:2°-3°-4-3"=0.
Maemo omHopinue piBHAHHS (Y BCix
YJIeHiB OJHAKOBUUN CyMapHUII cTe-
niab — 2x). {15 fioro po3B’ a3yBaHHSA
HOJiJIMMO O0MBI YaCTUHU Ha 3% %0:

IR
3amina (%)x =1 nae piBHAHHSA
t?+3t-4=0,t,=1,t,=—4.
OGepHena 3aMmina gae (%)x =—-4 — KO-

x
peHiB Hemae abo (%) =1, Togix = 0.

Bionosiodv: 0. <|

4. Binmux BUNIagKax nepeHocuMo BCi
YJIeHHM PiBHAHHS B OIUH OiK i Ipo-
0y€MO PO3KJIACTHU OEePKAHUN BH-
Pa3 Ha MHOKHUKY 260 3aCTOCOBYE-
MO CIIeI[iajJIbHi MpuioMu po3B’a3y-
BaHHSA, B AIKUX BHKOPHCTOBYIOThH-
€ BJIACTUBOCTI BiTmoBigHux (hyHK-
.

6"-9-2"-2-3"+18=0.
P SKIo momapHO 3rpyIyBaTH dje-
HU B JIiBill YacTHHi piBHAHHA i B KOXK-
Hili mapi BUHeCTU 3a AYKKU CHLIbHUN
MHOKHUK, TO OJI€PIKYEMO
2°(8 -9 -23"-9)=0.
Temep MoXHA BUHECTHU 3a NYKKH
CHIiTBLHUI MHOKHUK 3° — 9:
8" -9)-(2"-2)=0.
Toxi 3°—9=0a6o2°—2=0.
Opnep:KyeMo 1Ba PiBHAHHA:
1)3"=9, roni x = 2;
2)2° =2, tomi x =1.
Bionogiov: 2;1. <

MosicHeHHs1 11 OGI'PYHTYBaHHS

1 po3B’ a3yBaHH s OiJIBII CKIATHUX IOKA3HUKOBUX PiBHAHB (IIOPiBHAHO 3 TH-
MU, AKi 0yJI0 PO3TJISHYTO B IToepefHboMYy nTyHKTI 30.1) HaituacTimie BUKOPUCTO-
BYIOTB 3aMiny 3miHHUX. [I106 30pienTyBaTHCA, U MOYKHA BBECTU 3aMiHy 3MiHHUX
y IaHOMY ITIOKa3HMKOBOMY PiBHSAHHI, YacTO OyBa€ KOPUCHO Ha IIOYATKY PO3B’s3y-
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BaHHA n036ymuc;l yucnL08ux 000aHKi8 Yy noxkasHuxkax cmeneris, BAKOPUCTOBYIOU

u

dopmyan: a*tv=qa*-a’; a""’ = a—v Hanpukiaj, y piBHAHHL
a
4°"1-3-2°"-10=0 1)
samictb 4° "' sanucyemo nobyTok 4° - 4' i omeprxyemo piBHAHHESA
4°-4-3-2°-10=0, (2)

piBHOCHJIBHE 3aJJaHOMY .
ITorim mpobyemo 8ci cmeneri (i3 3MiHHOIO B TOKA3HUKY) 38ecmu 00 00Hi€L 0CHO-
8u i gukonamu 3aminy 3minxoi. Hanmpuraan, y piBEHAHHI (2) cTeniHb 3 0CHOBOIO 4
MOJKHA 3aIIMCATH AK CTeliHb 3 ocHOBowo 2: 4" = (22)" = 2% olepsKaTH piBHAHHA
2*.4-3-2"-10=0. (3)
3rasyemMo 3araJibHUN OPi€HTUD: AKIIO 0 PiBHAHHS, HEPIiBHOCTI a00 TOTOMXK-
HOCTi 3MiHHA BXOTUTH B OMHOMY i TOMY cAaMOMY BUTJIAIL, TO 3pPYYHO BiIMOBiTHUM
BHPAa3 i3 3MiHHOIO IIO3HAYUTH OTHi€I0 OYKBOIO (HOBOIO 3MiHHOI0). 3BEPTAaEMO yBa-
Iy Ha Te, 10 2% = (22)". Ot:xe, y piBHAHHA (3) 3MiHHA GAaKTUYHO BXOJUTH B OTHO-
My Burisgi — 2°, TOMy B I[bOMY PiBHAHHI 3py4YHO BBeCTH 3aMiny 2° = t i omepoxaru
KBaJpaTHe PiBHAHHS
42 -3t—-10=0, (4)
JLJIS SKOT'O 3HAXOAMMO KOPEHi, a II0TiM BUKOHYEMO 00epHeHy 3aMiny (IuB. po3B’s-
3aHHdg B Tabua. 51).

3as3HaunMo, 1110 IK BUKOPUCTAHHSI OCHOBHUX (DOPMY.JI il HAJl CTEIIEHAMU, TaK
i BUKOpHUCTAaHHSA 3aMiHU Ta 00epHEeHO1 3aMiH1 3aBK AU IIPUBOAUTD 10 PiBHAHHS,
piBHOCHIIBLHOTO Hanomy Ha fioro O3 (y piBHAHHI (1) — HAa MHOMKMHI BCix qificHUX
YuceJ) Uepes Te, 10 BCi BKasaHi IepeTBOPEeHHSA MU MOKEMO BUKOHATH i B IPSIMO-
MY, i B3BBOPOTHOMY HanmpaMKax. (OT:Ke, MU 3aBK AU 3MOYKEMO TOBECTH, 1110 KOKeH
KOpPiHb OMHOr0 PiBHSAHHS € KOPEHEeM APYTroro i HaBIaKu, aHAJIOTiUHO TOMY, AK 0yJI0
00I'PYHTOBAHO PiBHOCUJILHUM IIePeX i 1A HAMIIPOCTIIINX MOKA3HUKOBUX PiBHAHD
Ha c. 341).
¥ tux Bumaakax, KoJIH Bci crerneHi (i3 3MiHHOIO B IOKa3HUKY) Y HOKa3HUKOBO-
My PiBHAHHI, IKe He 3BOJUTHC 0e3I0cepeHbO 10 HARIIPOCTIIIIOr0, He BAAETHC
3BECTH JI0 OIHi€el OCHOBU, CJIiJ cnpobysamu 38ecmu 8ci cmeneri 00 080X 0CHO8
mak, w00 odepicamu 00HOPiOHe PIBHAHHA.
Hanpukian, po3riasHemMo piBHAHHS
4°+3-6"-4-9"=0. (5)
VYcicreneHi B IbOMY PiBHAHHI MOKHA 3anucaTu yepes oCHOBU 2 i 3, OCKiIbKH
4x _ (22)x _ 22x, 9x _ (32)x — 32x, 6x _ (2 . 3)x _ 2x . 3x‘
OpmeprKyeMo piBHAHHA
27 +3-2°-3°-4-3"=0. (6)
VYeciogHOUNIEHN, AKi CTOATH Y JIiBill UaCTHHI IIbOT0 PiBHAHHA, MAIOTh CTEIIiHb
2x (creminb ogHOUIeHAa 27 * 3° TeK JOPiBHIOE X + x = 2x).
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Haranaemo saranbauii opieaTup (poszgin 2, c. 172):

Arxuyo 6éci wnenu pieHARHA, Y Ai6il i nPa6ill wacMUHAX AK020 CMOAMb
MHOzZ0UNLeHU 6i0 060x 3minnux (abo 610 060x pyHKUYil 00HIEL 3MIHHOTL),
Maromov 00HAKOBULL CY MAPHUT CMENiHDb”, MO Pi6HAHHA HA3UEAEMBCA 00-
HOpiOHuUM.

Po3é’a3yemuvcesa 00HopiOHe pi6HAHKA JieHHAM 000X 11020 HACMUH HA HATL-
euwull cmeninb 00HI€L I3 3MIHHUX.

Omxe, piBHAHHSA (6) € OQHOPiAHMM, i f10r0 MOKHA PO3B’A3aTH AiJIeHHAM 000X
yacTuH abo Ha 22%, a6o Ha 32*. Bigsmauumo, 1110 IPU BCiX 3HAUEHHAX X BUpasu 22*
i 3%* ge mopiBHIOITH HyI10. OTsKe, IPHU AiJeHHI Ha Il BUpPasy He MOJKe Bin0yTucs
BTpaTa KOpeHiB (4K Iie MOTJIO OyTU, HAIIPUKJIAA, AJIA OMHOPIJHUX TPUTOHOMET-
PUYHUX PiBHAHB) i B pe3yJbTaTi AiJleHHA 000X YaCTUH PiBHAHHSA Ha OYIb-IKUI
3 IIUX BUPAasiB 3aBiKAU OJIEPKYEMO PiBHAHHSA, piBHOCUIBHE 3ajjanoMy. Hampuk-
JIaz, AKIITO PO3ALINTY 00MABl yacTuHY PiBHAHHEA (6) Ha 3%* % 0, omepKyeMO
2x 2.

X x
=0 abo micJ/isg CKOPOUeHHSA 22 +3.2 _4-0.
3% 3"

2% 3.2°.3° 4.3
2x + 2x - 2x
3 3 3

B ocranHbOMY piBHAHHI BCi WJIeHN MOKHA IIOJATH SIK CTEIeHi 3 OAHi€I0 OCHO-

X

2x x
BOIO %: (%) +3- (%) —4=0 i BUKOHATH 3aMiHy (%) =t. IlomasbIiie po3s’ A3aHHA
0IeP?KaHOro PiBHAHHSA IIOBHICTIO aHAJIOTiuHe PO3B’ A3aHHI0 PiBHAHHSA (2). [IoBHE
PO3B’A3aHHA IILOTO PiBHAHHS HaBeAeHe B Tabauiri 51.

Ilykatoun m1aH po3s’ A3yBaHHA IOKA3HUKOBOIO PiBHAHHS, IIOTPiOHO Bpaxo-
BYBATH, IT10 B AeIKUX i3 HUX JOIIJIbHO nepeHecmu 8Ci 4aeHU PiBHAHHA 8 00UH Oik
i cnpobysamu po3kaiacmu ofep:KaHui BUPas Ha MHOMCHUKU, HATIPUKJIA, i3 BUKO-
pUCTaHHAM IpyIyBaHHSA YJIEHiB, K Ile 3p00JieHo B Tabanili 51 naa piBHAHHSA

6"-9-2"-2-3"+18=0.

151 po3B’sI3yBaHHA AesIKUX IOKA3HUKOBUX PiBHAHD MOKHA BUKOPHUCTOBYBAa-
THU BJIACTUBOCTI BinmoBigumux hyHKIii (11i MeToau posriasHyTo B § 35 posainy 4).

Mpuknapu po3B'a3aHHA 3aBAaHb

6 4
IIpukaaxg 1. Poss’sxiTh piBHAHHA ?_ 31 =1.
Posp’sasaunusa Komenrap
P Bamina 3*=t. Ogepyemo Y 3amaHe piBHAHHS 3MiHHA BXOJUTH
6 4 TiIBKY B ofHOMY BUIJIALl 37, 1 Tomy
P 1. 3pYYHO BBECTH 3aMiHy 8" = t 1 omepakaTu
Tomi 6 (¢t +1)— 4t =¢ (¢ + 1) IpoboBe PiBHAHHS, IJIS AKOTO 3HAXO0-
b . .
. oep-
2 t—6-0.3sixcnt ——2,¢ —3. | AUMOKODEHi, a I0TiM BUKOHYEMO O
A 2 HeHy 3aMiHy.

* 3BUuaiiHO, AKINO PiBHAHHS Mae Buraan f = 0 (ge f — MHOTroOYJIeH), TO HAETHCA TIIBKHU IIPO
CTeliHb UJieHiB MHOTOUYJIeHAa f, OCKiJIbKU HYJb-MHOTOYJIEH CTEeIleHs He Mae.

347



PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

OGepHeHa 3aMiHa Jae
3"=-2 — xopeHiB HeMae a60
3"=3, tomi x =1.

Bionosiov: 1. <|

Ak y:xe BimsHauasocs, 3aMiHa i o6ep-
HeHa 3aMiHa — Iie PiBHOCUJIbHI IIePeTBO-
DPEeHHs 3a[aHOI0 PiBHAHHS, ajie IPU PO3-
B’sI3yBaHHIi oep»KaHOro ApoboBOro
PiBHAHHSA cJIig moa6aTH IPO Te, 00 He
OTPUMATH CTOPOHHIX KOPEeHiB (A4 I1b0-
T0, HAIIPUKJIaJ, JOCUTH BpaxyBaTu, 1110
t=38">0,iromy OII3 omep:xaHOTO
piBHauHa: t#—1it#00yme BpaxoBana
aBTOMATUYHO).

ol
Mpukaax 2. Poss’sxite pisaanms 25 2-10-5""1-3=0.

PosB’aszaunusga

1 x
> 25%.252-10-2_-3=0,
5
5%-5-2-5"-3=0.
Bamina 5" =t 1ae piBHAHHA

5:°-2t-3=0,¢,=1, t,=—2.
5

OGepueHna 3amiHa gae 5 =1, Toxix =0

abo 5* = —g — KOpeHiB HeMae.
Bidnosidv: 0. <|

IIpuxkaax 3.
PosB’aszauusga
p27-2°-3°-3"-3"+2°=0,
9:2°-4-3"=0|:83"#0,

Bionosiov: 2. <]

. . +3
Po3B’sxiTh piBHAHHA 27 ° — 87 =

KomenTap

1. ITo36yBaeMoCs YMCIOBUX JOJAHKIB
Yy IIOKa3HUKAaX CTeIleHiB.

2. 3BogumoO Bci cremneni (i3 3aminHOIO
B IOKAa3HUKY) 10 O/IHiel ocCHOBU 5.

3. BukxonyeMmo 3aminy 5° = t, po3B’a-
3y€MO OJlep:KaHe PiBHAHHS, 3ailic-
HIOEMO O0EpPHEHY 3aMiHy i po3B’a3ye-
MO OJiepsKaHi HalITPOCTilIli MOKa3HM’-
KOBi piBHAHHA (a TaK0K BPaXOBYe€-
MO, II10 BCi IIepeTBOPeHH OyIu piB-
HOCUJBbHUMH).

3x+1_2x
KomenTap

1. ITos36yBaeMocCs YMCIOBUX JOJAHKIB
y MOKa3HUKAaX CTeeHiB, IepeHoCH-
MO BCi uJIeHM PiBHAHHSA B OQUH OiK
i 3BOAMIMO MOAi0HI UIeH .

2. Ilomiuaemo, 1110 CTeIIeH] BCiX YIeHiB
OZlepPKAHOro piBHAHHEA 9 - 2" —4 - 3" =
= 0 (3 1BOMa ocHoBaMu 2 i 3) ogHa-
KOBiI — X, OTJKe, IIe PiBHAHHS OJHO-
pinue. Moro moxHa pos3B’asaru
JijleHHaM 000X YacTHUH Ha HAWBU-
IIUH CTEIliHb OLHOTO 3 BUJIB 3MiH-
HUX — abo Ha 2%, abo Ha 3.
Bpaxosyloun, mo 3" # 0 npu Bcix

3HAUEHHAX X, Y Pe3yJIbTaTi JiJIeHHA HA

3" oTpuMyeMO PiBHAHHSA, PiBHOCUIbHE

morepesHboOMY (a 3HAUYUTD, i 3aaHOMY ).
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ITpu po3B’s13yBaHHi cucTeM PiBHAHD, 1[0 MiCTATH IOKA3HUKOBI QyHKIIIT, HA-
YacTillle BUKOPUCTOBYIOTHCA TPAAUIIIAHI METOAM PO3B’ A3YBAHHSA CICTEM PiBHAHD:
METO/I IIiICTaHOBKHY 1 MeTOo , 3aMiHM 3MiHHUIX .

IIpuxaan 4.

Posp’sasaunsa
P> 3mepiioro piBHAHHA CHCTEMU
y=1-x.
Toni 3 ipyroro piBHAHHS OEePIKYE-

1
Mo 4" +4' *=5.Tobro 4" +L =5, Ba-
4

mina 4" =t nae piBHAHHA ¢ +% =5, 3 aKo-

'O OZePIKY€EMO piBHAHHA £ — 5t +4 =0,
110 Ma€ KOpeHi: t, = 1, t,= 4.
OGepHena 3amina fae 4" =1, Tomi
x,=0a604" =4, sBigku x,= 1.
3HaxX0oAMMO BiIIIOBiAHI 3HAUEHHA
y=1-x:
armo x,= 0, oy, = 1;
SAKIIO X,= 1, To Yy, = 0.

Bidnosids: (0; 1), (1; 0). <
Ilpuknax 5 .

PosB’aszauusga

x y
P 3aminab? =u i 32 =v mae cucremy
u?-v2=16,
u-v=2.

3 Apyroro piBHAHHA I[i€i cUCTEeMH
maemo u = 2 +v. Topi 3 mepitioro piBHSH-
Ha ozeperyeMo (2 + v)’ — v® = 16. 3iacu

v=3, Tomiu=>5.

OGepHeHAa 3aMiHa Ja€
Y
2

Yy
32 =3, roxi = =1, orke, y = 2;

52 =5, roni §= 1, oTxe, x = 2.
Bidnosids: (2; 2). <

Po3B’soKkiTh cucTeMy PiBHAHD

Po3B’saKkiTh cucTeMy PiBHAHD

x+y=1,
4" +4Y =5,
KomenTap

SKIIT0 3 mepIoro piBHAHHA BUPa3U-
TH Yy 4yepes3 X i mimcTaBuTH B Apyre
PiBHAHHSA, TO OJEP/KUMO IIOKA3HUKOBE
PiBHAHHSA, IKe MU BMieMO pPO3B’s13yBa-
T (AHAJOTiYHO PO3B’A3yBAHHIO IIPU-
KJaaga 2).

Bukonyrmouu 3aminy, BpaxoByeEMO,
mo t =4"#0. Tozi B omepxaHoMy APO-

. . 4
60BOMY pPiBHAHHI ¢ +7 =5 3HaMEHHUK

t #0. Omxe, 11e ApoOOBe PiBHAHHSA PiB-
HOCHJIbHE PiBHAHHIO t°— 5t +4 = 0.

5" -3 =16,

o[ R
o

5% -3%=2.

KomenTap

x Yy
Sxmo nosuaunt 52 =u i 32 =v, ToO
5" =u”i 8" =0’

Toni samana cucrema Oyae piBHO-
CUJIbHOIO ajrebpaiuniii cucremi, Ky
JIETKO PO3B’A3aTH.

ITicst 06epHEHO1 3aMiHM OIEPKYEMO
CHCTEeMY HAUIIPOCTIIIINX TOKAa3HUKOBUX
PiBHAHB.
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7.

3anuTtaHHs gs KOHTpOIJIIO

. IToscHiTH Ha TIpUKIaLaX, IK MOMHA OPraHi3yBaTH IOMIYK IIJIaHy PO3B’A3y-

BaHHSA IIOKA3HUKOBUX PiBHAHD, SKi He 3BOIATHCA Oe3I10cepeJHbO 10 HAHIIpoc-
Timmux?

. fAxysamMiny 3MiHHMX MOKHA BUKOHATHU IIPU PO3B’ A3yBaHHI piBHAHHSA

4% 4+ 24" -3 =07 ke piBHAHHSA OXEPIKUMO s 3aMiHn?

. IosicHiTh, YoMy piBHAHHA 5" =771 2% + 32" 5"~ 4+ 5 =0 ¢ ogHOPifHIMH.

fAx MokHa po3B’A3aTH I OAHOPIAHI PiBHAHHA?

Bnpasu

PosB’soxiTs piBHaHHS (1—5).

)5 +4-5"-5=0; 2)6* -5-6"—6=0; 3)3*-2-3"=3;
8 6 o 6 __ 5 _

D 53 5x+1_3’ ) o w1 2.

1)49°-6-7"—7=0; 2)64" - 7-8"-8=0; 3) 2"+ 2° " =5;

4) 3" + 3% " = 10; 5) 2° 1 + 4% = 80; 6) %:2;
1+ x2 1- x2 * sin®x cos? x

7) 10" —10"" =99; 8 10 * +10° * =11.

17 =9% 2)5-3°-3-5"=0;

3) 2x+3_3x=3x+1_2x; 4) 4x+1+4_3x=3x+2_4x;

5) 2x+ 2x+1 + 2x+2= 2_5x+ 5x+1; 6) 4x_3x—%=3x+%_22x_1.

1) 2%+ 275" -2 5% =0; 2)3%+2:3-7"-3:-7"=0;
3)4°=3-49"-2-14%; 4)4-9°-7-12"+3-16"=0;
5)5-4"-7-10"+2-25"=0.

.1)6"-4-3"-9-2"+36=0; 2)5-15"-3-5"""'-3+3=0;
3)4:-20°-20-5""'+5-4°""-20=0; 4)8 -4 -2 +8=0.

. Poss’sixiTh rpadiuno piBHAHHS:

x x x
1 1 1

1)2°=38 - x; 2) 3x=<§) ; 3) (E) =x+3; 4) (E) =x+1.

ITepeBipTe mmimcTaHOBKOIO, 1110 3HAIEHE SHAUCHHS X Ji1ICHO € KOPeHeM PiBHIHHS.

HoBexnits, 1110 piBHAHHSA, HaBeJeHI B 3aBJaHHi 6, He MalOTh iHIIUX KOPEHiB,

Kpim 3HaMAeHUX rpadidHo.

. Posps’sxiTh cucTemy:

47 =16, 8% =1, ty=3, —y=

1){ x+2y-1 _ 1, 2) o1 3) {;’“ +y2“’ =6; 4 {;’“ yS“’ %24'
5 = ]_, Sx—y+2 — 27; — U, - - 'y
3" -2V =717, 5 —6Y =589,

5% x y 6%) x ¥
32-22=T,; 52 +6% =31.
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30.3. PO3B'A3YBAHHA MOKA3HUKOBUX HEPIBHOCTE
Tabnumsa 52

1. F'padpik nokasHMKoBOI PyHKUITy =a*(a>0ia#1)

a>1 0<axl1
Yi Uy
y=a* ! Loy
0 X 0 X
3pocTae crajzsae

2. Cxema pPiBHOCUIIbHMX NepeTBOPEHb HAMMPOCTILLMX MOKA3HUKOBYX HEPIBHOCTEW

a>1 0<a<l1
a’®>af® < f(x)> g (x) ‘ a’P>afV s f(x)<g(x) ‘
3HAK HepieHOcmi 30epicaembes 3HAK HePIBHOCMI 3MIHIOEMbCS
HA NPOMULEHCHULL
Mpuknagn
27> 4, (0,7°"* > 0,49.
p 277> 2%, » (0,7)" " > (0,7).
dynuxmiay = 2' e spocratouoio, otske: | Dymruiay=0,7 € crnagHomo, oTiKe:
x—3>2, x>05b. x—3<2, x<b.
Bidnogidw: (5; +0). < Bidnogidv: (—o0; 5). <
3. Po3B's13yBaHHs OiNbLL CKAAHMX NMOKA3HMKOBUX HEpPIBHOCTEN
OpieHtnp Mpuknag
) 4" 7.2 -2>0.
1. 3a momomorozo pmnocnm:}mx nepe- b4 A+ T2—2>0,
TBOPEHH (38 CXeMOIO PO3B’ I3yBaHHHA 92 4 4 795 _ 950,

MOKa3HUKOBUX PiBHSHB, TabJ. 51)
3aJlaHa HEePiBHiCTh 3BOAUTHCA O
HepiBHOCTI BigomMoro Tuny (KBaj- 1
parHOi, Apo6osoi Tomo). Micaa | t<—2abo {>~ + +
pOSB’ﬁByBaHHH oJleprKaHoil Hepis- (muB. pI/ICyHOR). —2 % t
HOCTi MPUXOAVMO IO HAUIIPOCTITIINX
TOKa3HUKOBUX HEPiBHOCTEN.

3anmina 2 =t 1ae HepiBHiCTH
4t* + 7t — 2> 0, po3B’ ABKU AKOI

O6epHena 3amina mae 2° < —2 (pos-
. 1 .
B’a3KiB Hemae) abo 2° >Z’ 3BiAKH

2°> 272 106TO0 X > —2.
Bionosidwv: (—2; +o0). <
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IIpomosx.Ta6Gu. 52

II.

3acTOCOBYEMO 3araJbHUN Memod
iHmepe6asie, 3BOAAYU 3aaHy He-
piBHicTE 10 Bugy [ (x) 2 0iBUKODHT-
CTOBYIOUY CXEMY:

3" +4"> 1.

P Po3B’sskeMo HepiBHICTL METOmOM
iHTepBasiB. 3aJlaHa HePiBHICTHL PiBHO-
cuiabHa HepiBHOCTI 3"+ 4" — 7> 0.

1.
2.

Tlosnauunmo f (x) =3"+4"— 7.
O3: x e R.

Hyuni pyuxkmii: f (x) =0.

3"+ 4"—T7=0. OcKkinbku QyHKIiA
f(x)=38"+ 4" — 7 ¢ 3pocTapyuom

1. 3naiitu O/13. (K cyMa ABOX 3pocTaounx QyHK-
2. 3uaiitu myui f (x). 1iit), To 3HAUYEeHHHA, PiBHE HYJIIO,
3. Ilo3nauutu Hy i pynkuii Ha O3 BOHA HAOYBa€ TiIbKY B OAHI TOUIlL
i 3HaWTH 3HAK f (X) Y KOKHOMY 3 obiracTi Bu3HaYeHHA: x = 1
MPOMiKKiB, Ha AKi PO30MBAETHCA f(1)=3"+4"-7=0).
o13. 3. Ilosnauaemo myi pyukiii na O3,
4. 3anmucaTH BiIlIOBigh, BPAXOBYIOUH 3HAXO0AUMO 3HAK [ (X) Y KOKHOMY

3HAK HEPiBHOCTI.

3 IPOMIiKKiB, HA AKi pO30MBAETD-

ca OJ13, i sanucyemo pos3B’a3Ku
HepisuocTi f (x) > 0.

T~/

1 x
Bionosidw: (1; +0). <

MosicHeHHs 1 0GIPYHTYBaHHS

Po3B’s13yBaHHA HANIPOCTIINX MOKA3HUKOBUX HepiBHOCTeH Buay a* > b (abo
a*<b,nea>0ia+#1)I'pyHTyeThCA Ha BJIACTUBOCTAX QYHKILII Y = a*, AKa 3pocTae
npu a > 1icmagae mpu 0 <a < 1. Hanmpukaam, 11100 3HaNTH pO3B’I3KU HEPIBHOCTIL
a*>bupub> 0, rocurs noxatu b y Buriani b = a‘. Onep:xyemMo HepiBHICTH

a*>ac. 1)

IIpu a > 1 pyHKIig a* 3pocTae, oTiKe, OLIbIITOMY 3HAUEHHIO (DYHKILII BiAIIoBigae
OisbIlie 3HAUEHHSA apryMeHTY, TOMY 3 HepiBHoCTi (1) omep:xyemo x > ¢ (3HaK 1iel
HepiBHOCTI 36iraeTnes i3 sHakom HepiBHOCTI (1)).

IIpu 0 <a <1 pyukuisaa® cuagae, oTiKe, OiIbIIIOMY 3HAYEHHIO PYHKIIII Bigmo-
Bijlae MeHIIIe 3HAUEHHSA apTyMeHTy, ToMY 3 HepiBHocTi (1) ogep:Kkyemo x < ¢ (3HaAK
miei HepiBHOCTI IpoTUIeKHII 3HAKY HepiBHocTi (1)).

I'padiuno 11e mpoingrocTpoBano Ha pucyHKY 125.

Hanpuxiazn, 11100 po3B’A3aT HepiBHIiCTE 5* > 25, 10cUTH IOJATH 10 HePiBHICTD
y Burmani 5°> 5%, Bpaxysaru, o 5 > 1 (pyHKLig 5° € 3pocTarodoro, OTike, IPH Iepe-
XO/Ii 10 apryMeHTiB 3HAK HePiBHOCTI He 3MiHIOETBCA), i 3aImrcaT po3B’ A3KM: x > 2.
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Yh y=a* Yi
a>1
b=a a‘=b
y=a*
0 c ; c 0 ;
a 0

Puc. 125

3ayBayKuMO, 1110 PO3B’ I3KH 3a4aH0l HEPiBHOCTI MOJKHA 3aIIMCYBATH Y BUTVIAIL
x> 2 abo y BUryaai mpomixka (2; +00).

x
. . . 1 1
Amnasnoriuno, o6 po3B’sg3aTu HepiBHICTH (Z) >1—, IOCUTH IIOLATH I[IO

X

. (1Y (1) 1 . (1
mepismicts y suraaai |+ >(- |, paxysaru, mo Z<1 (byHEKIiA 5 eocman

HOIO, OT Ke, IPU IIePexXo/Ii 1o apryMeHTiB 3HaK HEePiBHOCTI 3MiHIOEThCS Ha IPOTH-
JIeKHUI), i 3amucaT po3B’ a3Ku: x < 2.

Bpaxosyiouu, 1110 1pu 6yAb-AKUX AOJATHAX 3HAUCHHAX @ 3HAUCHHSA a° 3aBIK AN
OispIlle HYJISA, OLEPIKYEMO, 1110 mpu b < 0 HepiBHicTH a* < b po3B’A3KiB He Mae,
a HepiBHICTH a* > b BUKOHYETHCSA IIPHU BCiX TilICHUX 3HAYEHHAX X.

Hamnpurian, HepiBHiCTE 7* < —7 He Mae po3B’A3KiB, a po3B’ A3KaM1 HePiBHOCTI
7*> -7 ¢ Bci mgiticHi ymcJia.

VzaraabHiO0UYN HaBeeHi BUIle MipKYBaHHA CTOCOBHO PO3B’A3yBaHHA HaM-
IPOCTIIINX TOKA3HUKOBUX HEPiBHOCTEI, BiIBHAUNMO, II[0

npu a > 1 HepiBHicTs a/ @ > af®) piBHocuabHa HepiBHOCTI f (x) > g (x), a

npu 0 < a <1 — HepiBHOCTI f (¥) < g (x).

KopoTko 11e TBepAKeHHsS MOMKHA 3alIUCATH TaK.

IIpua>1 a’®> ¢ s f(x) > g (x) (3nak HepieHocmi 30epizacmbest).

IIpu0<a<1la’®>a*®Ws f(x)<g(x)(3HaK 3MIHIEMbCA HA NPOMULEHCHUTL).

® 1106 06r'pyHTYBaTH PiBHOCHIBHICTD BifIIOBifHIX HEPiBHOCTEH, JOCUTH Bif-
3HAUYUTHU, 10 IpU a > 1 HepiBHOCTIL
a’® > qe), (2)
f(x)>g(x) (3)
MOXKYTB OyTH IPABUJILHUMHU TiJIBKU OJHOYACHO, OCKIIbKY QYHKIA § = a’ Ipu
a > 1 e 3pocraiouoio i 6iIbIIIOMYy 3HaUEHHIO (DYHKILI BifmoBifae OiibIe 3HaUeH-
Hs apryMeHTy (i HaBIIaKM: 6iIbIIIOMY 3HAUCHHIO apI'yMeHTY BifIIoBifae OibIe
sHavenHsa QyHKII). OTike, yci poss’a3ku HepiBHOCTI (2) (AKi IepeTBOPOOTS Il
Ha MPaBUJIbHY YKUCJIOBY HePiBHiCTE) Oy AyTh i po3B’a3KamMu HepiBHOCTI (3), Ta
HaBIIAKU: yci po3B’a3Kku HepiBHOCTI (3) OyaAyTh po3B’A3KamMu HepiBHOCTI (2).
A 11e 71 03Hauae, 110 HepiBHOCTI (2) i (3) € piBHOCUJIbHUMHA.
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AHasoriuso o6Ir'pyHTOBYEThECA PiBHOCUILHICTL HepiBHOCTEHR al® > g¢®

if(x)<g(@x)mpul0<a<1.O

V mainpocTiiux BunagKax nIpu po3s’ I3yBaHHi MOKAa3HNKOBUX HEPiBHOCTEHH,
AK i mpu po3B’sA3yBaHHI MOKA3HUKOBUX PiBHAHB, HAMAaramThCA 3a JOIIOMOI'0IO OC-
HOBHUX (OPMY.JI Aill HAJ CTEIIeHAMU 3BECTH (AKIIIO ITe MOKJIMBO) 3aJaHy HePiBHICTD
110 BULY a’® 2 aé®,

st po3B’sA3yBaHHs GBI CKIAJHUX IOKA3HUKOBUX HePiBHOCTeMH HafuacTi-
IIIe BUKOPHUCTOBYIOTH 3aMiHy 3MiHHIX a00 BJIACTUBOCTI BifmoBigHmux GyHKINiH (11i
MeTOoAY PO3TJIAHYTO B § 35 posainy 4).

3ayBasKuMo, 1110, AaHAJOTIYHO [0 PO3B’ A3yBaHHA IOKA3HNKOBUX PiBHAHB, yCi
piBHOCHJIBHI ITepeTBOPEHH HEPiBHOCTI 3aBK /A1 BUKOHYIOThCA Ha Ti o6J1acTi momry-
CTUMUX 3HAUYEHBb (TOOTO HA CIIiIbHiM 00IacTi BUSHAUEHHS JJIs BCiX QYHKINIHA, aKi
BXOJATH 10 3anuCy 11iel HepiBHOCTI). [[J1s TOKA3HMKOBUX HEPiBHOCTEH JOCUTH Ua-
cTo obsacTio fornyctumMux 3HadeHsb (O13) e MHOMKMHA BCixX AificHUX ynces. ¥ [MuX
BUITAKaX, K nmpasuio, OJ13 ABHO He 3BHAXOAATH i He 3aIINCYIOTH 10 PO3B’ A3aHH
HepiBHOCTI (quB. Haji mpukaazn 1). Aje AKIIO B Ipolleci po3B’ i3yBaHHs IOKA3HI-
KOBOI HEPiBHOCTi piBHOCHJIbHI IIepeTBOPEHHA BUKOHYIOTHCS He Ha BCili MHOMKMHI
IificHUX YuceJs, TO B [bOMY BUIAJKY JOBOAUTHLCA 3ragyBaTu npo O3 (aguB. gauri
npukJang 2).

Mpuknagun po3B'a3aHHA 3aBAaHb

xz— X
Mpukaax 1. Poss’sxits mepismicts (0,6)° 0 >1.
PosB’asanusga Komenrap
> © 6)x2—7x+6 > (0,6)° SanumemMo IpaBy YacTHUHY HepiB-

HOCTi aK crenins yucaa 0,6: 1 =(0,6)°.
Ockinbku 0,6 < 1, To mpu epexoi
BiJ cTelleHiB 40 MOKA3HUKIB 3HAK He-
PiBHOCTI 3MiHIOETHCS HA ITPOTUICKHUKI
+\ YA (omepsKyeMo HEePiBHICTD, pIBHOCHIBHY
IN__ "6 «x sazaHiit).
. ) Js Po3B’A3yBaHHS OJepsKaHoil
Bidnoeidw: [1; 6]. <! RBaI,Z];[paT}I:I)Oi HepiB};oc'ri BHKOpIi)CTaGMO
rpadiuny iJrocTpalriio.

Ockinpru pysEmiay =(0,6) e cmaz-
HOI0, TO X2 — Tx + 6 < 0.
3Bigcu 1 < x < 6 (IUB. PUCYHOK).

Ipukaax 2. Poss’axiTh HepiBHiCTH 3 _g2r <8,

PosB’asanusga Komenrap
» Ol13:x >0. OcCKiJIbKY PiBHOCHJIBbHI IIEPETBOPEH-
3= 3% 8 HA HepiBHOCTel BUKOHYIOThcA Ha OJ13
- = A4 .. . . .
gvx IoYaTKOBOI HepiBHOCTI, TO 3adikcyeMo

3amina 35 =t (t > 0) nae HepiBHicTy | mio OI13. BukopucroByouu GopMyry
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9

t——=<8, AKa piBHOCMJIbHA HEPiBHOCTI

~

2_gt—
t° -8t 9<0-
t

Ockinbpku t > 0, omep:KyeMO
t2—-8t—-9<0.3Bigcu —1<¢<09.
Bpaxosyrouu, o ¢ > 0, maemo
0<t<9.
Bukonyioun obepHeHy 3aMiHy, ofiep-
sxyemo 0< 3% <9. Toxi 37 <32
dyHKIig y = 3' € 3pocTarouoIo, OTKeE,
Jx <2. Bpaxosyrouu OI13, ogep:ryeMo
0< x<4.
Bidnogios: [0; 4]. <

Ipukaaxg 3*.
PosB’aszauusga

P Posp’saeMo HepiBHICTH MeTOZ0M
inrepBais. ITosHaunmo
f(x) = 92l _ g @ g2xtl

1.003: x € R.
2. Hyuni pyuxii: f (x) =0.

9%l _ g, Gv g2xtl 0,

2%.2-5-6"+3%:3=0,
2:2%-5.23"+3:-3"=0]:3%20,

2-(3)2x—5-(§)x+3=0.

3
3amina (%) =t. Onep:KyeMoO

3
2t°-5t+3=0,t,=1, t, =7 OBeprena
3aMiHa gae: (2) =1 abo (2) =3

3 3 2
3Bigcu x =0abox=-1.
3.Ilosnauaemo HyJi GpyaKIii Ha O3,

3HaXOAMMO 3HAK f (X) y KOXKHOMY 3
oJlep:KaHUX IIPOMiKKIB i 3amucyemo
posB’a3ku HepiBHOCTi f (x) > 0.
+ - +
-1 0 x
Bionosids: (—o0; —1) U (0; +0), <

L, _a"
av v = P 030yBAa€EMOCS YHCJIOBOTO I0-

JaHKa B MOKA3HUKY CTEIIeHd i OfepiKye-
MO CTeIIeHi 3 OAHi€0 0CHOBOIO 3, II10 103~

BOJISIE BBECTH 3aMiny 3Vx =¢, met > 0.

B oxep:kaniii HepiBHOCTI 3HaMeH-
HUK JOJATHUMA, TOMY I[}0 APOOOBY He-
PiBHiCTH MOXKHAa 3BECTH [0 KBaJAPAaTHOI.

ITicnsa BukoHaHHS 00epHEHOI 3aMmi-
HU CJIiJI BpaXyBaTH He TiJIbKH 3POCTaH-
Ha QyHKIiiy = 3', a it 0J]3 mouaTrkoBoi
HepiBHOCTI.

Poss’saxiTs HepiBHicTb 2271 — 5+ 6%+ 32411 > (.,

KomenTap

3asany HepiBHICTh MOYKHA PO3B’A3y-
BaTH a00 3BEIEHHAM JI0 ajredpaiuHol He-
piBHOCTi, a60 MeTOT0M iHTEepBaJTiB. [lJ1sa
pos3B’sa3yBaHHA Ii MeTOIOM iHTEepBaIiB
BUKOPHCTAEMO CXeMY, HaBeIeHy B Ta0-
anii 52.

Ilpu 3HaxomKeHHI HYJIiB QYyHKIil
3BEeJIeMO BCi cTemeHi 1o ABOX OCHOB (2
i 3), 1106 ofepaKaTH OJHOPiAHE PiBHAH-
Hs. Ile piBHSHHSA PO3B’A3y€ThC AiI€H-
HAM 000X YaCTHH Ha HABUIIUH CTEIIiHb
OJHOTI'0O 3 BI/iB 3SMiHHIX — Ha 3%, Bpa-
XOByIoun, 1m0 3°° # 0 Ipu BCix 3HAYEH-
HAX X, B pesyabTaTi gijeHHs Ha 3°°
0/IepPrKYy€EMO PiBHAHHSA, PiBHOCUJIBHE I10-
nepeaHbOMY.

3BUUAiTHO, A PO3B’ A3yBaHHSA 3a-
JIaHOI HepiBHOCTI MOsKHa O0yJI0 BpaxyBa-
TH, 1110 3*>0 3aBIKIU, i Iicsa giieHHs
sazaHoi HepiBHOCTI Ha 3°° Ta 3aMiHU

(%) =1 omepskaTu ajaredpaiuHy HepiB-

HiCcTb.
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Ipukaag 4°. Poss’sakiTh HepiBHICTD (8* —9)Vx?-2x-8<0.

KomenTap
3aZaHy HeCTPOT'y HePiBHICTh 3pYUYHO TeK PO3B’I3yBATH METOLOM iHTE€PBAJIiB.

3anucyoun BiAmoBiak, cJIix BpaxoByBaTH, 1110 Y BUNAOKY, KOAU MU PO38° A3YEMO
Hecmpoey HepisHicmb f (x) < 0, yci nyai pyuruii f (x) nosurnni asiiimu 0o 8i0nosidi.

>

1.

PosB’aszauusga

Ilosuauumo f (x) = (8* —9)Vx?—2x-8. /+

Ol3: x?—2x—-8>0. Tomi x < -2a6ox >4 J:Z

(IUB. PECYHOK). \_/4 x

. Hyni pyurnii: f (x) =0.

(3" -9)Vx®—2x-8=0. Toxi 3°— 9 =0a6o Vx2—2x-8=0.

3 nepIoro piBHAHHA: X = 2 — He BXxoauTh 10 OI13, a 3 apyroro: x, = -2, x, = 4.

Y KOYKHOMY 3 ITPOMiKKiB, Ha AKi posbuBaeThea O3,
i sanmecyemo po3B’a3ku HepiBHOCTi f () < 0.

. ITosumauaemo uyi f (x) ma O[3, sHaxoguMmo 3HaK f (x) x F—
-2 4 x

Bidnogios: x € (—o0; —2]abo x = 4. <

3anuTtaHHs gs KOHTpOIJIIO

. ITosicHiTh, Yy AKMX BUNAJKaX TOKa3HUKOBI HepiBHOCTi a*>bTaa*<b(mea >0

ia # 1) MaroTh po3B’A3KHU. ¥ AKMNX BUMNALKAX JaHI HEPiBHOCTI He MalOTH PO3-
B’a3kiB? HasexmiTs npukaanu. ITpoidtoctpyiiTe i mpukiagu rpadgpidHo.

. fIkii HepiBHOCTI piBHOCHIbHA IOKA3HUKOBA HepiBHiCTEL a’ @ > af @ npua > 17

IIpu 0 <a < 1? HaBeniTh IpuKJIALA.

Bnpasu

. Poss’saxiTh HepiBHicTE (1—4).

3-x

12°>1; 29 zx>%; 3)3°>0; 4) (%) <0 59 (%) >9;, 6) (%) <4

1 x-2 . 22—Tx+6 N x2-9x+8
7) 5° > 255; 8) (Z) <16; 9)(0,3) =3 <1; 10)(1,3) =* >1.
2\*  (2) U5
1) (g) +(§) >2 2)877+3871<28; 38)8"'1+8-83°-3>0;
4) 62’“‘1—%-6’“—4<O; 5)4°-2°"'-8>0; 6)9°-12-3"+27<0.
1) 3" > 5% 2) T <2t 392" -5.6"+3%"' >0;

4Y5-3%+15-57 1< 8-15"

L) (25 -2)Vxt-x-6>0; 2) (35 2-1)Vx®-2x-8<0;

3) v20-3"-11>3"—-4; 4) V2-5°-1>5"-2.
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Tabnumsa 53

1. Nlorapudm 4ncna

O3Ha4eHHs Mpwknagu

Jdozapugmom dodamnozo wucara

b 3a ocnoeoro a (a > 0, a # 1) Ha3u-
1) log,16 = 2, ockinbku 4° = 16;

BAa€THCS MOKA3HUK CTEIEHS, 10 IKOTO g,y ’ >

Tpeba migHeCTH a, Moo oxeps;xaTu b. ) 1
Hosnaqe,HHH:log b. 2) 10:‘:’:7\/?:%’ ockimpkm 72 =T;

Tlecamrosuls nozapugm — ue ao- | 3) 121000 =3, ocximsrm 10°=1000.

zapugm 3a ocrosorw 10.
[Mosmauennsa:log b=Igb.

HamypaavHuil 10ozapudm — uye Jo-
zapugm 3a ocHogorw e (e — ippario-
HaJIbHEe YKCJIO, HabJMKeHe 3HaUeHHa | 4) lni2 =-2, OCKiJbKHU €72 = iz
AKoro: e = 2,7). ¢ ¢

[Mosmauennsa:log,b=Inb.

2. OCHOBHa norapudMivyHa TOTOXHICTb

a>0,a#1,b>0

1) 3oed=5;  2)10%2=2.

3. BnactmsocTi norapudmis i popmynm norapmudmyBaHHs
(@a>0,a#1,x>0,y>0)

— Jozapugm 00unuyi 3a 6YOb-AK010 OCHO-
1 log 1=0 b

) 8010 00PiBHI0E HYIO.

2) log,a=1

Jlozapugm dobymry dodamHux wucesn

3) ’ log, (xy) = log, x + log y 00piBHIOE cYMi n02apUPMiE MHONMC-
HUKI8.
. Jlozapugpm vacmrxu dodamHux yuces
4) log, v log,x—log,y 0opieHioe pidHuui n02apudmie 0iseHo-
201 dibHUKa.

Jlozapugpm cmenens do0amrozo wucaa
5) loga x"=n loga x dopieHioe 000ymMKY NOKA3HUKA CMenens
Ha 102apUGM OCHOBU Ub020 CMeENneHA.
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IIpoxmoBx. Tab6a. 53

4. DopMyna nepexoy Bif, OAHIEI OCHOBM Norapudma A0 IHWOT
log, x=26% | 4>0,a%1,b6>0,b%1,x>0
@ log, a
Hacnigkn
-1 _ k
log, b= fog, @ log,b=log b

MosicHeHHs 1 0GIPYHTYBaHHS

1. Jlorapudm uncaa. Ao posrianyTu piBaicTs 23 = 8, T0, 3HaOUM OyAb-IKi
JIBa YKCJIa 3 i€l piBHOCTi, M1 MOKEeMO 3HAWTU TPETE:

3asana piBHiCTH IITo Bimomo IITo smaxommmo 3amnuc Hassa
ypcsaa 21 3 qucio 8 8 =23 CTeIliHb
. KOPiHb TPETHOro
28=8 uypmesa 81 3 ypesao 2 2-3/8 p p
CTeIeHs
ynena 81 2 uncao 3 3 =log, 8 Jorapucdm

ITeprui aBi omeparrii, mpeacrassieHi B it Tabauii (i gHeCceHHS 40 CTeIe s i 10-
OyBaHHSA KOPEHJ 71-TO CTeIIeHs), HaM ysKe BiZjoMi, a 3 TpeTh0oro — JiorapupmMyBaH-
HSM, TOOTO 3HAXOMKEHHSIM JOrapudMy 3aJaHOro Yucjaa — MU 03HAHOMUMOCS
B IIbOMY ITaparpadi.

VY 3arajnbHOMY BUTJIAII onepalis JjorapudMyBaHHS T03BOJISE 3 piBHOCTi a* = b
(meb>0,a>0,a+#1)3HaliTu ToOKasHUK X. Pe3yabTaT BUKOHAHHA Iiel omeparrii
nosHauaeThea log b. Orxe,

nozapugpmom 0odamnozo wucaa b 3a ocnogor a (a > 0, a # 1) Ha3uBaeThCA
MOKa3HHUK CTEIeH, 10 AKOro Tpeda migHecTH a, mob omgep:kaTu b.
2
Hanpukman: 1) log,8 = 3, ockinbkm 2°=8;2) log, (i) =2, OCKiJIbKU (%) = i;
2
3) log, (i)= -2, ockinpku 472 =1,
16 16

Bigsaauunmo, 1o npu gfogataux aib (a # 1) piBHAHHS a* = b 3aB:K U Ma€ €TUHUN
pPO3B’A30K, OCKiJIbKY QYHKI[iA y = a* HaOyBae BciX 3HaUeHb 3 IPOMiKKY (0; +00)
i mpu a > 1 e 3pocrarouoio, a npu 0 <a <1 — cnaguoio (puc. 126).

OT:xe, KOJKHOTO CBOT0 3HaUeHHs b > 0 QyHKIig a* HaOyBa€e TiJIbKU IIPU OJTHOMY
s3uauvenHi x. Takum ynHOM, 014 6Y0b-aKUX do0amHux yucenbia (a#1)pienanns
a* = b mae eQunuil kopine x =log b.

IIpu b < O piBuAHHA a* = b (a > 0, a # 1) He Mae KopeHiB, oT:Ke, npu b < 0
3Hauennasupasylog bueicuye.
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Yh y=—u= Yy y=a»
a>1 0<a<l1
y=>b
y=>b
a 0 X 6 0 x
Puc. 126

Hanpuxnan, He icHyioTs 3Hauenna log, (—9), log, -7, log, 0.
2

3asHaumMo, 110 JL02apudm 3a ocHosot 10 Ha3usaembvcs 0ecamrko8uM 102a-
pupmom i nosHavraemovcalg.

Hanpukanan, log, 7 =1g 7, 1g 100 = log, 100 = 2.

VY HemaieKoMy MUHYJIOMY JeCATKOBUM JorapudMaM BigaBajiu epesary i ckJa-
Iajau nysKe IeTajabHi Ta0auIli fecaTKOBUX JIOTapu(PMiB, SKi BUKOPUCTOBYBAJIUCS
B pisHUX 00uMCIeHHAX. B emoxy saraJbHo0i KOMIT I0Tepu3aliii JecATKOoBI Jorapud-
MU BTPATHUJIU CBOIO IPOBiAHY POJb. ¥ CyUacHil HayIli i TeXHiIli IMTHPOKO BUKO-
PUCTOBYIOThCS JIOTaPUMMU, OCHOBOIO AKUX € 0CODJIMBE YUCJIO € (TaKe K SHAMEHUTe,
AK iuucao ). Yucso e, AK i uncyo T, — ippaiiioHanbHe, e = 2,718281828459045...
(3 UM YMCJIOM MU AeTalbHilne odHaitomuMocs B 11 kuaci). JIozapugm 3a ocrogo1o
e Ha3UuBAEMbCSA HAMYPALLHUM J02aPUGMOM i no3Haraembves In.

Hampuknag, log, 7=1n7, ln% = loge% =-1.

2. OcHoBHa Jorapu@dmMiuyHa TOTOKHIiCTh. 3a O3HAUEHHAM Jiorapudma, SKII0
log b =x,m0a*=b(a>0,a#1,b>0).IlincraBaA09u B OCTAHHIO PiBHICTh 3aMiCTh
X OT0 3BHAUEHHSA, OIEPIKYEMO PiBHICTD, IKA HABUBAETHCA OCHOBHOI0 JL02APUPMiY-

HOI0 MOMOMCHICTMIO:
, nea>0,a#1,b>0.

loglz

Hampurnazg: 1) 5°%°=9; 2) 107 = 7; 3) (%) 5 —9,

3. Bamactusocti gorapudmis i popmyau morapudmyBanHs. Y BCix HaBeIeHUX
Hu:K4Ie popmystaxa>0ia#1.
® 1) B3 o3nauenHa sorapudMma 0IepIKYEMO, IO
log 1=0/,
ockinbky a® = 1 (upu a > 0, a # 1). OTixe, s0zapudm 00unuyi 3a 6ydb-aK0H0
0CH0B010 0OPiIBHIOE HYLIO.
2) Ockinpku al=a, TO
log a

a
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3) 1106 oxep:xaTu popmyay gorapudma go6yTry xy (x > 0, y > 0), mI03HAUUMO
log, x=uilog, y=v. Toxisao3nauenHam jorapudma
x=a" 1iy=a". (1)
IlepeMHOKUBIIH ITOYJIEHHO JIBi ocTaHHi piBHOCTi, Maemo xy = a***. 3a o3Ha-
YeHHAM JiorapudMa i 3 ypaxyBaHHSIM BBeJIEHNX II03HAUEHb 3 OCTAHHBOI PIBHOCTI
onepakyemo log (xy)=u+v=1log, x+log, y.
Or:xe,

log, (xy) =1log, x +1log y|. (2)

Jlozapugm 0o6ymry dodamHux wuces QOPiBHIOE CYMi 102APUPMIE MHOHHUKIE.

. x
4) Anmajoriuno, 1100 ogepxaT (PopmMyJIy Jorapudma 4acTKU Z (x>0,y>0),
. . . X o
ITOCUTH moaiauTu mouysernHo piBaocTi (1). Toxi = =a*". 3a 03HAYEHHSIM JIoTa-
Yy

pudmMma i 3 ypaxyBaHHSIM BBeIeHUX II03HAUEHb 3 OCTAHHBOI PiBHOCTI 0/Iep:Ky€EMO
X
log,==u-v=Ilog, x—log,y.
Yy
Or:xe,

loga§=logax—logay . (3)

Jlozapugm wacmru dodamHuux yuces 00pi8HI0€ Pi3HULL 102apUPMi6 0ileH020
i dinvHUKA.

5) IITo6 omep:xkatu opmyay Jorapudma cremens x" (ge x > 0), MI0O3HAYUMO
log x = u. 3a osnauennam jgorapudpma x = a*. Toxi x" = a™, i 3a O3HAUEHHAM
JorapudmMa 3 ypaxyBaHHAM IIO3HAYEHHA 14 u Maemo log x" = nu = n log _x.
Or:xe,

‘ log, x"=nlog x |. (4)

Jlozapugm cmenens dodammozo yucaa 00pieHI0E 000YMKY NOKA3HUKA cmene-
HA HA J02APUQM OCHOBU Ub020 CTNEeNnens.

1
Bpaxosyrouu, monpu x>0 x 2x =xn,3a dopmy.aoro (4) MmaeMo:

1
log, Yy = log, xn = lloga x. TobTo mpu x > 0 MOKHA KOPUCTYBATHCA (POPMYJIOIO
n

log, %/x = %loga x

(MOsKHA He 3amaM’ ITOBYBATH I[10 (POPMYJIY, a KOMKHOI'0 pa3y 3alnCyBaTH KOPiHb
3 IOJATHOTO UYKMCJja AK BiAIOBIHUI CTEITiHb).

3ayBasKeHHs . I[HKOJIU JOBOAUTHCA 3HAXOLUTH JIOTAPUPM TOOYTKY XY
i B ToMy BUIIQAKy, KOJIX yncaa X i y obuasa Bix emui (x <0, y <0). Tomi xy >0
i log, (xy)icuye, ane popmysomw (2) CKOPUCTATUCA HE MOKHA — BOHA OOT'DYHTO-
BaHA TiTBKY IS JOAATHUX 3HAYEHDb X i y. ¥ Bunagky xy >0 maemoxy =| x| |y |,
iTemep|x|>0mTaly|> 0, orske, nna morapudma 106yTKY | x | | y | MoskHA cKOpUC-
ratuca popmyJioo (2). Tomy, npu x <01y <0 MmoxxkeMo 3amrucaTn:

log, (xy)=log, (| x| |y)=1log,| x| +1og,|y|.
360



§ 31. Jlorapudm 4mcna. BnactmsocTi norapudmis

3azHaYuMo, 1110 oJlepraHa popmyJia cupaBeayuBa i mpu x > 0 Tay > 0, ocKinb-

KU BIbOMY BUIaaKy | x |=x i | y |=y. Orxe,

-

1)

2)

mpu xy >0 ‘ log, (xy)=1log | x|+ log,| y|‘ (2)
Awnanoriuao mo:kHa y3araJabHUTH i popmyau (3) Tra (4):

Hpn§>0: logaizloga|x|—loga|y| , (3)
npux#0 log, x% = 2k log, | x | ‘ 4)

. @opmyna nepexoay Bix omHiel ocHOBM JiorapudMa 10 iHIIoi.

Hexaiilog x=u(x>0,a>0, a#1). Toxi3a osHauenHaAM jorapudma a* = x.
IIposorapudpmyemo 061ABI YaCTHHY OCTAaHHLOI pPiBHOCTI 3a ocHOBOO b (b > 0,
b#1). Omepxumo logb a’= logb x.

BukopucroByiouu B JIiBilt vacTuHM 11i€l piBHOCTI (hopMy.ry Jorapudma cTerneHs,

log, x
log, a

MaeEMO U logb a= logb x.Tomi u= . Bpaxosytouwm, o u =log, x, omepsxyemo

1
logaxzw

log, a ’

nea>0,a#z1,b>0,b=1,x>0.

Orixe, 02apugm 000amMHO20 YUCAA X 3G CMAPOI OCHOB0I0 a OOPIBHIOE J02a-
PUPMY Ub020 CAMO20 HUCIA X 3G HOB0W OCHOB8010 b, nodiseHoMY HA L02aPUDM
cmapoi 0CHOBU a 3G HOB010 0CHO6010 b.

3a I0IIoMOr0I0 OCTaHHBOI (POPMYJIM MOKHA OZIePsKaTH KOPUCHI HacJIi K u.

log, b

log, b= . Bpaxosyioun, mo log, b =1, maemo
a

nea>0,a#1,b>0,b#1.

AmnaJjioriuHo, BpaxoByouH (hopMYyJIy IepPexony Bix ogHiel ocHOBU Jorapudma 10
iHII0i i hopmysry morapudma creneHs, onep:ryemo (rpu k # 0)

log, b* _ klog,b _ log b.

log, a® k “

log , b* =

3anucaBIiy oep:KaHy (GopMyJIy CIpaBa HaJIiBO, MA€MO

log, b=log ,b" ,

nea>0,a#1,b>0,b#1,k#0.
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Mpuknagu po3B'a3aHHA 3aBAaHb

IIpuxaan 1.

Poss’asannuga
1)» log5125=3 ockimprnu 5° =125;<]

2) P log , 3=-=, ockinbKu
27 3

1
e
== =
21 11\3 3/ 1
27 27

=3.<

|| =

IIpuxaan 2.
1) 5" =3;

PosB’aszaunusga

3a o3HaUeHHAM Jiorapudma:
1) » x =log, 3;<

2) P> x=log,10; <
3

3)» x=lg%.<]

IIpuxkaax 3.

OGuwucaire: 1) log, 125; 2) log, 3.

27
KomenTap

BpaxoByrouu o3nauenHA sorapud-
Ma, HaM HOTPi6HO migiopaTu Takuii mo-
Ka3HUK CTeIleHsI, 1100 IIPu IiJHeceHHi
OCHOBH Jorapudma 10 IIbOr0 CTEeNeHA
OJlepsKaT! YUCJIO0, IKEe CTOITH ITiJ 3HA-
KOM Jorapudma.

3anuIriTs po3s’ A3KYM HAXIPOCTIIINX NOKA3HNKOBUX PiBHAHD:

o) 10

P 1
3) 10°=+

KomenTap

Hnsa 6yab-AKUX HOJAATHUX yucesa b
ia(a#1)piBHAHHA a* = b Ma€ eqUHNN
KopiHb. [TokasHUK cTeneHs X, 10 AKO-
ro moTpiOHO IigHEeCTH OCHOBY a, II[00
ojepsKaTu b, Ha3MBAETHC Jorapud-
MoM b 3a OCHOBOIO @, ToMy X = log b.

2

27a
Bupasits 1orapudm 3a 0cHOBOIO 3 BUpasy %_ (mea>0ib>0)

yepes Jjorapudmu 3a 0ocHOBOIO 3 unces a i b. (KopoTKo Ka:KyTh:
«IIponozapugmyiime 3a0aHuil BUPa3 3a 0CHOB00 3».)

PosB’aszaunusga

3 2
> 10g327a

_1ga
%

1
=log,(3°a*)-log,b° =

=

=log, (8%)+ log,a’” —log,b® =

=3log,3+2log,a —%logsb =

=3+210g3a—%10g3b.<]

KomenTap

CroouaTKy 3amnuilieMo BUpPasu B Un-
CeJIbHUKY i BHAMEHHUKY 3aJJaHOTO BU-
pasy AK cTemneHi uncesiOyKB.

IToTim Bpaxyemo, 1110 Jjorapudm ua-

3 2

CTKU IOJaTHUX YKCEJ JOPiBHIOE
b 5

pisHuIli Jjorapu@miB uncesIbHUKA i 3HA-

MEeHHUKA, a II0TiM Te, 1110 JJorapudM I10-

oyTKy (3%a?) nopiBHIoe cyMiiorapudmis

MHOKHUKIB.
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ITicns mboro Bpaxyemo, 1o KOKeH
1

3 norapudmis crenenis (3%; a?; b°) mo-
piBHIOE OOYTKY IOKA3HUKA CTEIICHA Ha
Jorapu(M OCHOBH I[bOT'O CTEIIeHsI, a Ta-
KO Te, II10 log33 =1.

IIpukxran4. Bixowmo, mo log,5 = a, log, 7 =b. Bupasits log, 700 uepes a ib.

PosB’aszanusga KomenrTap
» log,700 = log,(7-5°-2%) = CroouaTky nmogamo uncJao 700 ax mo-
—1log, 7 + log 52+ log 922 _ OyTOK CTemeHiB 3amanux uncea 5i 7 ra
2 2 2

ocHOBU Jorapudma 2, a I0OTiM BUKOPH-
CTAaEMO BJACTHUBOCTi Jorapu@mis Ta
=b+2a+2. < IiJICTaBUMO B OleP:KAHII BUPA3 SHAUEH-
ua log, 5 ra log, 7.

=log,7+ 2log,5+ 2log,2 =

%* o db3
IIpukxanx 5°. IlIposorapudmyiiTe 3a ocaoBoio 10 Bupas .z

PosB’a3anusga KomenrTap

» Sxmpo a® 0 OcKinbKH JTOoTapud@Mu iCHYIOTH
b

2 .
¢ TIJIBKUY AJIA JOLaTHUX YUCeJI, TO MU MO-
3 o
ab 3 2 JKeMO IIpoJiorapu(MmMmyBaT 3aJaH B~
lg=-=1g|ab’ |-1g|c"|= P pudmy A
62

3
pas TiIbKHU y BUNIATKY, KOJIX a5 0.
=lg(al-|b°)-1g|cP= ¢?

=lg | a | +1g | b3| -21g | c | = 3 yMOBU He BUILINBAE, IT10 B 3a/JaHO-
=lg|al|+3lg|b|-2lg|c]|. < My BUpasi 3HauYeHHd a, b, ¢ JojmaTHi.
Tomy 6y1eM0 KOPHUCTYBATUCS y3arajb-
HeHUMHU OpMYyJIaMu JorapupMyBaHHA
(2'-4"), a Tak0K Bpaxyemo, 1110
|ab®|=|a|-[0*],|6°|=[bF,|c*[=]c .

IHKOJIM MOBOAUTLCS ITYKAaTH BUPas, 3Haouu itoro jorapudm. Taky omepairizo
HA3UBAIOTb NOMEHUIBAHHAM.

IIpukaax 6. 3HaAIITH X 3a JaHUM HOTO JIoTapuGMOM:

1)lgx=1lg5-2lg 3+3lg 2; 2) log,x =%logab+5logac—loga p.

PosB’as3anusga KomenrTap
1) lgx=1g5-2lg3+31g 2, Kopucryrouucs popmyaamu Jjora-
lgx=1g5—1g 32+1g 23, pudMyBaHHS CIIPABA HAJIIBO, 3AIIAIIIEMO
5.93 5.23 40 IpaBi YaCTUHU 3aJaHUX PiBHOCTEN y BU-
lgx=lg——, x= =—; . .
32 32 9 TJIAA1 Jiorapu()Ma BiJf AKOrochk BUpasy.
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2)

3 ozmep:xxanoi pisocri log x =log M
onxep:KyemMo x = M (AK OyJe IIOKa3aHOo
B § 32, Take 3HAUEHHA X — €AUHE).

> log,x= %logab +5log, c—log, p,

1
log, x =log b? +log, c° -log, p,
1 1
35 35
b“c , x=b c <
p p

log,x=log,

1
+ 510g54

4
Ipukaan 7. OG6uucIiTL 3HAUEHHSA BUpasy 5°¢s° }

PosB’asanusga Komenrap

» Ockinbku log 5 5= _logs5 _ CrpoOyeMo IIepeTBOPUTY HOKA3HUK
logs\/g cTeleHsd 3aJaHOr0 BUPAa3y M0 BUIY
-1 _2 log, b, 1106 MoKk HA 6YJI0 CKOPUCTATUCS
%logs 3 logs3’ OCHOBHOIO JIOTapUMMIUYHOIO TOTOYKHI-
10: 5= % =2log,3=1og,3%=log,9. | crio: 518" = p, Ja mporo mepeigemMo
V3 log. 3 B IIOKA3HUKY CTEIIeHs 10 OAHiel OCHOBU

. ’ Jgorapudma (1o OCHOBH 5).

Kpim Toro,

.4 1 _ _
Toni o8 .5 +Elog54—log59+log52—
=log,(9-2)=1log,18.
N P
Omxe, 5°56° 2 —plsls _18 <

1
%10g5 4=log, 4 =log, /4 =log, 2.

3anuTtaHHs gs KOHTpOIJIIO

. HaiiTe osHaueHH Jorapudma gogatTHoro yucsaa b 3a ocaoBoro a (a >0, a #1).
. Arwuii JorapudmM Ha3UBAIOTH JECATKOBUM JOTapu@MOM i AKUI HATypaJbHUM

sgorapudpmom? HaseiTe MpuKIaau 3aII1Cy i 00UNCICHHA TAaKUX Jorapu@mis.

. 1) 3anuniiTe ocCHOBHY Jorapu(MiuHy TOTOKHicTh. HaBemiTh mpukaaau ii Bu-

KOPUCTaHHA.
2") O6r'pyHTYiTE OCHOBHY JIOTapU(PMIiUHy TOTOMKHICTE.

. 1)3anwumrits i chopmyaioiiTe hopmyau jorapudmyBantus. HaBeniTs mpukIanu

IX BUKOPUCTAHHSA.
2") O6r'pyHTyiiTe GopMyan JorapuPpMyBaHHs.

. 1) BanuniiTe hopmyay mepexoay Big onuiei ocuoBu Jorapudma go inmioi. Ha-

BeIiTh NPUKJIAIH i1 BUKOPUCTAHHA.
2") O6r'pyuTyiiTe hopMyay IIEPEXOAY Bif omHiel ocHOBH jorapmu@ma 0 iHIoi.

*. Yu MOKHA B TOMY BUIIQKY, KOJIU 3HAUEHHA X i y o6uaBa Bix eMHi, mpoJiorapud-

x
MyBaTu BUpasu: Xy, g’ x*? Sk me 3pobuTu? O6r'pyHTYyiTe BiAIOBiAHI (DopMyan.
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Bnpasu
. ITepeBipTe mpaBUJIbLHICTH PIBHOCTI:
1) log,16 = 4; 2) log, 27 = 3; 3) 10g2i -2
4) logﬁ4 =4, 5) log,8=-3; 6) logo,z 0,008 = 3.
2
. O6GumcaiTs:

1) log, 25; 2°)log,64; 3°) log3%; 4°) logﬁx/g; 5) loggé; 6) log, 1;

7
7) log, ¥2%2; 8% log, 747; 9 log, , -(7-443); 10%) log, , - (9+45).

. Kopucryounch o3HaueHHAM Jorapud)ma, 3aluIIiTh PO3B’ A3KM HANIIPOCTIIIINX

TOKAa3HUKOBUX PiBHSAHD:

1)4°=9; 2) (i) =15; 3)10°=11; 4)4"=9; 5)0,2°=0,7; 6)e"=3.
Kopucryiounch 0CHOBHOO JIOTapU(PMiUyHOIO TOTOKHICTIO, CIIPOCTiTh BUPAa3:

o 1 loglﬁ -2
1) 5log57; 2) 3log34; 3) \/gl 2 3 3; 4) 3’5log3'513; 5*) 71+log72; 6*) (%) 3 .
ITposorapudmyiiTe JaHUI BUpas 3a 3aIaHOI0 OCHOBOIO, 3HAIOUH,
moa>0,b>0,c>0:

. 0,1a%°
1°) 10a3c* 3a ocrOBOIO 10; 2) c—7 3a 0cHOBOIO 10;
12
39 a?e\b 3a ocHOBOIO e; 4) a212)3 34 OCHOBOIO €;
C
5h4
57 9a"%b 3a ocHOBOIWO 3; 6) as? 3a OCHOBOIO 3.
c2
. ITposnorapudmyiiTe nanuii Bupas 3a ocaoBoio 10, suaroumn, moab>0ic#0:
3 4
1) a®bc?; 2) @; 3) ——; 4) 100¥/abe?.
¢ (ab)g
Binomo, mo log, 2 = a; log, 3 = b. Bupasitb uepes aib:
1) log,15; 2) log, 12; 3) log, 30; 4) log,72.

SHAUIITE X, AKIIO:
1) log, x = 3 log,2 + 0,5 log, 25 — 2 log, 3; 2) lgx=;1g(5a)~2lgb+5lg

3) lgx=3lgm+2lgn—llgp; 4) log,x= Slog,8~2log, 20~ 38log, 2.
3aMmiHiTh fanwMii Jorapudm JorapmudmMom 3a OCHOBOIO 3:

1) logl a; 2) log,a; 3) logla; 4) logﬁa; 5) log,a.
3

9
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10°. O0uucCIiTL 3SHAYCHHA BUPAa3y:

6 1 2 1
2+ zlogg27 4+ ~log3l6

log 56 3 logz3 4
1) 6 V2 ; 2) 3 5 .

b

3) log,5-log,6-log,7-log, 32; 4)log,10-1g 11-log, 12-log,, 27;

1 1
5) (gg3 2wt +z51°g1258)-491°g72; 6) 15log, (2/? _5_510%%).
7

11°. 1) 3naitairs log, 9, axmpo log,, 18 = a;
2) Buaiinite log, 15, axmo log,. 25 = a;
3) BnaiiniTs log, .. 56, axkmo log ,7=ailog 14 = b;
4) 3uaiigirte log, . 200, axmo log, 50 = a i log, 20 = b.

E JIOFTAPUDMIYHA DYHKUIA, if BMACTUBOCTI TA TPADIK

Tabnuma 54

OsuHauenunda. Jlozapugmiunoio ¢pynkyiero Ha3UBAETHCA PYHKIS BUTY
y=log x,nea>0,a#1.

1. Tpadpik norapndmMiHHOT PyHKLT

Dyuryiiy =a*may=log x (a>0,a#1) — 63aemH0 00epHeHi PYHKYIL,
momy ix epagiku cumempuuti 6i0HOCHO NPAMOL Y = X.

Yyl Yyl

1
y=a’
Y /// y — loga x’ //,//
- a>1 e y =log, x,
4 0<a<l1
2. BnactmsocTi noraprdmidHOT yHKLT
1. O6nacmo 6usnavernns: x> 0. ’D (log, x) = (0; +00) ‘
2.00nacmb 3navenv: y € R. ’ E (log,x)=R ‘

3. PynKyiani napua, Hi HenapHa.
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IIpomoB:xk. Taba. 54

4. Touku nepemuny 3 ocamu KoopouHam:

y=0,
3 Biccio Oy 3 Biccio Ox {x -1

5. IIpomixcku 3pocmaHHA i CNAOAHHS:

a>1 0<a<l1
Qynryialog x spocmae npua>1 @yuryislog, x cnadae npu0<a<1
Ha 8ciii o0iacmi 6U3HAYEHHS Ha 8ciii o0siacmi 6U3HAYEHHS

6. IIpomincku 3HaKocmaaocmi:

a>1 0<a<l1
y=log,x>0mpux>1, y=log,x>0mpu0<x<1,
y=log, x<0mpu0<x<1 y=log,x <Ompux>1

7.| Hail6inbui020 i HAilMeHUL020 3HAYEHb PYHKYisL He MaE. ‘

8. log a=1
log (uv)=log, u+log v (u>0,v>0)

log,“=log,u—log,v (u>0,v>0)
1%

log u"=nlog u (u>0)

1.

MosicHeHHs1 11 OGI'PYHTYBaHHS

ITonarra norapudmiunoi pyHKIil Ta il rpadik. Jozapupmivrow QyrKruyico

Ha3ueaembvcsa QYHKYis 6udy y = logax, nea>0,a#1.

IToraskemo, 1110 11 PYHKILiA € 06epHEHOIO 10 PYHKIII i = a”.

HiticHo, mokasHuKoBa PyHKIiS [ (x) = a* npu a > 1 3pocrae Ha MHOKUHI R,
anpu 0 <a <1— cnazgae na muokuHI R. O61acTb 3HaUueHb QYHKIII f (x) =a* —
npomixkok (0; +00). Orke, dyukKIiida f (x) oboporHa (c. 141) i mae obGepHEHY
dyukrIito 3 obsactio BudHaueHH4d (0; +2°) i obsactio 3Hauenb R. Haragaemo,
110 U151 3a1ucy (popmMyiu o0epHeHoI PYHKIIIT JocuTh 3 piBHOCTL Y = f (X) Bupasu-
T X yepes y i B oiep:kaHil opMmyJii x = g (y) apryMeHT II03HAYUTHU Yepe3 X,
a QyHKIIiI0 — yepes y.

Topni 3 piBHAHHA y = a” (a > 0, a # 1) 3a 03HaAUEHHAM Jiorapudma oIepKyeEMO
x = log, y — dopmyy oGepHenOl PyHKIIIT, y AKi# apryMeHT Mo3HaYeHO Yepes y,
a (pyHKITiI0 — uepes X. SMiHIOIUM II03HAUeHHA Ha TPASUITIITHi, MaeMo (hopMyIy
y=log, x — dynkmii, o6eprenoi 10 GyHKIiiy = a*.
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N
y=a*
X /,//
////
////
a o
Puc. 127

Ax Bimomo, rpadiku B3acMHO 00epHEeHNX (DYHKIII M CHUMEeTPUYHI BiJHOCHO Ips-
moi y = x. Orsxe, rpadik dyHrnii y = log x (a > 0, a # 1) moxkHa ofepaxaru i3
rpadika GyHKIiI y = a* cuMeTpUYHUM Bio6paskeHHAM BigHOCHO npsamoi y = x. Ha
pucyHky 127 maBemeno rpadiku jorapudmMiuaux QYHKIiA npu a > 1 Tta npu
0 <a <1.Tpadik sorapudmiunoi GyHKIIII HABUBAIOTH J102APUPMILHOI0 KPUBOTO.

2. BaactuBocri saorapudgmiunoi pyukuii. Biactusocrti morapudmiunoi GyHKITii,
HaBeneHi B myHKTi 8 Tabauii 54, 6yao o6rpyaToBano B § 31. Iumi BaacTusocTi
GbyuKnii y = log x a6o mpounTaemo 3 ojep;kaHoro rpadika miei Gynrmii, abo 06-
I'PYHTYEMO iX, CIMPAIOYNCh Ha BJIaCTUBOCTI QYHKIII iy = a*.

OcKinbKu 00/1aCTh BUSHAUCHHS IPSAMOI (DYHKILII € 001aCTIO 3HAUEHb 00ePHEHO1,
a 00J1acTh 3HAYEHD IPAMOI PYHKI[IT — 00/1aCTIO BU3HAYEHHA 00ePHEHO1, TO, 3HAIO-
YU 111 XapaKTePUCTUKH A QYHKIL y = a*, omepKyeMo BiITTOBiIHI XapaKTepucTu-
Ku A QyHKnii y = log x:

DyHKITIA
XapaKTepucTukKa
y=a* y=log x
ObsiacTb BUBHAUEHHS R (0; o0)
ObsiacTb 3HaUEHDb (0; o0) R

1) O6nacmio éusnauennsa pynkuii y = log x € MEHOKHMHA BCiX TOJATHUX YHCEJL
(x> 0);

2) O6aracmio 3nauensb pynkyii y =log x € mnoxiuna R ecix diticrux wucen (Toni
Gbyuknia y = log, x He Mae Hi Haf0LIBIIOTO, Hi HAWMEHIIIOTO 3HAYEHbD).

3) @ynkniay =log, x He Moke OyTH Hi NAPHOI0, Hi HENAPHOI, OCKLIBKY ii 06;1aCTh
BU3HAUYEHHA HEe CUMETPUYHA BigHOCHO TouKHu 0.

4) I'padik pynkuii y = log, x e neperunac Bich Oy, ockinbku Ha oci Oy x =0,
a 1le 3HaUYeHHA He BXOJUTH 10 00J1acTi BUBHAYEeHHA PYHKIII Yy = loga X.
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o)

6)

IIpuxxan 1.

I'padix pynruii y =log x neperunae ick Ox y Tounix =1, ockinekulog, 1 =0
npu Bcix 3HaueHHAX a (a >0, a #1).

3rpadikis GyHKNiiy =log x, HaBegeHUX HA pUCYHKY 127, BUnHO, 110

npua>1 pynkyisay=1log x spocmaena éciii o61acmi 6usHaLenHa, a npu
0<a<1— cnadaena éciii o6nacmi 6u3HaALeHHA.

ITro BiracTUBiCTH MOKHA OOT PYHTYBATH, He CIHpAalOYNCh Ha BuJ rpadika, a cuu-
parouuch TiIBKY Ha BJIACTUBOCTI QYHKIIL Yy = a*.
Hanpuraan, npu a > 1 BizbmMemo x, > x, > 0. 3a 0cHOBHOI0 JiorapuhMiUHOO

TOTOXKHICTIO MOKHA BallUCATH: X, = @', x, =al°s«*2, Toxi, BpaxoByio4u, 1110

X,> X, MAEMO gloga*2 > gloga*1, OCKiNbKY Ipu @ > 1 GyHKIiA y = a* € 3pocraro-
9010, TO 3 OCTAHHBOI HEPiBHOCTI oZlepkyemo log x,>log x,. A ne it osHauae,
mo ipu a > 1 GyHKIiaA y = log, x 3pocrae Ha Beiii 061aCTi BUSHAYEHHSA.
Amnasioriuno MokHa 00r pyHTYBaTH, 10 1pu 0 < a <1 pyurnia y =log, x cnasae
Ha BCiii 06sacTi Bu3HAYeHHSA. [

Ipomixcru snarwocmanocmi. Ockinbku rpadik pyskmiiy = log x neperunae
Bick Ox y TouIli x = 1, To, BpaxoBYIOUHU 3pOCTaHHA (PYHKIIII 1pu a > 1 Ta cnagaH-
aaapu 0 <a <1, maemo:

3HaYeHHA apryMeHTy
3HaueHHA QYHKITIT
npuma > 1 mpu 0 <a <1
y>0 x € (1; +0) xe (0; 1)
y<0 x€ (0; 1) x € (1; +o0)

Mpuknapu po3B'a3aHHA 3aBAaHb

3HalIiTh 001aCTh BUBHAUEHHS (DYHKITI1:

1)y =log, (3 - x); 2) y=log, (x2+38); 3)y=log, (x>~ x).
3

PosB’aszauusga

1) y =1log, (3 — x).
P O6acTh BUBHAUCHHS 3aa€THCS He-
piBHicTIO 3 —x > 0. 3Bigcu x < 3. TobTO

D (y) = (-°; 3). <
2) y= IOgl (x2+3).

3
P O6acTh BUBHAUCHHS 3aa€THCS He-
piBuicrio x2+ 3 > 0. Iz HepiBHiCTD BU-

KOHYEThCA IIPHU BCiX 3HAYEHHAX X.
Orxxe,D (y)=R. <

KomenTap

OckinbKu BUpas, II10 CTOITH IIij] 3HAa-
KoM Jorapudma, Mmae 0yTH T0TaTHUM,
TO IJIA 3HAXOAKeHHsA objacTi Bu3Ha-
UYeHHS 3aJ]aHO1 QYHKIIiI Tpeba 3HATITH Ti
3HAUEHHS apryMeHTY X, IPU AKKUX BU-
pas, 1110 CTOITH ITi 1 3HAKOM Jiorapudma,
Oy/Ie JOJaTHUM.
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3) y =log, (x* — x).

P O6imacTh BUBHAUEHHSA 3aJa€ThCS
HepiBHicTIO X2 — x > 0. P0o3B’ A3y10un 1110
KBaJApaTHY HEePiBHICTH OJep:KYyEMO
x <0ab6o x> 1 (guB. pUCYHOK).

A\ A
0N_—_—1 «x

To6to D (y) = (—2°; 0) U (1; +00).<

IIpuxaan 2.

300pasiTh cxeMaTUUHO rpadik QyHKIiI:

1)y =log,x; 2) y=log,x.
2

PosB’aszauusga
1) P y=log,x
Yy
2..
1..

x®
-
DO | =
\V]
=

oy

- Do

KomenTap

O6sacTh BU3HAUEHHS (PYHKIIiL
y=log, x: x>0, orxke, rpadik miel
(GYHKIIII 3aBXK /A1 PO3TAIIIOBAHUI IIPABO-
pyu Big oci Oy. Ileii rpadik nepeTuHae
Bick Ox y Touni x = 1 (log, 1 =0).

ITpu a > 1 nmorapupmiuna GyHKIiA
3pocTae, oT¥Ke, rpad@ikom GpyHKILiL
y = log, x 6yne sorapudmiuna Kpusa,
TOUKU SIKOI IPY 30iJIbIIIEHH] apryMeHTy
OigHiMaThCA BrOPY.

ITpu 0 <a <1 norapupmiuna pyHK-
midg cmazae, otike, rpadikoM QyHKILiL
y=log, x Gyne norapudmiuna Kpusa,

2
TOYKH SKOI IIPY 30iJIbITIeHH] apryMeHTy

OIIyCKAalOThCs BHUS.

1106 yrounuTH oBeAiHKy rpadikis
3amaHux QyHKIii, 3HAAEeMO KiJbKa
KOHTPOJbHUX TOUOK.
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Ipuxaax 3°. Bo06pasiTe cxemaTiyHo rpadik GyHKLiiy =log, |x—2].

Posp’sasaunusa
P IlocaimosHo 6yayemo rpadikm:

1. y=log, x; Yl /

0/1 x

2. y=log,| x|;

._.
R

_1\ 0
3. y=log,|x—2]|

Y

~

01 2 /3 x

<

IIpuxaan 4.
1) log,b > log,c;
Posp’ssaunsa

1) P Ockinpkn dymrumia y = log x

€ 3POCTAI0UOI0, TO IS JOJATHUX YN~

cen b ic 3 HepiBHOCTI log, b > log, ¢
ozmepsxyemo b > c¢. <

2) P Ockinbpkn QyHKIia y = log, ,x

€ CIaHOI0, TO AJIS JOSATHUX UNCEI

b i ¢ 3 HepiBHOCTI log0,3b > log0,3c
ozmepsxyemo b < c. <|
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KomenTap

CxJaeMo IJIaH IOCJIiJ0BHOI 1100y -
noBu rpad)ika 3agaHoi GyHKIIII 3a mo1o-
MOTOI0 reOMEeTPUUYHUX [IePEeTBOPEHDb
(muB. Tabauiio 4, c. 28).

1. Mu moskemo mobyayBatu rpadik
Gbyurnii y = f (x) = log, x (ocHOBa
aorapudma a = 3> 1 — gorapudmiu-
Ha QyHKIIiA 3pocTae).

2. ITorim mMo:kHa mOOyayBaTu rpadik
GyHKITIT

y=gx)=log,|x|=f (x|

(paBopyu Bigoci Oy rpadik f (x) 3a-

JIUIAEThCs 0e3 3MiHu, i I cama ua-

cTrHAa rpadika cuMeTpPUYHO Bizoopa-

JKyeThbCs BimHOCHO oci Oy).

3. Ilicaa mporo MmoskHa MOOyAyBATHU
rpadik 3agaHol QyHKITII

y=log,[x-2|=g(x-2)
napajieJIbHUM IIepeHeCeHHAM rpa-
dika g (x) ysmoB:x oci Ox uHa 2 ogu-

HUII.

ITopiBHsAlMTe fogaTHi yncaa bic, 3HaOUHU, I10:
2) log0,3b > log0,3c .

KomenTap

Y xoxxkHOMY 3aBIaHHi 3aJaHi BUpa-

3 — IIe 3HauYeHHs Jorapudmiumnoi

Gbyurniiy =log, xyroukax bic.

JaJri BUKOPUCTOBYEMO 3POCTaHHA YN
cIIalaHHA BiATOBiAHOI PYHKITiI:

1) npua =3 > 1 dpyurnia y = log,x €
3POCTAIOUO0I0, i TOMY OiJIbIIIOMY 3HA-
yeHHIO QyHKIII BigmoBigae OinbIire
3HAUEHHSA apryMeHTY;

2) npua=0,3<1dysruisy = log0,3x
€ CIIQIHOI0, i TOMY OiJIBIIIOMY 3HAYEH-
HIo QYHKIIiI BiiToBiTae MeHIIIe 3HA-
YeHHS apTyMeHTy.
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IIpukxan 5. IlopieusaAiiTe 3 OMMHUIIEIO JOAATHE YUCIIO A, 3HAIOUH, 1110 log 6 < 0.

PosB’sasauus«a KomenrTap
P Ockinbru 6> 1, a3 yMOBU oflepaKye€- Yucnalog 610 — e nBa 3HaYeHHA
Mo, mo log 6 < 0 = log 1 (To6ro | ¢dynknii log, x. Bpaxosyioun 3ajany He-
log 6 <log 1), To QGyHKIiaA piBHiCTB, 3’ACOBYEMO, UM ITA (PYHKILiA €
y =log xe cnagnolo, oT:Ke, 3POCTA0U0I0 YU CIIaHOIO, i 3ragyemo,
0 <a<1.< | mosoHaspocracupu a>11i cnagae npu
0<a<l.

3anuTtaHHs gs KOHTpOIJIIO

—

. HaiiTe osHaueHHA JjorapudmiuHOi PyHKITII.

2. §lk posramosani rpadiku pynkniii y = a* ray =log, x (a >0, a # 1) BigHOCHO
npamoi y = x? Bignosias mosicuirs. IIobyayiite 11i rpadiku npu a > 1 i opu
0<a<l.

3. Kopucryrouucs rpadikom pynkniiy =log x (a >0, a # 1), oxapakrepusyiire ii

BJIACTUBOCTI.
“. Oorpynryiite BaactuBocti GyHKniiy =log x (a>0,a#1).
. Bpaxosyrouu 3poctanHs abo criafaHHs BiAmoBigHOI jorapudmivnoi GyHKITIT,

SN

nopiBuaAiiTe sHauenHA: a) log, 7ilog,3;06) log, 7 i log, 3.
5 5
Bnpasu

1. 3HaigiTh 06/1acTh BUBHAUYEHHA (PYHKILII:

1)y =log,, (2x + 6); 2) y= log%(x— 3); 3) y=log ;(x2-1);
4)y =log,,(3x — x?); 5) y= 108'% (2x2+1); 6) y =log (x?+x+1);
) Y= 1og0,4%; 8) y= logﬁ%; 9) y= logg,llfcl—fz;
107) y = log_(2x —x?); 119 y = log, _,(5x —x?).
300pasiTh cxeMaTuuHO rpadik GyHKIrii (2—3).

2. 1 y=log,x; 2)y= log% x; 3)y=log, ;x;
4) y=log z x; 5) y=log%x; 6) y=log ;x.

3. 1)y =log,(~x); 2) y= logi (x-1); 3) y =log, (x + 3);
4)y=1log,x+3; 5)y = —log, x; 67y =|log, | x|}
™) y= 10g%(2x—4) ; 8*) y=log, %; 9%) y =log,log, x .

4. TlopiBHaiiTe uncJa:

1) log, 3,5 i log, 4,5; 2) logo,1 1,31 logo,1 1,1; 3)log,2 ilog,5;
5 5
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4) log ;2,3 i log 50,2

7)log,310; 8) log% i0;

5)log 5ilog 7;

9)log,4i1;

6) log , 10 i log ; 20;
] ]
10) logl% il.

4

5. TlopiBuaiiTe nomaTHi uncaa bic, sHaroun, 10:

1)log, b>log,c; 2) log0,5b > log0,5c; 3) logﬁb>logﬁc; 4) log, b<log, c.
L 1

3

6. IlopiBHAlTe 3 OGUHUIIEIO JOAATHE YKCJIO 4, 3HAIOUM, I1[0:

1)log,5>0;  2) log,z>0;

3) log, 2,3 < 0;

4)1og,0,2 < 0.

TA HEPIBHOCTEWN

PO3B'A3YBAHHA NOTAPUDOMIYHUX PIBHAHb

33.1. PO3B'AA3YBAHHA JIOTAPUDMIYHUX PIBHAHb

Tabanumsa 55

1. OCHOBHI O3Ha4YeHHS$ Ta CMiBBIAHOLLIEHHSA

OzumauenHd. Jozapupmom 0o-
dammuozo yucaa b 3a ocHogow a
(a >0, a#1) Hasusaemvca nokas-
HUK cmeneHts, 00 K020 mpeba nioHe-
cmu a, uy06 odepicamu b.

log, b=cob=a°

padik dyHkuii y = log, x

(@>0,a#1)
a>1 O0<a<l1
Ly Uy
0/1 %

° 1\6

crajgae

3pocTae

2. P0o3B'A3yBaHHA HAaMMPOCTILLMX NTOrapUPMIYHMX PIBHAHb

OpieHtnp

Mpuvknag

Axmo a — uucio (a>0ia#1), T0

’logaf(x)=c@f(x)=a°

(8UKOPUCMOBYEMO O3HAYUEHH
Jozapupma )

» log,(x—1)=2.
x—-1=38%
x=10.
Bidnosidwv: 10. <
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IIpoxmossxk. Tabux. 55

3. BUKOPWCTaHHSA pIBHAHb-HACNIOKIB

OpieHtnp

Mpuknag

SAx1ro 3 npaBUIBHOCTI IEPIIOI PiB-
HOCTi BUILJINBA€ MPABUIbHICTH KO-
HOI HACTYIHOI, TO TAapPaHTYEMO, IO
OePsKy€EMO PiBHAHHA-HACHITOK. [Ipu
6UKOpUCMAHHI HacaiOKi6 He 8i00Y-
6a€EMbCA 6MPAMU KOPEHIE NOLAMKO-
6020 PIBHAHHS, AJle MONIUBA NOAEA
cmopoHHix Koperis. Tomy mepeBipka
ofep:KaHNX KOPEHiB IIiICTAHOBKOIO B
IMOYATKOBE PiBHAHHSA € CKJIAJT0BOIO
YACTUHOIO PO3B’A3yBaAHHS.

log (x+2)=2.
P 3a ozmauenHam jorapudma ogep-

JKYEMO
yeM x+2=x2,

x2—x—-2=0,
x,=-1,x,=2.
ITepeBipka.x=-1— cTopoH-
Hill KOPiHb (B 0OCHOBI JoTapudma onep-
JKY€EMO BiJ’eMHe UKCJII0);
x =2 — xopinsb (log, (2 +2) =2,
log,4=2,2=2).
Bionosidv: 2. <|

4. PIBHOCUIbHI NePETBOPEHHS TOrapUdMIYHMX PIBHAHb

3aMiHa 3MiHHUX

OpieHtnp

Mpuknag

Axmo mo piBHaAHHA (HepiBHOCTI
a00 TOTOKHOCTI) 3MiHHA BXOIHUTH B O]1-
HOMY i TOMy caMOMYy BUIJISITi, TO 3pPy4-
HO BiImoBigmHUY BUpa3 i3 3MiHHOIO I10-
3HAYUTHU OJHi€0 OYKBOIO (HOBOIO
3MiHHOIO).

lg2x—21gx—-3=0.
» Bamina:lg x=t,
t2-2t-3=0,
t=-1,t,=3.
Omxe, lg x=-1a6olg x=3.
Tomix=10"1=0,1a60x=10%=1000.
Bidnosids: 0,1; 1000. <|

PisHaHHA BMAY log, f (x) =log g (x) (a>0ia#1)

OpieHtnp Mpuknag
log, (x* — 2) = log, (4x — 5).
x2-2>0,
[ (x)=g (), > 0]13: {4x_5>0
log, f (x)=log, g (x) &1 f (x)>0, 073|| Haniit OJI3 sasane piBHAHHSA PiBHO-
g x>0 cUJIbHE PiBHAHHAM:

(epaxosyemo O3 i npupienioemo
8upasu, AKi cmosamo nid 3HaKamu
J02apupmis)

x2—-2=4x-5,x2—-4x+3=0,
x,=1,x,=3,
x=1— CcTOpPOHHIil KOPiHb (He 3a70-
BoJibHsAE ymMoBaM O/13);
X =38 — KOpiHb (3aJ0BOJILHSE YMO-
Bam O113).
Bionosidv: 3. <|
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IIpoxgoB:xk. Tabua. 55

PiIBHOCWNBbHI NepeTBOPEHHS PIBHSAHD B IHLLX BUNaAKaX

OpieHtnp Mpuknag
log,(x + 1) =3 —log, (x + 3).
> {x +1>0,
0ol13:
1. Bpaxoryemo OJI3 3a1aHOro piBHAH- x+3>0.
HA (I yHUKaEMO nepemeopers, AKi Ha nint O13 3amane piBHAHHA
npueodams do 38ysxcenns O/3); PiBHOCHJIbHE DIBHAHHAM:
2. Cre:xuMo 3a TUM, 11106 Ha OJ13 Kosk- log,(x +1) + log,(x + 3) = 3,

log, ((x + 1)(x + 3)) = 3,

(x + 1)(x + 3) = 23,
x2+4x-5=0,
x,=1,x,=-5.

x=1 — KopiHb (3a40BOJIbHSE YMO-
Bam O/13);

X =—5 — CTOPOHHIi! KOpPiHb (He 32710~
BoJibHAE ymMoBam OJ13).

Bionosidv: 1. <|

He ePeTBOPEHH MOKHA 0YJI0 BU-
KOHATH SIK Y IPSIMOMY, TaK i y 3BO-
PpOTHOMY HAIIPSIMKAX i3 30epesxeH-
HSIM IIPaBUJILHOIL PiBHOCTI.

MosicHeHHs1 11 0GI'PYHTYBaHHS

1. Po3B’a3yBaHHA HAMNPOCTIiMIUX Jorapudmiunux piBHAEb. Haiinpocmiwium io-
2apu@PmitHUM DI6HAHHAM 3BUYAHO BBAXKAIOTh DiBHAHHA log x=c(a>0ia # 1).
Jlorapudmiuna pyHKIlisg 3pocTae (abo criagae) Ha BCili cBoii ob6JiacTi BU3HAUEH-
HsI, ToOTO mpu X > 0 (auB. rpadiku B nyHKTi 1 Tabauii 55), i ToMy KOKHOT0 CBOTO
3HaueHHs HAOyBa€ TiJIbKY IPU OJHOMY 3HAUEHHi apryMeHTy. BpaxoByiouu, 1110
Jorapu@miuHa PyHKIIisg HaOyBa€e BCixX AiiCHUX 3HAUEHb, PiBHAHHS
log, x=c (1)
3aBXKIU MA€ ENMHUNA KOPiHb, AKUI MOYKHA 3aIlI1ICATU, CKOPUCTABIINCS O3HAUEH-
HAM Jorapudma: x = ac.
SKIITO pOSTIIAHYTH PiBHAHHS
log,f(x)=c (2)
i BUKOHaTH 3aMiHy 3MiHHOI: f (X) = t, TO OfEPIKUMO HAHIIPOCTiIle Joraprudmiune
piBuaAnHA log t = ¢, AKe Mae eAUHUN KOPiHb ¢ = a°. BuKoHy0uM 06epHeny 3aMiny,
0JIePIKYEMO, 1110 PO3B’ A3KM PiBHAHHS (2) 30iraroThbes 3 pos3B’ A3KaMU PiBHAHHSA
f(x)=ac (3)
Or:xe, piBHaHHA (2) i (3) — piBHOCHABHI. TaKuM YMHOM, MU OOI'PYHTYBAJH,
110 015 PIBHOCUAbHO20 NEPEMBEOPEeHHA HAUNPOCMiUuL020 102aAPUPMIYHO20 PDIBHAH-
Hna (1) abo piBuanHA (2) (AKe MU TeX OyAeMo BiIHOCHUTH J0 HAWMIPOCTIIINX 3a
YMOBH, IIT0 OCHOBA @ — YHUCJO0) 00CUMb BUKOPUCMAMU 03HALEeHHS J02aPpUPMA.
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SKII10 MO3HAYNTH PiBHOCUJIBHICTh PiBHAHB 3HAYKOM <, TO KOPOTKO IIel pe3yJib-
TaT MOJKHA 3aIIMCATHU TaK:

logf()=cef@®=a

Harangaemo, 1110 Bci piBHOCHJIBHI ITepeTBOPEHHA PiBHAHHA BUKOHYIOTHCA Ha OTO
ob6aacti fonycrumux 3uauensb (O03). s pisasuus (2) O3 sagaeTbcss yMOBOIO
f (x)> 0. Aue miisa Bcix KopeHiB piBHAHHS (3) 1151 yMOBa BUKOHYETHCS aBTOMATH Y-
HO (uepes Te, 1110 a > 0). Tomy 6 s8HOMY 8uzasdi O3 0asa Halinpocmiwiux Ao0za-
PUPMiLHUX PIBHAHb MOHCHA He 3anucysamu (OCK1IbKY BOHA BPaXOBYETHCS aBTO-
MAaTHYHO IIPU IIepexo/i Bix piBHAHHS (2) 10 piBHAHHA (3)).

Hanpuxknan, pisaanaa log, (2x — 3) = 2 piBHocuIbHe piBHAHHIO 2X — 8 = 5%,
KOpiHb AK0oT0 X =141 € KOpeHeM 3aJJaHOTO PiBHAHHS.

AmnanoriuHo 3anucaHo i po3B’A3aHHA HAANIPOCTiIIoro piBHAHHA log, (x — 1) =2
y Tabuauiii 55.

2. BukopucraHHA PiBHAHb-HACIIAKIB IpH PO3B’A3yBaHHI Torapudmivyaux pis-
HaHb. [Ipu po3B’A3yBaHHi piBHAHHSA roJIOBHE — He 3ary0UTH 0ro KOpeHi, i Tomy
BalKJINBO CTEIKUTHU 3a TUM, 11100 KOXKEeH KOPiHb IePIIOoro piBHAHHSA 3aJUIITaBCs
KOpeHeM HACTYIIHOTO — Y I[bOMY BUIIAJKY OJEP:KYyEMO PiBHAHHA-HACTIAKHA. 3ra-
IYEMO, IO KOKEeH KOPiHb 3aJ]aHOTO PiBHAHHSA II€PETBOPIOE MOT0 Ha IPABUJIbHY
YHCJIOBY PiBHiCTE. BUKOPHCTOBYIOUM ITe O3HAUEHHS KOPEHA, MOXKHA OOI'PYyHTYBAa-
THU, II0 B TOMY BUNAAKY, KOJIX B Pe3yJIbTAaTi IepeTBOPEeHb PiBHAHHSA 3 NPABULb-
Hocmi nepuwiol pieHOCMi BUNJAUBAE NPABULLHICb KOHCHOL HACMYNHOL, MU 00ep-
sHeyemo pisHAHHA-HacAiOKU. (OCKLIBKY KOMKEH KOPiHb IepIoro piBHAHHA Oyae i Ko-
peHeM HacTyIHOTO piBHAHHS. ) Haramaemo, 1110 Xxoua mpu BUKOPUCTAHHI HACTiIKiB
He BiI0yBaeThCs BTPATU KOPEHiB IIOYAaTKOBOT'O PiBHAHHS, ajieé MOKJINBA II0SIBa
CTOpPOHHIX KopeHiB. Tomy nepesgipka odepicanux KopeHis nidcmaHo8KOW 8 novam-
K08€ PiBHAHHS € CKAAA08010 YACMUHOI PO38° A3YBAHH NPU BUKOPUCTNAHHI PIBHAHb-
Hacaiokia.

IIpukaazn po3s’a3yBaHHA JIOTAaPU(PMIUHOTO PiBHAHHSA 34 JOIIOMOTI'0OI0 PiBHAHb-
HACJIIIKiB Ta 0(pOpPMIIEHHS TAKOT'0 PO3B’ A3aHH HaBeIeHO B MyHKTi 3 TabauIli 55.

3. PiBHocHiIbHI mepeTBopeHHs Jorapudmiuaux pisaaab. OqHUM i3 YacTO BUKO-
pHCTOBYBaHMUX CIIOCO0IB PiBHOCHJIBHIX IIEPETBOPEHD PiBHAHD € 3aMiHa 3MiHHOI.

Haranaemo sarajibHI OpieHTHUP, AKOT0 MU JOTPUMYBAJINCS IIPH PO3B’ A3YBAHHI
PiBHSIHB 3 IHINIUX POBALIIB: SKUL0 00 pieHAHHA (HEPIBHOCTI a00 TOTOXKHOCTI) 3MiHHA
8x00UuMmMb 8 00HOMY i MOMY He 8U2NA0i, MO 3PYUHO 8i0N08IOHUIL BUPA3 i3 3MIHHOI
nosHavyumu 00Hier 6yKa8oi ( HO80H 3MIHHOI ).

Hanpuxaan, go pisasaas 1g2x — 2 1g x — 3 = 0 3MiHHAa BXOAUTH TiNIbKU Y BU-
rasanilg x, Tomy guis oro pos3s’ A3yBaHHS NOIIiIbLHO BUKOPUCTATH 3aMiHy lg x = ¢,
oflep:KaTy KBanpaTHe piBHAHHA t* — 2t — 3 = 0, AKe Ma€ KopeHi ¢, =—-1it,=3,a
MOTiM BUKOHATH 00epPHEeHY 3aMiHy i ogeprxkaTy HafIpocTiti Jorapudmivui piBHAH-
Ha:lg x =-11ilg x = 3. Toxi, 3a o3HaueHHAM Jorapudma, KOPEHAMU 3aJaHOTO
piBHaHHA € x =10"1=0,1 Ta x =103 = 1000.
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3Baskaiouu Ha Te, 1110 3aMiHa 3MiHHOI (pasom 3 00epHEeHO0I0 3aMiHO0I0) € PiBHO-
CUJILHUM IIEPETBOPEHHAM PiBHAHHA HA Oy Ib-AKill MHOMKUHI, 11 BUKOHAHHS 3a-
MiHu He 000B’s13K0B0 3HaxoauTu OI13 3aganoro piBHAHHS. A Micas BUKOHAHHS
o0epHeHO1 3aMiHM MU OJIePsKajIu HAUIIPOCTIIIi jorapudMiuHi piBHAHHS, IJII AKUX
sanucyBatu. OT:Ke, y HaBegeHoMY po3B’ a3anui OJ13 3agaHoro piBHIHHA BpaxoBa-
HA aBTOMATUYHO, i TOoMY B ABHOMY Buriaai O13 Mo:KHa He 3aIUCyBaTH [0 PO3B’ -
s3anusa. Came Tak i opopMIIeHO PO3B’ I3aHHSA ITHOI'0 PIBHAHHS B IyHKTI 4 TabauIi 55.

Poarisaemo TakoK piBHOCUIIBHI IEPEeTBOPEHHS PiBHAHHSI BULY

log f(x)=1log g(x) (a>0ia=#1). 4)
@ dx yixe BigsHauaIOCH, YCi pIBHOCHIBHI IEPETBOPEHHS PIBHAHHA BUKOHYIOTHCS
Ha 1ioro obsacTti fonyctumMmux 3Hauenb. s pisuannsa (4) O13 sagaeTses cuc-

f (x)>0,
TeMOIO HepiBHOCTe g(x)>0 Ockinbku norapudmiuna ynkmisa log, ¢ spoc-

Tae (upu a >1) abo cuazgae (mpu 0 < a < 1) Ha Bcii cBoili 001acTi BUSHAYECHHS
i KOKHOT0 CBOT0 3HAUEHHS HaOyBAa€E TLJILKY IIPU OJJTHOMY 3HAUEHH1 apryMeHTy, TO
piBHicTb (4) Mmoske BukonyBartucs (Ha Ol13) Toxi i Tiabku Tozi, Koau f (x) = g (x).
Bpaxosyrouu OI13, ogep:ryemo, 110 piBHAHHA (4) piBHOCHJIBLHE CUCTEMi

f(x)=g (%), (5)
f (x)>0, (6)
g (x)>0. (7

CuMBOJIiYHO Ofiep:KaHu pe3ybTaT 3adgikcoBaHO B IyHKTI 4 TabauIli 55, a Ko-
POTKO #oT0 MOsKHa chOPMYJIIOBATU TaAK:

, . _ . i
w06 posé’azamu pienannsalog f (x)=log g (Jf) 3a aono-mozon‘) piénocuns
HuXx nepemeéopens, 6paxosyemo O/ 3 yb020 pié6HAHHA I NPUPIEHIOEMO GU-
pa3u, aki cmoambv nid 3HaKamu 102apug mia.

ITpuknan BUKOpUCTaHHSA ITHOT0 OPiEHTUPY HABEIEHO B Ta0aUIIi 55.

3ayBamxenusa l.0gep:kaHy cUCTEMY MOKHA JEIT0 CIIPOCTUTHU. SIKIIO B Il
CHCTEeMi BUKOHYEThCA PiBHIiCTE (5), To 3Hauenua f(x)1i g (x) mixk coboro piBHi,
TOMY, SIKIIO OJJHE 3 [[UX 3HAUYeHb Oy/e JOAATHUM, TO APYTre TeXX Oyae JoJaTHUM.
Oroxe, piBHAHHA (4) piBHOCUJIBHE CUCTEMI, IKA CKJIAaEThCA 3 PiIBHAHHA (5) i oHiel
3 HepiBHOCTE (6) a60 (7) (3BUUaiizo BUOUPAIOTH IIPOCTIIIY 3 ITMX HEPiBHOCTE!H ).

Hanpukman, piaanns log, (x? — 2) = log, (4x — 5), posruanyre B Tabiuni 55,

x2-2=4x-5,
piBHOCHJIbHE cCICTEeMi Ax—5>0. AuJte, BpaxoBytoun, 1110 oomeskerntsa O3 rboro

2-2>0
x >0,
DIBHAHHA! |4, MU HE po3B’sizyBaJsiu, a TLIbLKY IIePeBipAIN, U1 3a0BOJIb-
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HAIOTH 3HANIeH1 KOPeHi ITuM 00MeKeHHAM, TO HaBeleHe CIIPOIIeHH He Ja€ CyTTe-
BOI'0 BUT'PAIITY IPU PO3B’ A3yBaHHI I[bOT'0 PiBHAHHS.

3ayBaxeHnua 2.k O0yso oOTpyHTOBAHO BUIIE, AKIIO BUKOHYETHCS PiB-
HicTb (4), To 060B’ A3K0BO BUKOHY€ETHCA i piBHiCTS (D). OT:Re, piBHAHHA (D) € Ha-
ciinkom piBHAHHA (4), i TOMY nJd 3HAXOAKEHHA KOPeHiB piBHAHHA (4):
log, f (x) = log, g (x) nocuth 3HANTU KOPEHi PiBHAHHA-HACTIAKY (5): [ (x) = g (x)
i BUKOHATH IIePeBipKY 3HAlIIEHNX KOPEHiB ITiICTAHOBKOIO B 3afjaHe piBHAHHSA. (T00-
TO IpU TaKOMY crocobi pos3s’ss3yBauus OJ13 piBasHHSA (4) Oy1e BpaxoBaHO oOIloce-
pPeIKoBaHO, Y MOMEHT IIEPEeBipKU oJlep:KaHUX KOPEHiB, i 10oTo He JoBeIeThCA SBHO
3aIrcyBaTH.)

BukoHyoun piBHOCHIIbHI IepeTBOPEHHS JOrapu(PMivHUX PiBHAHB Yy OiJIbII
CKJAJHUX BUMATKaX, MOXKHA JOTPUMYBATHUCA TaKOT'0 opieHTHpa (BiH BUIIJINBAE
3 O3HAUEHHS PiBHOCUJIbHUX PiBHAHD i 00rpyHTOBaHuil y § 17 posainy 2):

1) Bpaxosyemo O] 3 3a0aro020 pi6HAHHA.

2) Cnioxyemo 3a mum, w06 na O] 3 KoxHe nepemeopenna MoxiHa 6y 10
6UKOHAMU AK Y NPAMOMY, MAK i Y 360DOMHOMY HANPAMKAX i3 30epe-
HCEHHAM NPABUNLLHOL pi6HOCMI.

Hamnpukian, po3s’ss:xeMo piBHAHHSA
log,(x +1) =3 —log,(x + 3) (8)
3a IOTIOMOTI'0I0 PiBHOCUJIBHUX [TI€PETBOPEHb.

x+1>0,
Hnsa mporo nocuth BpaxyBatu OI13 piBHAHHA x+3>0. 2 MOTiM, BUKOHYIOUU
b

SAKech IePeTBOPEHHS PiBHAHHSA, BECh UaC CTEXKUTH 38 TUM, uyu MoxkHa Ha O]13 Bu-
KOHATMU I1e IIePeTBOPEHHA i y BBOPOTHOMY HAIPAMKY. SIKIIO BiIIOBi b IIO3UTUBHA,
TO BUKOHAHI IIepeTBOPEeHHS PiBHOCHUJIbHI. SIKIIO K AKech IepeTBOPEHHS IJIS BCiX
3HaveHb 3MiHHOI 3 O3 MOKHA BUKOHATH TiJILKY B OHOMY HAIPAMKY (Bix mouar-
KOBOT'O PiBHSHHS JI0 HACTYIIHOTO), a JIJIS HOT0 BUKOHAHHSA ¥ 3BBOPOTHOMY HAIPAM-
Ky HOTPiOHi AKich JOAATKOBiI 00MesKeHHs, TO MU OJEPKUMO TiIbKY PiBHAHHA-HA-
CJIiIOK, i oTpUMaHi KOpeHi JoBeeThCcA MePeBipATH IIiJCTAaHOBKOIO B IIOYATKOBE
PiBHAHHA.

3acTocyeMo I1el IIJIaH 10 PO3B’ A3yBaHHA piBHAHHA (8).

11106 3BecTH 1ie PiBHSHHSA A0 HANIIPOCTIIIIOr0, IepeHeceMo BCi WieHU PiBHAHHS
3 Jorapumamu BaiBo. Oep:KuMOo piBHOCUIbHE PiBHAHHS

log,(x + 1) + log,(x + 3) = 3. 9)

(PiBHOCHIIBHiCTD PiBHAHD (8) 1 (9) BUmIMBaE 3 BijoMoi TeopeMu: AKIIO 3 OTHiel
YaCTUHU PiBHAHHSA IEPEHECTH B iHIITY JOJAAHKY 3 IPOTUIEKHUM 3HAKOM, TO OJIeP-
JKMMO PiBHAHHS, PiBHOCUJIBbHE 3aJJTaHOMY Ha Oy Ib-AKill MHOKHUHi. PiBHOCUIIBHICTD
NUX PiBHAHBb BUIJIMBAE TAKOK 3 TOTO, 110 MU MOKEMO IIePeNTH He TiJIbKU Bif
piBHOCTi (8) mo piBHOCTI (9), a I BUKOHATH 3BOPOTHE IIEPETBOPEHHSA, KOPUCTYIO-
YHUCh BJIACTUBOCTSIMHU YNCJIOBUX PiBHOCTEIA. )
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BpaxoByroun, 1o cyma siorapudmis nogaraux (Ha O13) uuces gopiBHIOE Jora-
pudmy 106yTKY, OIePXKYEMO PiBHAHHA
log, ((x+1)(x+3))=3. (10)
Ha OJ13 sagaHoro piBHAHHS MOYKHA BUKOHATH 1 3BBOPOTHE IIEPETBOPEHHSA: OC-
Kimpky x+1>0 1 x + 3> 0, To morapudm 100yTKY SOLATHUX UKMCEJI JOPiBHIOE
cymi JjorapudmiB MmHOKHUKIB. OT:Ke, Bix piBHOCTI (10) MOKHAa ITOBEPHYTHUCS IO
piBHOCTI (9), TOOTO 1€l mepexia TeX IPUBOAUTH OO PiBHOCUJILHOTO PiBHAHHA.
Piaannsa (10) — me Halinpocriiine JorapudMiuie piBHAHHA. BoHO piBHOCUIBHE
PiBHAHHIO, IKe OTPUMYEMO 32 O3HAUECHHAM JioTapudma:
(x+ 1)(x + 3) = 23,
BukoHyou1 piBHOCUIBHI IIEPETBOPEHHS OI€PKAaHOI0 PiBHAHHSA, MAEMO:
xX*+4x-5=0,x,=1,x,=-5.
OckinbKu Bei piBHOCHIIBHI ITepeTBOpeHHA BuKoHyBanuca Ha O[3 samaHoro
piBHAHHS, Bpaxyemo ii, mifcTaBiasuu ogep:kani KopeHi B oomesxeunns OJ13:
x =1 — Kopiusb, 60 3agoBosabHsIE yMmoBaMm OJ13;
x = —b He € KopeHeM (CTOPOHHIi# KopiHb), 60 He 3ag0BoIbHAE yMoBam OI13.
Or:xe, 3a7jaHe PIBHAHHS Ma€ TIILKY OOUH KOPiHb x = 1.

3ayBa’KeHH 1. 3BUUANHO, PO3TJISHYTE PIBHAHHA MOXKHA 0yJI0 pO3B’A3aTH
i 3 BUKOpUCTAaHHAM PiBHAHBL-HACJIIKiB, 63 ABHOTO BpaxyBauusa O3, aje 3 mepe-
BipKOIO OJIepsKaHnX PO3B’ A3KiB Mi[CTAHOBKOIO B IOUaTKOBe piBHAHHA. ToMy Ko-
JKeH, XTO PO3B’A3y€e PiBHAHHS, Ma€ MPaBO O0OMPATH IIJISAX PO3B’I3YBAHHS: YU (e
Oy/e BUKOPUCTAHHSA PiBHAHb-HACJIIIKIB, Ui piBHOCUIBHI II€PETBOPEHHS 3aJaHOT'O
piBHAHHA. AJle 1Jig 6araThoX PiBHAHB IEPEBIPKY OflepiKaHUX KOPEHiB JOCUTH He-
IIPOCTO BUKOHATH, a IJIA HePiBHOCTEH 1 30BCiM He MOKHa KOPUCTYBATHUCA HACTi KA~
mu. e moB’sA3aHO 3 TUM, 1110 JJI HEPiBHOCTEM He BAAETHCS MepeBipuTu Bei pos-
B’S3KM — IX KiJIbKiCTh y HepiBHOCTEIl, AK IIPaBUIO0, HecKiHuenua. OT)Ke, 115 He-
piBHOCTEN TOBOAUTHLCS BUKOHYBATHU TiJIbKM PiBHOCUJIbHI ITepeTBopenH4 (I1i mepe-
TBOPEHHS HepPiBHOCTE MOKHA BUKOHYBAaTHU 34 OPi€HTHUPaMU, ITIOBHICTIO aHaJI0Triu-
HUMU HaBeJeHUM BUIIE).

Mpuknapu po3B'a3aHHA 3aBAaHb

IIpukxaxg 1. Poss’s:kiTh piBHAHHA

1g(x—2)—%lg(3x—6)=lg2. (1)
PosB’as3anusga KomenrTap
P2lg(x—2)-1g (8x—6)=21g 2, (2) Poss’axxeMo 3asaHe piBHAHHES 3a 10~

nomororo HacaiakiB. Haragaemo, 1o npu
lg (x—2)*~1g (Bx—6)=1g 2%, (3) | guropucmanninacaidris zono6ne — za-
(x-2 )2 parmyeamu, w0 y 6unadxy, KOiU nepuLa
lg “ar—6 lg 4, (4) pisHicmb 6yde npasuibHO0, Mo il yci iHwii

medic 6y0ymbvb nPABUNLLHUMU.
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(x-2)"

3x -6 =4 )
(x—2)>=4(3x—6), (6)
x2—16x + 28 =0, (7)
x, = 2, x,= 14.

ITepeBipka. x=2 — cTOpoHHIiN
KOpiHb (ig 3HaKOM Jorapudma OTpu-
myemo 0),

x =14 — KOpPiHb, OCKiJIBKU MAEMO

1g(14—2)—%1g(3-14—6)=1g2,
lg 12—%1g 36=1g2,
1g12-1g+/36 =1g2,

12 _
lg?—ng,

lg 2=1g 2.
Bionosiowv: 14. <|

Ipuxkaax 2. Poss’axiTh piBHAHHA

1106 1036y THCS 1POOOBOro Koediri-
€HTa, MOMHOMKHMO O0OMABI YacTUHU
piBHaHHA (1) Ha 2 (aKmio piBHicTs (1)
npaBUJIbHA, TO i piBHIiCTH (2) Texx mpa-
BUJIbHA). SIKIT0 piBHOCTI (1) um; (2) mpa-
BUJIBHI (ITpU TUX 3HAUEHHSAX X, 110 € KO-
peHAMUN MUX PiBHAHB), TO IIPU TAKUX
3HAUYEeHHAX X iCHYIOTH BCi 3amucaHi Jio-
rapudmu, i Togai Bupasux —2ta3x—6 —
momaTHi. AJie ToxAl nJis qomaTHUxX a, b, ¢
MOKHAa CKOpHCTAaTUCAd POopMyaaMuU:
21ga = lga?, lgb-lgec=1g2, oTKe,

c
piBHOCTI (3)i(4) Texx OyAyTH IPABUIb-
HUMU. BpaxoByouu, 1mo QpyHKIid
y =1g t e 3pocTauoio, 0T:Ke, KOKHOTO
CBOI'0 3BHAUEHHSA HaOyBAa€ TLJILKY IIPU O]~
HOMY 3HAUYeHHIi apryMeHTy, 3 PiBHOCTI
gorapudmis (4) omep:KyeMoO piBHICTH
BifmoBimHUX aprymMeHTiB (5).

Axmro piBHicTh (5) mpaBUIbHA, TO
3HaAMEeHHUK P00y He NOPiBHIOE HYJIIO,
i micis MHOMKeHHS 000X il yacTUH Ha
3x — 6 # 0 omep:KyeMO IIPaBUJIbHY PiB-
HicTh (6) (a, oT:Ke, i mpaBUIBHY PiB-
HicTb (7)). OCKiTbKY MU KOPUCTYBAJIH-
csA PiBHAHHAMU-HACTiIKaMU, TO B KiHITi
HeoOXiTHO BUKOHATHU IIEPEBIPKY.

log, (x — 5)* — 2 = 2 log, (2x). 1)

PosB’aszauusga

(x-5>0, {x¢5,
> Ol3: 15,00, Toml |50,
Ha it O/13 3agane piBHAHHSA piBHO-
CUJIbHE PiBHAHHSIM:
log, (x — 5)* — log, 2? = 2 log, (2x),
(@-5)°
log, e log,(2x)?%, (2)
2
-5
G2 - exy, 3)

(x—5)2=4-4x2,

KomenTap

Poss’soxemo 3ajame piBHAHHS 32 10-
IIOMOT'0}0 PiBHOCUJIBHUX IIePETBOPEHbD.
Haragaemo, 1110 1714 1150T'0 OCUTE 8PA-
xysamu O3 3a0an020 pPiBHAHHSA
i caidxysamu 3a mum, w00 Ha O[3 Koxc-
He nepemeoperna MOHHA 0Y 10 BUKOHA-
mu aK Yy npaAmMoMYy, max i y 360pOmHo-
MY HANPAMKAX i3 30epercenHAM npa-
BUJbHOL pigHOCMI.

3ayBaskumo, 1o Ha OI13 Bupas x — 5
MOJKe OyTH AK JOJaTHUM, TaK i Bix em-
HUM, i TOMY MU He MaEMO IIpaBa 3acTo-
coByBaTH 10 Bupasy log, (x — 5)* dop-

380



§ 33. Po3B’s3yBaHHsA NorapndmMivHNX piBHAHb Ta HEPIBHOCTEN

15x%2+ 10x — 25 =0,
3x?+ 2x—-5=0.
5
X, = 1,x,= _g.
Bpaxosyroun OJI3, omep:xyemo, 110
x =1 Bxoautrs no OJ13, oT:ke, € Kope-
HEeM;

x= —g He BXonuTh 1o O3, oT:Ke, He €

KOpeHeM 3aJaHOT0 PiBHAHHA.
Bionosidv: 1. <|

Ipukaaxg 3*.
PosB’aszauusga

x>0, )
> OO3: vzl Ha O3 zamane pis-

HAHHS PiBHOCUJIbHE PiBHAHHIO
L __s.

log,x

3awmina: log, x = t. Ogepsxyemo:

log,x+6-

t+§=5, 1)
2-5t+6=0, (2)
t1=2, t2=3;

log, x = 2 a6o log, x = 3;
x=42=16 abo x = 4% =64
(o6buaBa KopeHi BxoaAaTs 10 O113).

Bidnosidv: 16; 64. <|
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myay: log, (x — 5)* = 2 log, (x — 5) (e
TIpUBe/ie 0 BTPaTU KOPeHs). 3aCTOCyBaH-
HA ysarajJbHeHOol (popMyJiu Jorapud-
MyBaHHSA IPUBEJIE 10 PIBHAHHSA 3 MOAY-
Jem. BukopucraeMo iHIITNI MIJISX IIepe-
TBODPeHb, BpaxyBaBIIy, 1o 2 = log, 2%
Ockinbku HA Ol13 BCi BUpaswu, 1110 CTO-
ATH HijJi BHAKaMU JIorapudmis, 1o1aTHI,
TO BCi mepeTBopeHHsA Big piBHAHHSA (1)
10 piBHAHHA (2) OyAyTh PiBHOCUIBHU-
Mu. BUKonyBaTu piBHOCHJIbHI IEPETBO-
peHHA pPiBHAHHA (2) MOKHA 3 BUKODPHUC-
TAaHHAM Opi€eHTHMpAa, HABEAEHOI'O Ha
c. 377. Tako:K piBHOCHJILHICTE PiBHAHD
(2) i (3) mosxke OyTH OOI'PYHTOBaHA Ue-
pes spocTanHa QyHKIii y = log, t, AKa
KOKHOI'O CBOT'O 3HAUEHHSA HaOyBae Tijb-
KU IIPY OJJHOMY 3HAUEHHi apryMeHTYy .

Posp’sxkiTh piBHaHHEA log, x + 6 log 4 = 5.

KomenTap

BukonaemMo piBHOCUJIBHI IIepeTBO-
PeHHA 3aaHOTO PiBHAHHA. [[14 bOTO
suamgemo iioro O3 (x > 0, x # 1). Oc-
KiJIBKY 10 piBHAHHSA BXOIATH JJorapud-
MU 3 PiBHUMU OCHOBaMH, TO 3BeIeMO IX
o onHiel ocHoBU (6asKaHO UMCJIOBOI,
iHaKIIe MOJKHAa 3aryomTu KOpeHi pis-
HSHHA) — Yy JAHOMY BUIAAKY, O OCHO-

Bu 4 — 3a popmyJroro log, b= .
log,a

ITiciia sBemeHHs JorapudMiB 10 011~
Hiel 0CHOBU 3MiHHA BXOIUTH 0 PiBHAHHS
TiTBKY B OHOMY BUTJIAAL log, x. Buko-
Haemo 3aminy log, x = t. Ockinbku 3a 06-
meskenuamu O3 x # 1, To ¢t # 0. Toxi
oJlepskaHe Apobose piBHAHHA (1) piBHO-
CUJIbHE KBaJpaTHOMY PiBHAHHIO (2).

OckinbKu 3aMiHa i o0epHeHa 3aMiHa
€ PiBHOCUJIbHUMY I€PETBOPEHHAMY Ha
0Ol13, To nis oiep:KaHUX PO3B’ ABKiB 10~
CHUTD [IePEeBiPpUTHU, YU BXOAATH BOHU J0
Ol13.
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x'5¥-2 = 1000. 1)

Ipukaag 4°. Poss’sKiTh piBHAHHS
PosB’sasauusga
p O03: x> 0.
Ha Ol13 zamane piBHAHHA PiBHO-
CUJIbHE PiBHAHHSIM:
lg (x'#*~2) =1g 1000, (2)
(Ig x — 2)Ig x = 3. (3)

3amina: 1g x =t. Omepxyemo:
t-2t=3,t2-2t-3=0,
t,=-1,t,=3.
OGepHeHa 3aMiHa Jae
lg x=-1a6olg x = 3.
3Bigcu x =101=0,1 abo
x =10%=1000.

Bionosiow: 0,1; 1000. <

IIpuxkaan 5.
PosB’a3aHuda
> 3" -8=3"""7, (1)
3r-8=2

Samina: 3" =t. OmeparyeMo

t-8=2, (2)

KomenTap

Bukonaemo piBHOCUJIBLHI IIepeTBO-
PeHHA 3aaHOTO PiBHAHHA. [[14 1bOTO
sHamgemo oro OI13 i BUKopucTaemMo
opieHTHD: AKW,0 3MiIHHA 8X00umb i 0o
0CHO8U, | 00 NOKA3HUKA CMeneHns, mo
025 p038°A3Y6AHHA MAK020 PIBHAHHSA
MONHCHA CNPOOYB8AMU NPOS02APUDPMYEa-
mu o6udsi uacmuHu pieHAHH (3BUYA-
HO, TiTBKU AKIIO BOHU AoxaTHi). [lo 3a-
MUCY PiBHAHHSA BiK€ BXOAUTD IECATKO-
BUi Jorapudm, Tomy mIposiorapudmye-
MO 00uBi uacTuHM 3a ocHOBOIO 10 (Ha
OJ13 06u Bl uacTUHY 3aJaHOT0 PiBHAH-
HA TOJaTHi).

Ockinbku yHKIisa y =1g t e 3pocra-
I0Y0I0, TO KOKHOTO CBOTO 3HAUEHHS
BOHA HAOyBAa€E TiIbKU IPU OAHOMY 3HA-
yeHHi aprymenty. OT:Ke, SKIIO BUKO-
HyeThecA piBHiCTS (1), TO BUKOHYETBCS
i piBHicTb (2), i HABIIAKU: AKIIO BUKOHY-
€ThCs PiBHICTH (2), TO BUKOHYETHCA i PiB-
HicTb (1). Takum unHOM, piBHAHHS (1)
i (2) piBHOCHUaBHI Ha O/13. IIpum x > 0
3acTocyBaHHA popmyanlg x*=olg xe
PiBHOCUJILHUM IEPETBOPEHHAM, OTIKE,
piBHaHHA (2) i (3) TeK piBHOCUIBHI.

OOr'pyHTyBaHHSA PiBHOCUJIBHOCTI I10-
TaJIBIIINX TIePeTBOPeHb MOBHiCTIO 306i-
raeThCs 3 aHAJOTIYHUM OOT'PDYHTYBAaH-
HSAM y II0IIePeJHbOMY IPUKJIA].

Posp’suxiTs piBuanHA log, (3" —8)=2—x.

KomenTap

SIKII10 crToYaTKy MOAMBUTHCS Ha 3a-
IaHe PiBHAHHSA AK HA HAWITPOCTIIIIe JIo-
rapudmiuyHe, TO 3a OBHAUEHHAM JIOTa-
pudMa BOHO pPiBHOCUJIbHE PiBHSIHHIO
3" — 8 = 3° 7", dIk yke BigsHauasocs
(c. 376), Ol13 samanoro piBHAHHA
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*-8t-9=0, (3)
t,=9,t,=-1.
OGepHeHAa 3aMiHa Ja€

3"=9, x =2 abo 3" = -1 — KopeHiB
HeMae.

Bionosiov: 2. <|

IIpukaan 6.

PosB’aszauusga

log, (xy)=2,
log,(y—x)=1.

3a o3HAUEHHAM Jorapu@Ma MaeMo

xy =22,
y—-x=3.

I3 npyroro piBHAHHSA OCTaHHBOI CHC-
TeMU OJlep:KyeMO §y = x + 3 i migcras-
JISIEMO B IepIiie PiBHAHHS:

x (x+3)=4,
x2+3x—-4=0,
x,=1,x,=-4.

TOI[I y1=4,y2=_1.
. x=1,
IlepeBipka. 3 — PO3B’SA30K
3aJIaHOI CCTEMMU.
log,1+log,4=2, (2=2,
log,(4-1)=1; 1=1
x=-4, .
y=-1 — CTOPOHHIiII PO3B’SI30K

(mmig sHaAKOM Jiorapu@dma onep:KyeEMO
Bix’emHi umcia).

Bidnosios: (1; 4). <

Po3B’soKkiTh cucTeMy PiBHAHD

3" — 8> 0 mna Bcix KOpeHiB piBHAH-
H4 (1) BpaxoBy€eTHCS aBTOMATHUYHO, OC-
kimpku 3% > 0 zasoxau. [Ticas mporo
piBHaHHS (1) PO3B’A3y€ETHCA 32 CXEMOIO
PO3B’sI3yBaHH IOKA3HUKOBUX PiBHAHD
(tabu. 51, c. 344).

Ockinpkut=3">0, ot #0,iToMy
piBHAHHA (2) piBHOCHJIbHE PiBHSH-
Hio (3).

log, x+log,y=2,
log,(y—x)=1.
KomenTap

Ak i morapudmivni piBHAHHSA, cUC-
TeMHu JIOTapU(PMIUHUX PiBHAHD MOKHA
PO3B’sI3yBaTH AK 3a [OIIOMOI'0I0 CICTEM-
HaCJIiIKiB (KOKeH PO3B’A30K IepInoi
CHCTEMU € PO3B’I3KOM APYTroi), Tak i 3a
JIOIIOMOT'OIO PiBHOCUJILHUX [TI€PETBOPEHD
cucreM (yci po3B’A3KHN KOMKHOI 3 HUX €
posB’A3KamMu iHIIoi1).

Kpim Toro, mpu po3B’s3yBaHHi Ji0-
rapu@MivHUX CUCTEM MOYKHA BUKOPUC-
TOBYBATH Ti caMi MeTOAH, 1110 i Ipu Po3-
B’s3yBaHHI iHIIINX BB crcTeM (METOs
anare6paiuHOro JoAaBaHHS, IIiICTAHOB-
Ka IesIK0ro BUPAasy 3 OJHOT'0 PiBHAHHSA
BiHIIi, 3aMiHa BMiHHHUX).

Hanpukiaan, poss’sikeMo 3agaHy
CHCTEeMY 3a JOIIOMOTOI0 CHUCTEeM-Ha-
caigkiB. 114 1bOT0 TOCUTH TapaHTyBa-
TH, II[0 Y BUIAAKY, KOJIU 3aJlaHa CUCTe-
Ma MiCTHUTh IPaBUJIbHI PiBHOCTI, KO-
Ha HaCTyIIHa cuUcTeMa TaKoK Oyme
MicTUTHU IpaBUAbHI piBHOCTI. AK i 114
PiBHAHB, NPU BUKOPUCMAHHL cucmem-
Haci0Kie 0008’ 13K080 He0OXiOHO 8UKO-
Hamu nepesipry 00epHanux po3s’ a3Kis
nidcmarno8K0I0 8 NOLAMKO8Y CUCTEMY.
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3ayBaieHH d. 3BUYAIHO, 3aJJaHy CHCTEMY MOYKHA 0yJI0 po3B’A3yBaTH i 3a
JIOIIOMOTO0 PiBHOCUJIBHUX II€PEeTBOPeHb cucteM. [Ipu 1iboMy JoBesIoCcs 6 ypaxyBa-
x>0,
tu O13 3aganoi cucremu 1y >0, CTEKUTHU 324 PiBHOCUJIbHICTIO BUKOHAHUX IIe-
y—x>0,
peTBopeHb (Y HAIlIOMY BUIIAJKY BCi 3alMcaHti IepeTBOPEeHHA € PiBHOCUJILHIMU Ha
0l13), a B KiHIli TepeBipaATH, YU 3aJ0BOJIbHAIOTE O[ep:KaHi pos3s’s3ku ymosam OJ13
x=—4

x=1,
[ { 3amoBosbHAE ymoBam OJ13, {y -1

y=4 " He 3anmoBosibHAE ymoBaMm Ol13).

log,x+log, y=2,
Ipuknax 7. Poss’s:kiThcucremy piBHAHD X2 —y=20

PosB’asanusga Komenrap
x>0, Poss’s:xemo 3aaHy cuCTEeMY 34 10-
x#1 IIOMOTO0 PiBHOCUJIbHUX II€PETBOPEHbD.
> On3: ’ Ilinst mporo mocuthb BpaxysaTu ii O[3
y>0, (x>0, x #1, y>0, y #1)irapaunry-
y#1. BaTH, 10 HA KOKHOMY KpPOIli 0yJ0 Bu-

KOHAHO caMe PiBHOCHUJIbHI IIepeTBOPeH-
HA piBHAHHS uM Beiel cucremu. Y mep-
oMY PiBHSHHI cucTeMu Bcei jorapug-
Mu 3BeZieMo 10 onHiel ocuoBu x (Ha O3

Toni 3 mepimoro piBHAHHSI MAaeEMO

fog_ y +log . y=2.

log.x 1
log.y log. .y’

Samina t=log,y mae piBHAHHA

x>0,x #1): log, x=

%+t=2, 2-92t+1=0, t=1.06epHe-

Ha O3 y # 1, ot:xe, log, y#0. Toxi

Ha 3aMmiHa nae log, y=1, To6Toy = x. . .
. . micaa saminu t=log y maemo ¢ #0,
Toxi 3 IPYroro piBHAHHS CUCTEMU

maemo x*— x — 20 =0, x, = — 4 (ue Bxo-
nuthb 1o O113), x, = 5 (BxoauTs 1o OL13).

i Tomy mepexiz y po3B’si3aHHi Big apo-
0O0BOT'0 PiBHAHHS 10 KBaJPAaTHOTO € PiB-

OT:Ke, PO3B’sI30K 3aaHOI CUCTEMU HOCHIBHIM. .

Ockinbku 3amina (pasom 3 obepHe-
x=5, HOIO 3aMiHOI0) € PIBHOCUJIBLHUM IIepe-
y=5. TBOPEHHSM, TO, 3aMiHIOIOUH IIepIIie PiB-

HSHHS CUCTEMHU PiBHOCHUJIBHUM HOMY

Bidnogiodv: (5; 5). < (12 O]13) piBHAHHAM J = X, OFEPIKYEMO
cucTeMy, PiBHOCHJIbHY 3aJaHin (Ha ii
0l13).
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7.

3anuTtaHHsa ansa KOHTpOIJIIO

. INoscHiTh HA IPHUKJIagaX, IK MOXKHA PO3B’A3yBaTH HampocTiiii jorapudmivi

PiBHAHHSA, KOPUCTYIOUNCH O3HAYEHHAM Jiorapudma.

. O6rpyuTyiiTe cCripaBeAJINBiCTh PIBHOCUJILHOI'O IIEPEXOAY:

log,f(x)=co f(x)=a° (a>0,a=1).

. IToacuiTs, AK MOskHA pO3B’A3aTH piBHAHHA log, (x — 2) = log, (x* — 2):

a) 3a JOIIOMOTOIO PiBHAHBb-HACIIKiB;
6°) 32 JOIIOMOT0I0 PiBHOCUJIbHUX II€PETBOPEHb.

. INoscHiTE Ha MPUKIAi BUKOPUCTAHHSA 3aMiHM 3MiHHUX IIPY PO3B’ A3yBaHHi JIO-

rapu(pMivHNX PiBHAHB. ¥ AKUX BUIMIAAKaX JO0IiJIbHO BUKOPUCTOBYBATH 3aMiHy
3MiHHUX?

Bnpasu
Posp’soxkiTs piBuanug (1—5).
Dlog,x=4;  2)log,,x=-1; 3 logx=5  4)lgx-2.
. 1) log, (2x — 1) = 2; 2)) log, (5x-21)=-2;
3
3)log (x*+ 2x—2)=0; 4)1g (83 —-x)=-1.
1)1g(x+9)+1g (2x +8)=2; 2°)log,(x + 1) + log,(x + 3) = 1;
3) 2 log, x — log,(3x — 4) = 1; 4) %logs (x— 4)+%10g5(2x—1) =1log, 3.
. 9 s o 1 1.
1) logZ x—4log, x+3=0; 2% 3—lgx+1+lgx 1
3) logZx+log,x2=8§; 4)1gx? =8 1g x.

. Dlog (10 -2 =x +2; 2)1g 2+1g(4* 2+ 9)=1+1g(2* >+ 1);
3) log7(6 +7=1+x; 4) log2 2(4-3"-6)— log2(9x -6)=1.
Po3B’sakiTh rpadiuHo piBHAHHA:
1)log,x =3 —x; 2) log,x=log, x;

2
3) log, x=x-1; 4)1gx=11—-x.
3

IlepeBipTe miicTaHOBKOIO, 1110 3HAUEHHS X TilICHO € KOPEeHeM PiBHAHHA.
HoBexnits, 110 piBHAHHSA, HaBeAeHi B 3aBIaHHi 6, He MalOTh iHIIUX KOPEHiB,
Kpim 3HalAeHUX rpadiyHo.

Po3B’s:KkiTh cucTeMy PiBHAHD:

lg(xy)=3, 9 {log2x+log2(y—1)=3,
lgx-lgy=2; 2x-y=1;

{logzx +log,y=2, 1y 108, x-log.y=2,
log,(x+y—-3)=1 xy=16.
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33.2. PO3B'AA3YBAHHA IOTAPUDMIYHUX HEPIBHOCTEN

Tabnuma 56

1. Tpadik pyHkuiTy =log, x(a>0;a#1)

a>1 0<a<xl1
Yy Yy
0 /1 E 0 1 x
3pocTae crajgae

2. PIBHOCUIbHI NepeTBOPEHHS HAMMPOCTILLUX JTIorapndMiYHUX HEPIBHOCTEM

a>1 0<a<1
[ (x)>g (%), [ (x)<g (%),
log,f (x)>log, 8 (®) &1f (>0, <« | log,f(®)>log, g(x)=f(%)>0, <&
g(x)>0 g(x)>0
o [ ®)>g (%), @{f(x)<g(x),
g(x)>0. f (x)>0.
3HaK HepigHOCMI He 3MIHI0EMbCA, 3HaK HepieHoCMi 3MIHIOEMbCA,
i epaxosyemuvcsa O] 3. ispaxosyemuvca O] 3.
Mprknagw

log, (x-5)>3.
log,(x — 5) > 3. 2

2
» 03: x — 5> 0, To6T0 X > 5. » 03: x— 5> 0, To6To x > 5.

3 3
].ng(x - 5) > 10g22 . logl(x_5)>logl(%) .
@yHKHlH y= logz t € 3pOCTarnyoIo, 2 2

OTIKe, ®Dyukuia y=log, t e cnagHoIO,
x—5> 2% , 2
x>13. oTIKe, x—5<(l) , x<b5i,
Bpaxosyoun OJ13, maemo x > 13. 2 8 1
Bidnosidv: (13; +00). <] Bpaxosyrouu O[3, maemo 5 < x < 55.

Bidnosiov: (5; 5%). <
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IIpoxgoBxk. Tabu. 56

3. Po3B'13yBaHHsA OinbLL CkNagHWX norapudMidHUX HepiBHOCTEN

OpieHtnp

Mpuknag

I. 3a momomorox piBHOCHJIB-

HHUX IepeTBOPEeHb 3aJaHa
HEePiBHiCTH 3BOTUTHCS 10 He-
piBHOCTEI BiTOMOTO THITY.

Cxema pi6HOCUNLHUX
nepemaeopeHb HepieHoCmi:

1. Bpaxosyemo O/I3 zananoi

HepiBHOCTI (i yHUKaeMo 11e-
PeTBOpeHb, IKi IPUBOIATDH
o 3By:keuusa O113).

. Crexxumo 3a TuM, 11100 Ha

0O/13 xosxHe IePeTBOPEeHH T
MO:KHA 0yJI0 BUKOHATH K
y IpAMOMY, TaK i y 3BOPOT-
HOMY HanIpsAMKax i3 30epe-
JKeHHAM IPaBUJIBbHOI He-
piBHOCTI.

1g?2(10x) —1g x > 3.
» OI3: x> 0. Haniit O[3 3amana HepiBHICTE
piBHOCHJIPHA HEPIBHOCTSAM:
(Ig10+1gx)?-1gx>3,(1+1g x)2—1g x > 3.
3aminalg x =t nae mwepiBuicts (1 +¢)2—1¢ >3,
T06TO 12+t —2 >0, po3B’a3Kku AKol t < —2 abo
t > 1 (auB. pUCYHOK). +\ /+ N
2N_S1 ¢
OGepuena 3amina gae 1g x < -2 abo lgx > 1.
Toxilg x <lg 102a6olg x >1g 10.
Bpaxosyiouu, 110 hyHKIig y = lg x € 3pocTaro-
4010, ofepakyemo: x < 1072 a6o x > 10.
ITicna spaxyBanusa O13 maemo:
0 <x<0,01a60x>10.
Bionosiow: (0; 0,011 U [10;+00). <

II. 3acTocoByeThCsI 3araiib-

DN =

HUH MeTOoJ iHTepBaJIiB
(3amaHa HepiBHiCTH 3BO-
IUTHCS 10 HEPiBHOCTI BULY
f(x) 2 0) i BUKOpPHUCTO-
BYETBHCA CXeMa:

. 3uaitru O/13.
. 3uaitu wyii f (x).
. llosnauutn Hy i GpyHKIil

Ha O/I3 i3naiiTu 3HaK f (x)
Y KOKHOMY 3 IIPOMIiKKiB,
Ha gki po3ouBaersea O/13.

. 3anucaTu Bimnmosigs, Bpa-

XOBYIOUM 3HAK HEPiBHOCTI.

log (2x + 3) < 2.
P Poss’saseMo HepiBHiCTHL MeTOZOM iHTEP-
BaJtiB. Bona piBHOCUMJIbHA HEPiBHOCTI
log (2x+3)—-2<0.
ITosnauumo f (x) =log (2x + 3) — 2.

2x+3>0,
x>0,
1.om3: 1*>% oo { 1
x#1. X7 L.

2. Hyni ynxmii: f (x)=0.log_(2x+3)-2=0.
Togilog (2x + 3) = 2. Ha OlI3 e piBHAHHSA
piBHOCHJIbLHE piBHAHHIO 2x + 3 = x2(aKe ogep-
JKyeMo 3a osHaueHHaAM Jorapudma). TobTo
x*-2x—-383=0,x,=-1,x,=3. lo 013
BXOIUTD TLIBKU X = 3, OTiKe, [ (x) Ma€ TiabKU
eMUHUN HyIb QYHKIIT x = 3.

3. Ilosnauaemo my1i pyHKIii HA O3, 3HaX0-
IuMO 3HaK f (X) Y KO?KHOMY 3 IPOMisKKiB, Ha
AKi posbuBaeTseca O3, i sanucyemo pos-
B’si3ku HepiBHOocTi f (x) <O.

— + —

0 1 3 x
Bionosios: x € (0; 1) U (8; +0). <|
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II.

MosicHeHHs 1 0GIPYHTYBaHHS

. Po3p’a3yBanua HalinpocTimmux Jorapudmiuaux HepiBHOCTel. Hailnpocmiwiu-

MU 02APUPMIYHUMU HEPIBHOCMAMU 3BUUATTHO BBAKAIOTh HEPiBHOCTI BUY
log, f(x)>1log, g (x)(nea>0ia=#1). (1)
Il po3B’ A3yBaHHA TaKOI HEPiBHOCTI MOKHA BUKOPUCTATU PiBHOCUJILHI Iepe-

f(x)>0,
g(x)>0
IBa BUIIQAKHN: OCHOBa Jorapudma 6inbirna 3a 1 un ocHoBa MeHIa 3a 1 (ae
6inmpmra 3a 0).

IIpu a > 1 norapudmiuna Gynkmia y = log, ¢ spocrae Ha BCiil cBoiit ob6macTi
BU3HaUeHHA (ToOTO pu £ > 0), i ToMy GiIbIlIoMy 3HAUEeHHIO QYHKIIII BigmoBizae
OinbIlle 3HAUEHHA aprymenTy. OTike, mepexoaaun B HepiBHocTi (1) Big 3HAUeHb
GyHKIIII 10 3HaUeHb apryMeHTy (y JaHOMY BUIIAJAKY II€PEeX0Aa4u 10 BUPa3iB,
AK1 CTOATH I 3HAKOM JorapudMa), MU IIOBUHHI 3aJIUIIIUTHA TON caMuii 3HAK
HepiBHOCTI, TOOTO

TBOpeHHA. {14 mporo HeoO6ximHo BpaxysaTu ii OJ13: { i posriIgHyTH

f(x)> g (x). (2)
Bpaxoyroun, o Ha OJ13 BKasaHuii mepexi MOKHA BUKOHATH i Y BBOPOTHOMY
HaMpPAMKY (0iIbIIIOMY JOAATHOMY 3HAUEHHIO apI'yMEHTY BifoBifae Giibime 3HA-
yeHHA PYHKIIiT), oxep:kyemo, 1o Ha O3 mepiBHicTh (1) piBHOCHMIBHA He-
piBHOCTi (2). KOpOoTKO I1e MOKHa 3alICATH TaK:

f(x)>g (x), (2)
IIpua>1 log,f (x)>log,g (x) = {f (x)>0, (3)
g (x)>0. (4)

ITpu 0 <a < 1 norapudpmiuna pynknisa y = log ¢ cnagae Ha Beiii coiit o6macTi
BuU3HaUeHHA (ToOTO pu £ > 0), i ToMy GiIbIlIoMy 3HAUeHHIO QYHKIIII BigmoBizae
MeHIIle 3HaUeHHA aprymMenTy. OTiKe, mepexoaauy B HepiBHOCTI (1) Bif 3HaUeHDb
GyHKIIiI 10 3HAaUEHb apTyMeHTY, MU IIOBUHHI 3HaK HEPiBHOCTi BMiHUTHU Ha IPO-
TUJIEKHU, TOOTO

f(x)<g(x). (65))
Bpaxoyroun, o Ha OJ13 BKasaHuii mepexi MOXHA BUKOHATH i Y BBOPOTHOMY
HAIPAMKY (MEHIIIOMY JOJATHOMY 3HAUEHHIO apryMeHTY BiAmoBigae 6ibIie 3Ha-
yeHHA QYHKIIT), omep:ryemo, 1o npu 0 < a < 1 HepiBHicTs (1) Ha ii O[13 piBHO-
cuinbHa HepiBHOCTi (5). KOpoTKo 11e Mo:KHa 3amcaT Tak:

f(x)<g (), (%)
IIpu0<a<1 log,f (x)>log,g (x) = 1f (x)>0, 3)
g (x)>0. 4)
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ITincymoByrouu oiep:kaHi pe3yaIbTaT, BiI3HAUYNMO, II[0

0na po3e’asyeanns nepienocmilog, f(x)>log g (x)3a donomozoio piéno-
CUNBbHUX nepemeopenb Heobxidno epaxyeamu it O[3, a npu nepexodi id
3Havenb pyHKUil 00 3HaweHb apzy menmy (mobmo do éupasia, aki cmo-
Ambo nid 3HaKoOM n102apugma) 6paxo6yeamu 3HAHEHHA :

npu a>13Hak HepiéHOCMi He 3MiHIOEMbCA,

npu 0 <a <1 3nak nepisnocmi 3aminoemoca na npomunexcnuii.) O

ITpuknaau BUKOPUCTAHHS ITUX OPi€HTUPIB HaBeIeHO B TabauIli 56.

3ayBaxeHH a. Cucremu HepiBHOCTe, AKi ofep:kano qiia sunagkis (1) i (I1),
MO:KHAa feIro cipoctuTu. Hanpukias, AKIO B cucTeMi 3 BUIAAKY I BUKOHYIOTHCS
HepiBHicTb (2): f (x) > g (x) i HepiBHicTb (4): g (x) > 0, TO 3 UX HePiBHOCTEM BU-
miausae, 1o f (x) > 0. Omxe, HepiBHicTh (3) 1miel cucTeMu aBTOMATHYHO BHUKO-
miei cucremu.

Amnaoriuso o6r'pyHTOBYETHCH, 1110 B cucTeMi 3 Bunaaky Il HepiBHicTs (4) € Ha-
ciaigkom HepiBHOCTeI (3)1i(5), iii Tesk MOKHA He 3aIICyBaTH 10 CUCTEMH.

Hanpuknan, poss’a:xxemo HepiBHicTS log, (x* — 2x) > log, 3.

| 2 log, (x* — 2x) > log, 3 & x?— 2x > 3.

(013 3amanoi HepiBHOCTI X2 — 2x > 0 Bpax0BaHO aBTOMATUYHO, OCKIIbKH, AKIIO
BUKOHYETHCA HepiBHiCTE X% — 2x > 3, TO BUKOHYETHCA 1 HepiBHicTb x2 — 2x > 0.)

Poss’sasyemo HepiBHicTb x2 — 2x > 3. Toxi x%2 — 2x — 3 > 0, oTsxe, x < —1 abo
X > 3 — po3B’A30K 3a4aHO0l HepiBHOCTI (3BUuUaiHo, OT0 MOJKHA 3aIIMCATH i TaK:
(=005 =1) U (8; +o0)). <

2. Po3p’a3yBaHHA GBI CKIATHUX JJOTAPUPMIYHNX HEPIBHOCTEH BUKOHYETHCS
a00 3a JOIIOMOTOI0 PIBHOCHJILHUX IIEPEeTBOPEHD 3aJaH01 HepiBHOCTi (i 3BeeHHA 11
JIO BiOMOT'0 TUITY HEPiBHOCTEI ), a00 3a JOIIOMOTr0I0 METOAY iHTepPBaJIiB.

Cxema piBHOCUJIBHUX II€PETBOPEHbD JIOTAPU(PMIiUYHMX HePiBHOCTEH MOBHiCTIO
aHaJIOTiuHa cXeMi PiBHOCUJILHUX IIEPETBOPEHD JIOTaPpU(PMiUHUX PiBHIHb:

1) epaxosyemo OJ]3 3a0anoi nepienocmi;

2) cmexcumo 3a mum, w06 na O3 KoixHe nepemeopenna moxHa 6Yn0
6UKOHAMU AK Y NPAMOMY, MAK i Y 360POMHOMY HANPAMKAX i3 36epe-
HCEHHAM NPABUNLLHOL HePiGHOCTMI.

V¥V upomy Bunagry Ha O[3 KoxeH Po3B’ 430K 3aaHol HepiBHOCTI Oy e i posB’sa3-
KOM IPyroi i, HaBIIaKu, KOKeH Po3B’ 130K APyroi HepiBHOCTi Oy e po3B’ A3KOM IIep-
1101, To6TO 11i HepiBHOCTi 0y Ay TH piBHOCUIbHUMY (Ha O113).

IIpukaany poss’ A3yBaHH JJOTapUPMiUHNX HepPiBHOCTEI 3a JOIIOMOT00 PiBHO-
CUJIbHUX IIEPETBOPEHD 1 METOAY iHTEepBAaJIiB i 0DOPMIIEHHSA TAKOI'0 PO3B’ I3yBaHH s
HaBefeHO B TabauIli 56. Posriisuaemo 11e KiJibKka IpuKJIaaiB.

389



PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

Mpuknagu po3B'a3aHHA 3aBAaHb

Ipukaagl. Poss’soxits HepiBHicTs log,,(x —1) +log ,(x +3) > -1.

KomenTap

Poss’soxemo 3amaHy HepiBHICTD 3a JJOIIOMOTI'0I0 PiBHOCUJIBHIX IIEPETBOPEHb. K
i 0y piBHAHB, IJIA I[BOTO JOCUTE 8paxysamu OJ]3 3adarnoi HepieHocmi i cmexcu-
mu 3a mum, wo6 Ha O3 KoxcHe nepemeopeHHs MOKXHA 0YJL0 BUKOHAMU AK Y
NPAMOMY, MAK i Y 360DOMHOMY HANPAMKAX i3 30eperceHHAM NPABUSLbHOL Hepis-
nocmi.Ockinbku Ha O[3 BUpasu, 110 CTOATH 11 BHAKOM JIoTapu(MiB, € JOOaATHU-
mu, To opmyary log, b +log c =log (bc) s nomaTHuX b i ¢ MOXKHA BUKOPUCTOBY-
BATU AK Y IPSIMOMY, TaK i y 3BOpOTHOMY HanmpsiMKax. OT:Ke, BUKOHYIOUH IIePETBO-
PeHHSA HepiBHOCTI 3a 11i€10 (hOopMYJI0I0, OIEPIKUMO HEPiBHICTh, piBHOCUJIBHY 3aIaHil
(ma ii O13).

11106 BuKOpUCTATH BJIACTUBOCTI jorapudMiuHoi QPyHKIIiT, 3aIUIIIeMO YKUCIIO
(1) ax sHavenus sorapudmiunoi pynrnii: —1 =log, , (0, 2)"! (3posymiso, 1m0 i o
hopmMysIy MOJKHA BUKOPUCTOBYBATH AK Y IPAMOMY, TaK i ¥ 3BOPOTHOMY HAIPAM-

-1 -1
kax)iBpaxyemo, mo (0,2) ' = (3) = (l) =5.
10 5
PosB’sasauus«a
x-1>0,
> 0n3: {x+3>0. Toxi x> 1.

Ha it O[13 3amana HepiBHiCTb piBHOCHIbHA HEPiBHOCTL
log,, ((x—1)(x+3))>(0,2)" .

dyHKIig Yy = logo,2 t e cnagHOIO, oToKe, (x — 1)(x + 3) < (0,2) .

Opepaxyemo x2+2x -3 <5, x2+2x—-8<0.

Ocranusa HepiBHiCTE Mae po3B’a3Kku: —4 < x < 2 (quB. pucy- A A
HOK). ) 5

Bpaxosyrouu O3, ogep:ryemo 1 <x < 2.
Bidnosios: (1; 2]. <

X

Ipurnanx 2°. Poss’saxiTh HepiBHIiCTS log % logzg >-1.
PosB’asanusga Komenrap
N log% log, % N log% (%)-1 o cncggw?; I:z)a;[aHoI HepiBHOCTI 3alaeThCs
Bpaxosyrouu OII3 3amanoi Hepis- log, ;:i >0, (6)
HOCTi 1 Te, 110 PYHKIA Y= log% t cma- x-1_ ¢ )
IIa€, OIEPIKYEMO 2-x
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-1
0<log,1<(), ()

to6To 0<log, ;__i <3.

x-1 3
<log,2°.
2-x g2
Bpaxogytoun, mo pyuknis y = log, t
3pOCTaE, ONEePIKYEMO

Tozi log,1<log,

-1 3
1<E==<2%
9 x (3)
I1a HepiBHiCTE piBHOCHIIEHA cUCTEMi
1.9,
2-x
x-1_g sAKa piBHOCUJIbHA CUCTEMI
2-x ’
2x—-3
2X79 g 0, (4)
2-x
9x-17 o (5)
2-x

Poss’sa3yemo HepiBHoCTi (4) 1 (5) Mme-
TOZOM iHTEepPBAaJIiB i BHAXOAUMO IX CITiJIb-
HUI Po3B’ 30K (IUB. PUCYHOK).

Hnsa wepiBuocri (4) O113: x # 2,

. 3
HYJI1: x=5.
Hnsa wepiBuocrti (5) Ol13: x # 2,
Ie x:ﬂ
HYyJIi: 9"
} n \EF—
(4) - —
3 ! x
2 |
() 17 12 x
9 !

; o . (3. 17
Bionosiodb: (2, 5 ) <
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IIpu BuUKOHaHHI PiBHOCUJIBHUX IIEpe-
TBOPEeHb royioBHe He 3anucatu O[3,
a BpaxyBaTu ii B mpoi1ieci po3s’sa3yBaH-
ua. [Ipu nmepexoni Bix mepiBaocTi (1) 10
HepiBHOCTI (2) y 3a111Cy OCTaHHBOI He-

. . x-1
piBHOCTI 3anuIIaeTheA Bupas log, Py
-x

x-1

s sikoro OJ13: >0. Orxxe, npu

- X
TakoMy nepexoni oome:xkenHs (7) Oyme
HesBHO BpaxOBaHe i TOMY TOCUTh Bpaxy-
BaTU TiILKY oOMekeHHA (6) (1110 i 3po6-
JIEHO B JIiBili yvacTmHi HepiBHOCTI (2)).
11106 BuKOpPUCTaTHU BJIACTUBOCTI BimO-
BigHUX Jorapud@MivHUX PYHKIIiH, CIIO-
YaTKy 3allUCYEMO, II[0

-1
~1=1log (l)
i3

-1
(iBpaxoByeMoO, 1110 (%) = 3)], a1oTiM

sanmcyemo, 1mo 0 = log, 1i 3 =log, 2%,

ITpu nmepexoxi Bixg HepiBHOCTI (2) 10O

. . Z - 1
HepiBHOCTI (3) ofepPKyEMO, 110 ;_ P L,

OTUKe, 1 BIIbOMY BUNIAAKY HEPiBHiCTS (7)
BpaxoBaHa aBTOMaTUYHO. [[1sa 3HaX0-
JMKeHHS CIiJIbHUX PO3B’A3KiB HepiBHO-
creii (4)i(5) 3pyuHo IX po3B’si3aHH Me-
TOIOM iHTEepPBaJIiB PO3MiCTUTH O/THE HAJ
OHUM TaK, 11100 OZHAKOBO ITO3HAYEHI
TOUYKY 3HAXOJUJINCS OJHA HAJl OLHOIO.
Tomi 3 HaBeJeHOTO PUCYHKA 3pas3y 3Un-
TY€ThCA CIIIIBHUHI PO3B’ 130K CUCTEMU
HepiBHOCTeI.
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6".

3anuTtaHHs gs KOHTpOIJIIO

. ITosicHiTh Ha MPUKJIALAX, AK MOMKHA PO3B’A3yBaTH HAUIIPOCTIIIIi Jorapudmivni

HEPiBHOCTI, KOPUCTYIOUNCH BJIACTUBOCTAMHU JIoTapupMiuHOI PyHKITII.

*. OGr'pyHTYITE CIpaBeIJINBiCTh PiBHOCUJIBHUX IEPEXOiB:

f(x)>g (x),
Dopu a>1 log,f (x)>1log, g (x) = 1f (x)>0,
g (x)>0;

f(x)<g (x),
2)opu 0<a<1 log,f (x)>log, g (x) = <f (x)>0,
g (x)>0.

. ITosicHiTh HA TPUKJIA]I BUKOPHUCTAHHS METOLY iHTEepBaJIiB IPHU PO3B’ A3yBaHHI

Jorapu(MiyHUX HepiBHOCTEI.

Bnpasu

PosB’ kit HepiBHiCTE (1—6).

.1 log,x > 2; 2) log0,2x>—1;
3) log0,5x<1; ) 1gx<2.
1) log,(3x — 2) > 2; 2) log, (5x-1)>-2;
3
3) log (3x — 2) < 2; 4) log, (2x+1)>-1.
i
)1lg (2x—1) > 1g (x + 2); 2) log, (8x+1) >log, (x+3);
3 3
3) logo,zx < logo,2(3x - 6); 4) log,(2x — 1) <log,(x + 3).
1 1 .
1) log; x —3log, x+2>0; 2) 3 gr s
3) log? x—4<0; 4) log? x+log, x-2>0.

3 bl bl
Digx+lg(x—9)>1; 2) logo,l(x +4)+ logo,l(x -5)<—1;
3) log, (x* —x —12) < 3; 4)log (x+1)+log x >log 2.
1) log,log,log, ;x > 0; 2) log vx+12>1;
3)log,x +log 2 < 2,5; 4) log, ,3<0.

x-3
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PO3B'A3YBAHHSA NMOKA3HUKOBO-CTENMEHEBUX
PIBHAHb TA HEPIBHOCTEW

Tabnuma 57

NOKa3HMKOBO-CTeMNeHeBI PIBHAHHS

MicTars Bupasu tumy f (x)° "

ITorxasHukoso-cmenene8uMU PiBHAHHAMU 3BUUATHO HA3UBAIOTD PDiBHAHHS, 1110
, TOOTO PiBHAHHS BUTIALY [ (x)g(x) =f (x)(p(x)
(OCHOBOIO CTeNeHiB, AKi CTOATH y JIiBill i mpaBiii yacTUHAX MOKa3HUKOBO-
CcTeleHeBOro PiBHAHHA € f (X) — Bupas i3 3MiHHOIO).

OCHOBHiI CNocobu po3B'a3yBaHHA PiBHAHHSA f (x)° = f (x)* ™

OpieHTnp

| Mpwknag

LIpuf(x)>0

SKII10 MOYKJIBO, BUKOPUCTOBYEMO
OCHOBHY JIOTapU(PMiUHY TOTOKHICTD
y Buraani a€¥N =N (a > 0, a # 1,
N >0)

1.0 xloslotD) = x2 1 &

x>0, x>0,
sSix#l, sSixzl, =
x+1=x"-1 x'-x-2=0
x>0,
Six#1, S x=2.
x, =-1abo x, =2

Bionosgiov. 2. <|

SK110 MOXKIMBO, JTOorapuMy€emMo
00MIBi YACTMHM PiBHAHHS 32 YU CJIO-
BOIO OCHOBOIO 200 II01a€MO BCi cTeIneHi
K CTeIleHi 3 OMHicro0 i Ticro caMoro uuc-
JI0OBOXO OCHOBOIO 32 (hopMYyJI010

U (x) =a10gaU(x)
ne(a>0,a#1,U (x)>0)

2lgx+1
2. x

= 100x.

» Ha O3 (x > 0) o6uznsi yacTuHU
PiBHAHHSA TOAATHI, TOMY ITicJIs JloTa-
pudmyBaHHA 3a ocHOBOIO 10 omepixye-
MO PiBHAHHS, PIBHOCHUJIbHE TaHOMY
lg (x?'8**1) = 1g (100x).
3Bincu
Rlgx+1)Igx=1g100+1g x.
Bamina:lg x=¢. (2t +1)t=2+1¢,
t'=1,t,=1,t,——1.Toxilg x=1a6o
lg x = -1, To6T0 x, = 10, x, = 0,1
(o6buaBa KopeHi BxoaAaTs 1o O113).

Bionogiov. 10; 0,1. <
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IIpomoBsx. Tab6a. 57

II. f (x) — moBinbHUII BUpa3

3. 284 — 420

P SKI0 BBAXKATH OCHOBY X YHCJIOM,

TO CNOYAMKY PO3LAAHEMO MPU 0CO0-

ausux eunadku (ocHosa cmeneus 0o-
Ilea cmeneni 3 00narko8umu ocHo- | pienioe —1;0; 1), a nomim npupieHse-

gamu (f (x)* = £ (x)") moxmymo | Mo nokasnuru cmenenis: .

Gymu pieni 6 00HoMY 3 womupvox eu- | 1) mpux=—1: (=1)"=(-1)" — mpa-

nadxie: BUJIbHA plech,
1) f(x)=—11i0aa KopeHis ybozo pis- 2) EFH 1xc_ 0: 0" = 0" — mpasmrpna
. BHiCTB;
HAHHAZ (;.)'c) ma @ (x). uiniyucaa 3) mpu x = 1: 16 =12 _ npaBumIbHA
00HAK080T naprHocmi; piBHiCTB;
2) f(x) =0 i 0na Koperis uvozo pis- 4) HPH 2x + 4 =20, 10670 X = 8:
Harha g (x)>0ma@ (x)>0; = 8" — npaBusbHa piBHiCTD.
3) f(x) =11i dasa Koperis yboeo pis- Blanomab. -1;0; 1; 8.
HAHHA Z (x) ma ¢ (x)ichyomb; 3ayBaeHH d. Ko BBasKaTu
4) g(x) = @ (x) i 014 KOpeHi8 Yyb020 | OCHOBY 2x+fMiHHOIO, TOo QYHKILiaA
piénanusa icnyromo f(x)° ) ma | Fx)=x BBA’KAETHCA O3HAUEHOIO
o (x) stuiire mpu X > 0. 3 I{bOTO MOTJIALY JaHe
)y ™.

PiBHAHHA Mae TiabKM KopeHi 1 18,
i Toxi ozep;Ky€eMO TaKy BiIIOBiAb.
Bidnosidv: 1; 8. <

To6To BifmOBiAb 0 TAKOTO PiBHAH-
Hs He MOYKHA 3aIIMCAaTU OLHO3HAYHO.

MosicHeHHs 1 0GIPYHTYBaHHS

ITorxa3Huko80-cmeneHe8uUMU PIBHAHHAMU MA HEPIBHOCMAMU 3BUYATHO HABH-
BAIOTh PIBHAHHA i HepiBHOCTI, 0 MicTATH Bupasu Tuny f (x)° ) (TobTO 3MiHHA
BXOJIUTH i IO OCHOBH, i 0 HOKa3HMKA CTeIleHd).

AmHajisyoun IoOKa3HNKOBO-CTeIIeHeBl PiBHAHHS, IpeNCcTaBJIeHi B TabauIi 57,
CJIi mam’ ATaTu, 110 B IIK1IbHOMY KYPCi MaTeMaTHKY IIOHATTS PIBHAHHSA Ha PisHUX
erarax BBOAUJIOCA II0-pisHOoMy. A came: y 4—5 KJjlacaxX piBHAHHAM HasuBaJjacs
Yuc08a pigHicMb, AKA Micmumbs Hegidome YUCL0, NO3HAYeHe OYyK8010. SHaUeHHS
HEeBiloMOro, Ipu AKOMY PiBHAHHSA IePETBOPIETHCA HA MPABUJIBHY UUCJIOBY
piBHiCTB, HA3UBAJIOCA KOpeHeMm abo po38’a3Kom bOro piBHAHHS. Hampukian, nis
piBHAHHA 2Xx = 6 KOpeHeM € 3BHAUEeHHA X = 3.

3 TOUKU 30py HaBeIeHOTO OBHAUEHHS Y PiBHAHHI 2X = 6 JIiTepOIo X IO3HAYEHO
Xoua i HeBifjomMe HaM, ajie KOHKPETHE YHCJIO, TOMY X MOJKe HaOyBaTH TiJIbKU €11~
HOro 3HaueHHA (x = 3). AJle Take O3HAUEHHSA YTPYAHIOE B IIONAJIBIIIOMY POOOTY
3 piBuaHHAM. Ko x HabyBae TiTbKU € TMHOTO 3HAUEHHS, MU HEe MOKeMO BUKOPH-
CTOBYBAaTHU, HAIIPUKJIA, rpadiuHe po3s’ A3yBaHHA PiBHAHHA (MAOUM TiIbKY OJHE
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3HAYEHHS X, HEMOYKJIUBO oflepKaTu rpadik y = 2x AK IpAMY JIiHiI0 HA IJIOINHI).
Towmy, mounHarwoum 3 6—7 KJacy, pi6HAHHA 03HAYAETHCA AK PiBHICMb i3 3MIHHOI0
(a xopeueM ab0 PO3B’sIBKOM PiBHAHHS BiIIOBiJHO HA3MBAETHCA TaKe 3HAUEHHS
3MiHHOI, IPU AKOMY Ile PiBHSHHS IIePETBOPIOETHCA Ha MPABUJbHY UUCJIOBY
piBHicTw). Temep x y Tomy camoMy piBHAHHI 2Xx =6 — 11e 3MiHHA, 114 TKOI HeMae
JKOJTHOTO OOMEsKeHH, 1 uepes Te x Moske 0yTu 0y ab-axum yrcaoM (013 piBHIHHSA:
x € R). IIpu Takomy migxomi KOKHOMY 3HAUEHHIO 3MiHHOI X BifmIoBifae enuHe
3HauveHHa sMiHHOI 2x. OTiKe, Ile PIBHAHHA MOKHA Po3B’ A3aTu rpad)iuHo, modyay-
BaBImu rpadiku GyHKIin y=2x i y = 6. Kpim Toro, mpu Takomy migxo/i MmosxkHa
3alnucaTy piBHAHHSA B 3araJbHOMY BUTJIA/L AK PiBHICTS [ (x) = ¢ (x)i006rpyuToBa-
HO BUKOPHCTOBYBATH BJIACTHUBOCTI (DYHKIIIH JIsI pO3B’ A3YBaHHS PiBHAHD.

M4 Bcix TUNiB piBHAHB, AKi po3raaganncs B Kypci anrebpu yu anrebpu i mo-
YaTKiB aHaJIi3y, HaBeeHi JBa O3HAUEeHHS PiBHAHHS IPUBOIATH IO OJHOTO i TOTO
caMoro pe3yJabTaTy IIPU PO3B’A3yBaHHI PiBHAHL. AJle Yy BUIIaIKy HOKA3HUKOBO-
CTeIIeHEeBOIr'0o PiBHAHHSA IHKOJIM MOYKHA OTPUMATH Pis3Hi BiAMOBiAi, BUKOPHUCTOBYIO-

U1 PisHI MiAX0AM 10 O3HAYEeHHA PIBHAHHA.

. 2x+1 5
Hanpukaazn, posriisaeMo piBHAHHS X =x.

P SAxImo posrasgaTy Take piBHAHHS AK YMCIO0BY PIBHICTE, TO IBa CTEIIEHI 3 0HA-
KOBUMU OCHOBAMHU MOXKYTH OYTH PiBHUMU TiJIbKU B OJJTHOMY 3 YOTHUPHOX BU-
nmankiB. A caMe: AKIITO OCHOBOIO cTeneHs € 3HaueHHA —1; 0; 1 (x=-1,x=0,
x = 1), To cTeleHi MOKYTh OyTH PiBHUMU HABIiTH TO/i, KOJU IX ITIOKA3HUKU
OyayTh pisHuMU (3BUUANHO, AKIIO ITi CTeIIeHi iCHyI0Th). ¥ BCixX iHINMMX BUIaL-
KaX CTeIleHi 3 0lTHaKOBOIO OCHOBOIO OY/IyTh PIBHUMH TiJIbKY TO/i, KOJU IOKAa3-
HUKY [IUX CTeIeHiB 6yayTh pieHumu (2x + 1 = 5, To6T0 X = 2). OT:KeE, M5
oJlep:KaHHS BCiX KOPeHiB 3a1aHOT0 PiBHAHHS TOCUTH IIEPEeBipUTYU 3HAUEHHS X,
piBHi—1;0; 1; 2. Bei i uncsia € KopeHsAMHU, 00 IPH IiCTAHOBII KOMKHOTO 3 HUX
y 3aZlaHe PiBHAHHSA BOHO IIePETBOPIOETHCSA HA ITPABUJIbHY UHCJIOBY PiBHICTD.
SKIIOo K po3rAgaTu e PiBHAHHS AK PiBHICTH i3 3MiHHOIO0 i cTaT HA PYHKILiO-
HaJBHY TOUKY 30Dy, TO PyHKIiA f (x) = P l, SAK IPaBUJIO, BBAYKAETHCA 03HA-
uyeHOIO TinbKu n1pu X > 0, i Toxi 3amaHe piBHAHHA Ma€ TiJIbKU ABa KOPEHi:
1i 2. <

OT:xe, 10 PO3TJIAHYTOrO PiBHAHHS BiITIOBiAb HEe MOYKHA 3aIIKCATU OJHO3HATHO
(OCKiJIBKY KOKeH i3 YKasaHUX IIiAXO0iB 10 O3HAUEHHSA PiBHAHHSA Ma€ MpaBo Ha
icHyBaHH4 1 peajibHO BUKOPUCTOBYETHCS B MaTeMaTuili). Tomy B mogioHMX cuTya-
iAX JOBOAWTHCA HABOAUTH O0MIBa BapiaHTH BiAIOBiIi.

Amnajyoriuaunii npukaan HaBeqeHo B TabauIi 57.

V3azanvHwowuu HasedeHi suuLe MIPKYBAHHS, 3A3HAUUMO, UL0 8 MOMY BUNAOKY,
KOJAU NPU po38°A3Y8aAHHI PI6HAHHS 8udy [ (x)g(x) =f(x)° 3 YMOBU He BUNJUBAE,
wo ocnosa cmenens f (x) >0, dosodumucs pozeasdamu mpu 0cOONUBUX BUNAOKU:
ocHosa f (x) dopienwe —1, 0, 1 (3po3ymino, wo 8 yux sunadrxax cmeneni f (x)
MONCYMb OYMU PiBHUMU HABIMb M00i, KoAU NOKA3HUKU & (x) i ¢ (x) pi3Hi),a nomim
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npupieuamu nokasnuku (g (x) = ¢ (x)). Ko & 3 yM0oBU BUILIUBAE, 1110 [ (x) > 0,
TO PO3IJIALAEMO TiJIbKY OJMH 0COOIMBUI BUIAJ0K — OCHOBA CTEIIeHs JOPiBHIOE 1
(f (x) = 1) — i npupiBHIOEMO TOKAa3HUKU cTeneHiB (g (x) = ¢ (x)).

Hamnpukaan, posriasgsHeMo piBHAHHSA (x2 - 1)3x_ T= (x2 - 1)8.

) 3 yMOBU He BUILINBAE, IIIO0 OCHOBA CTEIIeHA x¥-1> 0, oT:Ke, TOBOAUTHCA PO3-
TJIAATHA BCi BUIAAKU.

1) dAxmro xX-1= -1, T0O x = 0, omsxe, x =0.
ITigcraBasaoun e 3HaUYEHHS B 3aJlaHe PiBHAHHS, MA€EMO (—1)_7 = (—1)8, TOOTO
—1=1 (menpaBuJbHA PiBHiCTB), OT:KE, X = 0 He € KOPEeHEM 3aJaHOTO PiBHAHHA.

2) fAxio xX-1= 0, To6TO X = 1, TO MpM KX 3HAUEHHAX X 3a/jaHe PiBHAHHSA IIepe-
TBOPIOETHCA Ha HEIIPABUJIbHY YKCJIOBY PiBHICTBh (OCKiJILKY 3HAUEHHS BUPAa3iB o*
ta0 '’ He icayiors). OT:Ke, uncia 11 —1 He € KOpEeHAMHU JAaHOTO PiBHAHHA.

2 .
3) Axrmo x° — 1 = 1, To6TO x=i\/§, TO 3a/laHe PiBHAHHSA I1ePEeTBOPIOETHCA Ha

npaBUJIbHY piBHIicTE (1 = 1), oTiKe, X = +/2 — KOpEeHi 1aHoro piBHAHHS.

4) IlpupiBHSEMO NOKAa3HUKY CTEIIEHIB 3aJaHOr0 PiBHAHHS (OCHOBU CTENEHIB y JIiBi
i mpasBiii yacTrHaxX PiBHAHHS OAHAKOBi): 3x — 7 = 8, Toxi x = 5 (upu migcra-
HOBIIi OTPMY€EMO ITPAaBUJIBbHY PiBHICTH 24° = 248).

00’ egHyIoun oeprKaHti pe3yJIbTaT, OTPUMYEMO BiIIOBiAb.

Bidnosios: —/2; /2; 5. <

Baysaenssa puf(x)>0x1a poss’ asysanns pisasaansa f (x)°© =f (x)"™”
MOJKHA npoJorapudmMyBaT o0uIBi 10ro yacTUHY 3a 0y Ib-sIKOI0 UHNCJIOBOIO OCHO-
BOIO, OJIEPyKAaTH PiBHOCUJIbHE PIBHAHHSA, ¥ AKOMY BiKe He JOBeIeThCA PO3TIAAaTH
0Cco0/IMBUI BUTIAJIOK — BiH OyZe BpaxoBaHuii aromaTuyHo. Ile mos’ss3amo 3 TumM,
0 PYHKIiA y = a’ upu a > 0 Mae 0co6IMBUIl BUNALOK, AKIO a = 1 (quB. rpadik
dyuKii y=a’ npua > 0Hac. 338), a hyHKIidy = log, x (neb> 0, b# 1) ocobmuBux
BUIIAJKiB He Mae.

TaKo:K 3ayBasKIIMO, 1[0 PU PO36°A3Y6aHHI HepieHocmeil 6udy f (x)° “ > f (x)q)(x)
3a620U BUKOPHUCTOBYIOTH GYHKI[IOHANIBHUM Iiaxin i 6saxcaromu, wo f (x) > 0.

Bigsuaauumo, 1110 B TUX BUNAAKAX, KOJLU 00 NOKA3HUKOB0-CMENeHe8020 PiBHH-

HA 8x00amb 8upasu muny g%~ mo 011 po3e’3y6anrs maKozo Pi6HAHHA MOKHCE

BUKOPUCMOBYBAMUCS OCHOBHA J02APUPMILHA MOMONCHICMb. Y IIbOMY BUIIAIKY
caig BpaxoByBatu Q13 3aganoro piBHsHHES (quB. npukaazn 1 y tabauii 58).

HocuTb yacTo 1Jid po3B’ A3yBaHHS TOKA3HUKOBO-CTEeIIeHeBUX PiBHAHD BUKO-
puUcTOByeThCA Jorapu@MyBaHHA 000X YacTHUH. S3BUUYANHO, Ile MOKHA 3pOOUTH
TinbKY TOAl, Kot Ha O[3 3amaHoro piBHAHHA 00UIBi YacTUHY PiBHAHHSA HOJATHI
(nuB. npukgan 2 B Tabauii 57).

Haseznemo 11e KiibKa IpUKJIaiB po3B’ A3yBaHHSA IIOKA3HIKOBO-CTEIIEHEeBUX PiB-
HAHB i HepiBHOCTe.
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Mpuknapu po3B'a3aHHA 3aBAaHb

IIpuxxan 1.

PosB’aszauusga

P Ockinbku x = 3 He € KOpeHeM 3a/a-
HOTO piBHAHHS (00 He icHye), TO IIpu
x # 3 o0uaBi 1oro YacTHHU JOLATHI.
ITicosa norapudmyBamHs (3a ocHOBOIO 10)
000X YaCTHH 3aJaHOI0 PiBHAHHSA Ofep-
2Ky€MO PiBHOCHJIbHI HOMY PiBHSAHHS:

3x2-10x+3

lg|x-3| =lgl,
(8x*—10x+38)1g|x—-38|=0,
3x?2-10x+3=0ab6olg|x—3|=0.
3 mepIoro oJep:KaHoro PiBHAHHS
1

MaeMo X; =3 X 3 (He € KOpeHeM), a 3
npyroro|x —3|=1, roxi x —3 =1 a6o

x—3=-1. Tobro x =4 abo x = 2.

Bidnosiov: %; 2;4. <

PosB’skiTh piBHAHHS | X — 3|

3x2-10x+3 _

1.

KomenTap

Ockinbku | x — 3| > 0, To 3 0cOBTH-
BUX BUIIAJIKiB MOKHA POBTJIAHYTHU T1iJIb-
KU ofinH — ocHoBa gopisHioe 0 (| x— 3 | =
=0, To0To x = 3). II106 He posriagaTu
BUIIAJIOK, KOJIX OCHOBA NOPiBHIOE 1, 10-
CUTH IIPU X # 3 mpoJsiorapudMyBaTU
00MIBi YACTUHY PiBHAHHSA 3a YU CJIOBOIO
OCHOBOIO (HAIIPUKJIA[T, 3a 0CHOBOIO 10).
Ilpu x # 3 00mABi yacTUHU 3aaHOTO
PiBHSHHS OJaTHi, TOMY IIicJIs Jiora-
pudMyBaHHA OIEP:KYEMO PDiBHAHHSA, PiB-
HOocuJIbHE 3aanoMy. OcKinbKY Bei mo-
IaJbIIli IepeTBOPEeHHS € PIBHOCUJIbHU-
mu (mpu x # 3), TO BCi omepikaHi pos-
B’sA3KM (AK1 He TOPiBHIOIOTEL 3) € KOpe-
HSIMU 3aJaHOTO PiBHAHHS.

Ipuknax 2. Poss’skiTh piBHAHHSA 5Hlo%2* 4 xlog25 =10,

KomenTap

IIponorapudmyBaTu 06uABI YacTUHY 3aJaHOTO PiBHAHHA He BAaeThed (y JIiBii
YacTHHi cTOITH cyMa), TOMY CIIPOOy€EMO BCi CTeIleHi IIogaT AK CTeNeHi 3 oguiero i
Ti€I0 caMOIO YMCJIOBOIO OCHOBOIO. BpaxoByoouu, 1110 B 3aJaHOMY PiBHSHHI € Jora-
pudM 3a 0cHOBOIO 2, ITOJAAMO BCi 3a/]aHi CTeIeHi AK cTeIleHi 3 0CHOBOIO 2 3a (popMy-

1 .
goo u=a ", teu>0,a>0,a%1. Toxi
logo x logo (5 °82%) logo xlogs 5
plosa¥ _ glogs = gloszxlogz’ 1)

xlog25 210g2 (o Toe25)

- — 210g25 loggx

(TOOTO HOJMAHKM, AKi CTOATH y JIiBill yacTHHI 3aJaHOr0 PiBHAHHA, ogqHaKoBi). ITicas
olep:KaHuA piBHAHHA (2) (AUB. po3B’A3aHHA) MOKHA BUKOPUCTATH PiBHicTS (1)
crpaBa HaJaiBo. MosKHa TaK0OK 3aIlICATH IIPABY YaCTUHY PiBHAHHS (2) IK CTEiHb

yncJia 2 abo mpoJiorapudMyBaTi O0UB1 Or0 YaCTUHM 38 OCHOBOIO 2.
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PosB’sasauusga
P O03: x>0.Hauniit OII3 3agane piBHAHHA, piBHOCUIbHE PIBHAHHAM:
2log2x logys + 210g25 loggx — 10’

2. 2log2xlog25 _ 10,
2log2xlog25 _ 5’ (2)
5log2x — 5’
log, x =1, x = 2 (BxoauTs 1o OL13).
Bidnosidv: 2. <|

It it
ylogsy +y0g3x =18,

IIpuxaax 3. Poss’axiThb cucreMy piBHAHD
- - yp {log3x+log3y=3.

KomenTap

Buxopucraemo piBHOCMIBbHI epeTBopeHHsA cucteMu. [l rporo Bpaxyemo OJ13
i mpocresxumo 3a TUM, 11100 Ha 11i#t O[3 Bci mepeTBOpeHHs 30epiraau mpaBUIbHL
PiBHOCTI AK IpU IPAMUX, TaK i IPU 3BOPOTHUX IIePETBOPEHHAX.

VY nepiromy piBHAHHI 3a1aHOI CCTEMU 3aIIXUIIIEMO BCi CTeeHi AK CTeIleHi 3 oc-
HOBOIO 3 (IuB. Bullle KoMeHTap a0 npukaany 2). Ilicaa pisaocunpaux (Ha O3)
IepeTBOPEHb MEPIIIOro PiBHAHHSA ofep:KyeMo cucremy (1) (ZuB. pos3B’ss3aHHs), 10
AKOI 3MiHHI BXOAATH TiNbKK y BUuraafi log, x i log, y, ToMy 3py4HO BUKOPHUCTATH
saminy sminHux. ITic/ia 06epHeHOoI 3aMiHM 3aCTOCOBYEMO O3HAUEHHS JIorapudma.

PosB’sasauusga
x>0,
p OI03: {y >0. Ha niti O[13 nepiire piBHAHHA 3aJaHOI CCTeMU PiBHOCUJIbHE

logay) log3x)

log3(x + 310g3(y

i 1 1 1 1
piBHAHHAM: 3 =18, gloesvloesr | glogsxlogzy _ 10
1 1 1 1 1 1 2 —
2' 3 oggxloggy — 18, 3 oggxloggy — 9, 3 oggxloggy _ 3 , 10g3 x ].Og3 y _ 2‘
Toni sagana cucrema piBHOCUIbHA CUCTEMi
{log3 xlog,y=2,

log, x+log,y=3. 1)

uv=2,
3aminalog, x = u, log, y = v nae cucremy
3 » 1085 Y u+v=3.
3 Ipyroro piBHAHHA OCTAHHbOI CUCTEMU U = 3 — U, TOJi 3 IIEePIIOro PiBHAHHS

u(3 —u) =2, Tobro u-3u+2=0. 3eigcnu, =1, u,=2. Togiv, =2,v,=1.

log,x=1, {log3x=2,
0

OGepHeHa 3aMiHa fae {logs y=2 a log,y=1.

x=3, x=9,
Toni {y -9 abo {y -3 (suaiimeni po3B’si3ku BxoaATs 10 OJ13).

Bidnosidv: (3; 9), (9; 3). <
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Ipuknaxg 4. Po3p’sKiTh HepiBHICTD |x — 4 [¢¢ -2 > | x —4 [e6-o,
Icmoci6

KomenTap

Crpo0byemMo BUKOHATY PiBHOCUJILHI IIEPETBOPEHHA 3aaH0I HEPiBHOCTi, BUKOPUC-
TOBYIOUHN MipKYBaHHS, AHAJIOTIUHI THM, II[0 3aCTOCOBYBAJINCSA IIPK PO3B’ A3yBaHHI
HMOKa3HMWKOBO-CTelleHeBUX PiBHAHB (aAuB. nyHKT II Tabaumni 57). Ockiabku
|x—4]|>0, 03 0c06MMBUX BUNAAKIB IIOTPiGHO PO3TJIAHYTH TiILKM BA: OCHOBA
nopisaioe 0 (To6T0 X = 4) i ocHOBa mopiBHIOE 1 (TO6TO | X — 4 | = 1). IIpy immux
3HAUEHHSX X OCHOBA — JoJaTHe YHCJIO, 110 He fopiBHIOE 1. PoarisHemo aBa Bu-
nagku: 1) ocuoBa 6iybima 3a 1 (mpu rmepexo/i 10 IOKa3HUKIB y 3aaHiil HepiBHOCTI
3HAK HEePiBHOCTI He 3MiHIOETHCA); 2) OCHOBa MeHIIa 3a 1, aje Oinbina 3a 0 (mpu
mepexo/i Bij cTelleHiB M0 MOKa3HUKIB y 3ajmaHili HepiBHOCTI 3HAK HepPiBHOCTI
3MiHIOEThCS HA TpoTuesKkHui). [Ipy TakuxX mepeTBOPEeHHAX Ofep:KyeMO HePiBHOCTI,
piBHOCHMIIBHI 3aaHili (Ha i1 O]3), OCKiIbKY MOKEMO rapaHTyBaTU IIPABUJIBHICTD
He TiTbKU IPAMUX, a 11 BBOPOTHUX IIEPEXOIiB.

IIpu po3B’A3yBaHHI 0eprKaHNX HANIIPOCTIIINX JorapupMiuyHIX HepiBHOCTE
BPaxO0OBYEMO, 1110 GYHKIis y = 1g ¢ € 3pocTaroyoro.

o Bigmosiai cig BKIIOUUTH BCi pO3B’ A3KU OfeP:KAHUX CUCTEM HEpiBHOCTEH
i Bci ocobimBi 3HAUEHHS, AKi € O3B’ I3KaMU 3aJaHOI HEPiBHOCTI.

PosB’aszauusga
x-2>0,
> Ol13: 6— x>0, T06TO 2 < X < 6.

Ilpu x = 4 3ajana HepiBHicTb BuKoHyeThesa (07 > 0%, 0 > 0 — mpaBmibHA
HepiBHiCTD), OTKe, X =4 — oauH i3 po3B’A3KiB 1iei HepiBHOCTI.

SIxmo|x—4|=1(to6rox—4=1a60ox —4=—1, orxe, x =5 abo x = 3 — mi
3HaueHHd BXoaATh 10 OJ13), To 3aaHa HEPiBHICTD TeXK BUKOHY€EThCA. [lpmx =95
ix = 3 oxmep:ryeMo nmpaBuJbHy HepiBHicTh 1 = 1. OTiKe, IIi yKcIa TeX € Po3-
B’sI3KaMU 3aJaHOI HepiBHOCTI.

IIpux#4, x# 51 x # 3 ua Ol]3 sagana HepiBHIiCTb PiBHOCHJIbHA TaKill CYyKyII-
HOCTi cucTeM:

|x—4]>1, 0<|x-4|<1,
abo
lg(x-2)>1g(6-x) lg(x-2)<1g(6—x).
x#4, x#4,
x#5, x #5,
X#3, x#3,
Tob6To abo
2<x<6, 2<x<6,
x—4<-labox—-4>1, -1<x-4<1,
x—-226-x x—2<6-x.
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x#4, x#4,
x¢5, x¢5’
Clx#3, xX#3,
Toni abo
2<x<6, 2<x<6,
x<3abo x>H, 3<x<bh,
x=>4 x< 4.

Omxe, b < x <6 abo 3 < x < 4. BpaxoByouu 0co0JIBi 3HaUeHHS, AKi € po3-
B’sI3KaMU, ofiepskyemMo: 3 < x <4 a60 5 < x <6.

Bionosiow: [3; 4]V [5; 6). <
II croci6 pose’ ssyBanHs HepiBHocTi | x — 4 | 7P > | 2 — 4 ¥ 77,
KomenTap

PosB’sa:xemo 3ajaHy HEPiBHICTH METOOM iHTEepPBAaJIiB, AJIA IILOTO 3BefeMO ii 10
Buny f (x) > 0.

st sHaxoqsKeHHA HYiB [ (x) moTpiOHO pO3B’sI3aTH ITIOKA3HUKOBO-CTEIIEHEBE
piBuanHs (2). Ockinbku | x —4 | >0, To 3 0COBIUBUX BUNAAKIB IIOTPiGHO POBTJIA-
HYTHU TiJIbKU ABa — ocHoBa mopisuioe 0 (To6To x = 4) abo ocHOBa mAopiBHIOE 1
(To6To | x — 4 | = 1). Ilpu inmux snavennax x 3 OJ13 y piBHaAHHI () ocHOBa —
JIoIaTHe YKCJI0, 110 He nopiBHIoE 1. Tomi MoXKHA IPUPiBHATY IOKAa3HUKY CTEIIeHiB
(ozmep:KyeMO PiBHSAHHSA, PIBHOCUJIbHE 3aJJaHOMY ).

s sHaxOoMKeHHA 3HaKIB f (x) 3pyuHo BuKopucraTu rpadiku QyHKIi y = a”
npuO<a<limpuma>1.

Iy vi
y=ar y=a*
(O<a<1)N1 1y (@>1)
N A
0 X 0 L
PosB’sasauus«a
x—2>0;
p 1.0103: {6—x>0, T06TO 2 < X < 6.
Ha it O[13 3amana HepiBHiCTb piBHOCHIbLHA HEPiBHOCTL
|x—4[¢C P —|x-4[*°"P>0. (1)
2. Hexaii f(x)=|x—4[*“"? —|x—4[*®"® Hyxi f (x):
|x—4[¢¢ P —|x-4[¢C P =0. (2)
Ha Ol13 piBasnH (2) piBHOCUIIbHE PIBHAHHIO
|x_4|lg(x—2)=|x_4|lg(6—x)‘ 3)
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Ilpu x = 4 pienicTs (3) BukonyeThes (0> = 0'%; 0 = 0 — mpaBusibHA piBHICTD),
OTIKe, X =4 — KOpiHb piBHAHHA (3).

SIxmo |x — 4| =1 (tobéro x —4 =1 a6o x — 4 = —1, orke, x = 5 abo x = 3),
piBHicTB (3) Te:K BUKOHy€eTheA. I1pu x = 51 x = 3 omep:KyemMo IIpaBuJIbHY PiBHICTH
1=1.Ot:xe, 11i YnCJIa TEK € KOPEeHAMU PiBHAHHA (3).

IIpu x #4, x #5ix # 3 Ha O3 piBHAHHA (3) piBHOCUIBbHE PiBHAHHIO
lg(x—2)=1g (6 — x). Toni x — 2= 6 — x, oT:Ke, x = 4 He 3aJ0BOJIbHAE YMOBi
x # 4. TobTo Ha ocTaHHiI MHOXKUHI piBHAHHA (3) KOpPeHiB He Ma€.

3. Ilosnauvaemo mymai ¢pyurmii va O3 i
3HaXoquMO 3HaK f (X) y KOKHOMY 3
IPOMiXKKiB, Ha AKi posbuBaeTbcs O3 2 3 4 5 6 x
(IuB. PUCYHOK).

Bionosiow: [3; 4]V [5; 6). <

log, x+1 2

IIpukaax 5. Poss’axiTh HepiBHiCTD X >a’x.

KomenTap

Ha OI13 06uBi yacTuHM HEPiBHOCTI € JOJATHUMH, TOMY CIIPOOYy€EMO IIPOJIoTa-
pudmyBaTu 00uABi yacTuHE HePiBHOCTI. OCK1IBKY 10 3a1aHOI HEPiBHOCTI B2Ke BXO-
AuTh log X, TO 3py4HO NpoJiorapudMyBaTH 32 OCHOBOIO a. AJie Ipu Jiorapudmy-
BaHHIi 3a 0CHOBOIO, 0iJIbIIIOIO 3a 1, 3HAK HEPiBHOCTI He 3MiHIOETHC, a IIPH JIoTa-
pudMyBaHHI 32 OCHOBOIO, MEHIIIOI0 3a 1, 3HAK HepiBHOCTI 3MiHIOETHCA. [[OBOAUTD-
cs PO3TJIAAATHU ABa BUNaaku (Y KOMKHOMY 3 HUX OJIep:KyeMO HepPiBHiCTh, piBHO-
cuabHY 3aaHin Ha i1 OI[3).

Posp’ssaunusa

» OllB:x>0,a>0,a#1.

IIposorapudpmyemo 001 ABi YaCTHUHN HEPIBHOCTI.
1) Ilpu a > 1 3agana HepiBHicTh Ha i1 O/]3 piBHOCMIBPHA HEPIBHOCTAM:

log, (x'o=**1)>1og,(g2x), (log, x+1)log, x> log, a’+ log, x,
log” x +log, x>2+log,x, log’x>2.

Omxe, log,x < /2 a6o log, x> V2.

Tob6To log, x<log, a™? abo log, x>log, a”.

BpaxoByrouu O3 (x > 0)iTe, moa > 1, ogeprkyemo 0< x < a_JE abo x> aﬁ.
2) IIpu 0 < a <1 3agana HepiBHicTb Ha i1 O/]3 piBHOCUIFHA HEPIBHOCTAM:
log, (slogal) < log, (a’x), (log, x +1)log, x <log, a’+ log, x,
log? x +log, x <2+log, x, log”x<2.

Omxe, — 2<10gax<x/§.
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To6ro log, a < log,x <log, a”.

BpaxoByroun OlI3 (x> 0)iTe, mo 0 <a <1, omep:kyemo a? <x<a.

Bionogidv: 1) ipua>1 xe (0; a‘ﬁ)u(aﬁ;Jroo); mpu0<a<1 xe (a&;a_&).q

3anuTtaHHs gs KOHTpOIJIIO

1. IToscHiTL HA IPUKJIaLaX, AK MOXHA PO3B’SA3yBaTU IIOKA3HNKOBO-CTEIEeHEeBi
PiBHAHHA.

2. IloacHiTsL, yoMy Ipu Iepexoii Bif piBHaAHHA x'€* = x? 10 piBHAHHA Ig x = 2
(0CHOBU PiBHI — IPUPIBHAIN MIOKA3HUKHN) I'YOUTHCA KOPiHb 3aaHOI0 PIBHAHHS.

Bnpasu

1. Po3B’soKiTh piBHAHHS:

2
1) x'¢* = x3; 2) x28*—10x=0; 3) x2lomex _ 64, 4) xl‘)gx(x -3) =2x;

o

2_
5)x" " =x°: a) mpu x > 0; 6) mpu x € R; 6) |x—1° '=1;
log3m—llog3 (xz—l)
7 (%) ’ =V2(x—1);  8) 416 4 plmr =g;

9) 2" V=1 + (x - 1)°.
2. Po3B’saxiTh cucTeMy piBHAHD:

{xlog5y + ylog5x =50, 9 {xlogzy + ylogzx =16,

log,; x+log, y=1,5; log, x-log,y=2.

3. Po3B’s:KiTh HepiBHICTS:

xz—,x x°—2x
1) (22 -x+1) < 2) | x4 1 >z 1]

1 4 4
4) x %" <a’x;

-

3) | x-2 |log3(x—2) < | x-2 |10g3(8—x) .

3+1 2_2
5) x°" %" > a"x".
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NMOKA3HUKOBI TA JIOTAPUDOMIYHI
PIBHAHHSA | HEPIBHOCTI

Hesaki mokasHuKOBi Ta jorapudmiuHi piBHAHHA MOKHA PO3B’ I3aTHU, 3aCTOCO-
BYIOUHM BJIACTUBOCTI BiimmoBigHUX PyHKIIii. Haragaemo ocHOBHI npuiioMu, AKi Bu-
KOPHUCTOBYIOThCS IIPU PO3B’A3yBaHHI PiBHAHB 3a JOIIOMOIOI0 BJIACTHUBOCTEI
dyHuKIil, Ta HaBeAeMO IPUKJIAAM PO3B’sI3yBaHHSA PiBHAHL i HepiBHOCTEI, IO
MiCTATH TOKA3HUKOBI, Jorapudmivni Ta inmri pysrmii.

Tabnumsa 58

OpieHtnp Mpuknag
1. CkiH4eHHa O/13

zm L35 = 41—\/2—2x-

x—-1>0, x>1,
Axuro 06J.Iac'r1, AOMYCTHMUX 3HA- > OI3: 9_9x>0. Toni £<1
yenb (O/13) piBHaAHHA (HepiBHOCTI 260
.. Omxe, O3: x=1.
CHCTeMH) CKJIATa€ETHCA 31 CKIHUeHHO- . .
, IlepeBipka: x =1 — KopiHb
r0 YKCJIA 3HAYEHb, TO IJIA PO3B’IA3y-

. .. V1-1 1 1-vV2-2 _
BaHHSA JOCUTH IIePeBIPUTHU BC1 11 3HA- (2 +3 =4 , 4=4).
YeHHI. IHImMUX KOpeHiB HeMae, OCKiJIbKU 10

O13 BXOOUTH TIIBKY OJJHE UKCJIO.
Bidnosiov: 1. <|

2. OujiHKa NiBO1 Ta NPaBOI YaCTUH PIBHAHHS

x2 X
2" = cos 5
f(x)=g (x) J f ) =_a, P Ouinwmmo niByinpasy ‘{aCzTI/IHI/I 3a-
YRS lg@=a. nanoro pisaanHa: f(x)=2" >1 (oc-
(x)=2a
g(x)<a KiTeKHu x2 > 0); AKIIO g(x)=cos§,

To-1<g(x)<1.
Orxke, f (x) 21, g (x)< 1. Toxisamaue

SAximo morpi6bHO po3B’sI3aTH piB- . ; !
PiBHAHHSA PiBHOCHJILHE CUCTEMi

HAHHA BUAY f (x) =g (x)i3’acyBamao-

2
> < iBHI x5 _
cd, o .f (x) > a, g (x)<a,To piBHicTH 2% =1,
MiK JiBOIO i mpaBoO YacTHHAMU .
MOSKJINBA TOAI i TIIBKH TOXi, KOJIH O~ Ccos 3 =1.

HOUACHO f (x) ig (X) MOPIBHIOIOTB A. | 15 pepnroro piBHAHES OTEPIKYEMO

2
x" =0, TodoTo x = 0, 1110 3a0BOJILHSE

¥ IpyromMy piBHAHHIO.
Bionosidv: 0. <|
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IIpoxmoBsx. Taba. 58

3. BUKOpWMCTaHHS MOHOTOHHOCTI (hyHKLLiA

1. ITid6upaemo 0o0uH a6o KilbKa KOPeHi8 PIBHAHHA.

2. Tosodumo, w0 iHULUX KOPeHi8 ue pi6HAHHA He MA€E (6UKOPUCMOBYIOYU
meopemu npo Koperi pi6HAHHA ab0 OYIHKY NLi60I ma nNpaeoi Lacmumn

PiBHAHHA).

Cxewma po3B’A3yBaHHA PiBHAHHSA

Yi

Teopemu Npo KOPeHi PIBHAHHS

1. dxuo B piBHAHHI f (x) = a pysKUia f (x)

3pocTac (crmaac) Ha e IKOMY IIPOMIiKKY, TO
1e PiBHAHHSI MOJKe MATH He 01JIbIII HisK OJNH
KOPiHb Ha I[LOMY IIPOMiSKKY.

Mpuknag

PiBuanna 2° + 3" = 5 Mae equHUIT KOPiHb
x=1 (21 +3'=5, 10610 5 = 5), oCcKiNbKU
dyuakia f (x)=2" + 3" spocrae (1a Bciii 06-
JacTi BusHaueHHA X € R) AK cyma IBOX 3pO-
CTalUnX PYHKITil.

Y1

-\

y=g(x)

. SIxmo B piBHAHHI f (x) = g (x) byrELiAf (x)

|/

wY

3POCTAE HA JeSIKOMY IIPOMISKKY, a (QyHKIIis
g (x) cmagae Ha ILOMY CAMOMY IIPOMIiKKY
(a00 HaBMaKu), TO Iie PiBHIHHA MOKe MAaTH
He 0iJIbII HiK OTMH KOPiHb HA IOMY IIPO-
MIiKKY.

Mpuknag

PiBusanua 5° = 27 — x Mae equHUI KOPiHD
x =2 (52 =27 — 2, To6To 25 = 25), OCKiab-
ku f (x)=5"3pocrae, a g (x) =27 — x cuazae
(upu BCix x € R).
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§ 35. [oka3HWKOBI Ta NorapmndMidHI PIBHAHHS | HEPIBHOCTI

IIpomoBxk. TabGu. 58

4. «LLlykan KBaApaTHNN TPUYTIEHY

OpieHtnp

Mpuknag

Crpo0yiiTe pO3ragsHYTH
3aJlaHe PiBHAHHA AK KBaJ-
paTHe BiTHOCHO AKOICh 3MiH-
HOI (44 BiTHOCHO AKOiCh (PyH-
KIIii).

4" —(T-x)-2"+12—-4x=0.
» Bamumenmo, mo 4° = 2°, i BBegemo saminy
2" =t. OmepoxyeMo
= (T-x)t+12-4x=0.
Poarasguemo 11e piBHAHHSA K KBaJpaTHe BigHOC-

uo t. Moro nuckpumizauT
D=(T-x)-4(12-4x)=x"+2x+1=(x + 1)°.

. T-xt(x+1
Toni ¢, =%, TobTo t, =4,t,=3 — x.
O6epHeHa 3aMiHa fae 2° = 4 (3Bigcu x = 2) ab6o
2" =3 — x. OcTaHHe PiBHAHHA Ma€ eAUHUH

KopiHb x = 1, ockineku f(x) = 2* spocrae, a
g (x) =3 — x cnanae (pu Bcix x € R).

Bidnosiov: 1; 2. <

Mpuknagu po3B'a3aHHA 3aBAaHb

IIpukaaxg 1. Poss’s:kiTh piBHAHHSA (\/2 -3 )x + (\/2 ++/3 )x =4,

PosB’aszauusga

P dxmo ( 2—\/§)x=t, TO

( 2+\/§) =%. Opnep:xyeMo t+%

Orske, t°—4t+1=0. Toxi
t,=2-+3, t,=2+/3.

OGepHeHa 3aMiHa Ja€

KomenTap

ITomiuaemo, 1110

(V2—3)-(V2++3) =2 - ()’ =1.

Omixe, AKIIO \/2—«/§ =a, TO
V2++/3 =1, Tobro 3anane pipHAHHSA
a

x 1 -
Mae BUTJIAL @ +— =4, i ioro MoKHa
a

=4.

PO3B’sI3aTHU 3a JOIIOMOI'00 3aMiHu a* = t.

( 2— \/g) =2-/3 (3Bimecu x = 2) Aule Temep 110 3aMiHy MOXKHAa Gesmoce-

pPeaHbO BUKOPHUCTATH JJIS 3aJaHOTO

260 ( 2 _\/§) =2++/3 (sBimcu x=—2). | DiBHAHHSA, He BBOAAYN IPOMisKHI TO-

Bidnosgidv: — 2; 2. <|

suaueHHsa. [licas oGepHeHol saMminu
BPaxoBYEMO, 110

2+3=—1 - 1 __( 2—J3) .
B o)
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. . 1 1
Ilpuknax 2. Posp’sxirs piBranna 47 + ya +2° - 7o

4.

KomenTap

SIKII0 8BeCTH BCi cTemeHi 10 onHiel ocHOBY 2 i mosHaumTy 2° = ¢, TO OJIePIKUIMO

. . 1 .
piBusauuga (1) (zuB. po3B’A3aHH), Y AKOMY MOXXHA BBeCTHU 3aMiHy t——=u (Toxmi
t

2
t t

3aMiHu i o0epHeHi 3aMiHU € PIBHOCUJIBHUMU II€PETBOPEHHAMH IIHOT0 PiBHAHHSA.
Orke, po3B’sI3aBINN PiBHAHHSA, OJePsKaHi B pe3yJIbTaTi 3aMiH, i BUKOHAaBIIIK 06ep-
HeHi 3aMiHM, MU OTPUMAa€EMO KOPeHi 3a1aH0oT0 PiBHAHHA.

u’ =t —2+l2, omske, £ ++ =u? +2). Ha OJI3 3amanoro piBaanus (x € R) Bci

PosB’aszaunusga

b2 lior 1y
2 2
3amina 2* = t 1ae piBHAHHS

t2+tl2+t—%=4. (1)

[osHauUMO f— L= u, Tom ¢+ lz =u®+2, omxe, 3 piBaaxHa (1) ogepryeMo

t t
. 2 .

piBHAHHA U +u — 2 =0, axke mae Kopeni: u, =1, u,=—-2.

ObepHeHa 3amMiHa Ja€ t—%=1 abo t—%:—z. To,aitz—t— 1=0a6ot +2t—1=0.

OnepryeMo t1=1+2\/g, t, = 15 abo t, =-1+/2, t4=—1—\/§.

ﬂ 1- f

%N

Toni 2° = (3Bimenm x = log2 abo 2" = ( KOpeHiB HEMAaE, OCKib-

2
KU %< 0), a6o 2° =-1++/2 (3Bifcu x=10g2(\/§—1)), abo 2°=-1-+/2 (xo-
peHiB HeMae, OCKinbKu —1— J2<0).

Bionosiov: logz%; log, (V2-1).<

Ipuxnaang 3. Poss sxiTs pisHanna 4" + ix =2cos2x.
4

Icmoci6

KomenTap
Bpaxosytoun, mo 4" > 0, ofep:xy€eMo, IT0 B JTiBiii YacTHHI piBEAHHSA CTOITE CYMa
080x 83a€MHO 00epHEeHUX 000AMHUX YUce, AKa 3a8x#0u Oiavuia abo 0opieHIoe 2.
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§ 35. [oka3HWKOBI Ta NorapmndMidHI PIBHAHHS | HEPIBHOCTI

o -2a+1_ (a-1)
2= = >0, omxe, nmpu BCcix a > 0
a

‘o 1
(dificHo, aArmo a > 0, To a+——
a a

1
a+==> 2.)
a
151 oIiHKY MpaBoi YaCTUHU JOCUTH 3raJJaTH, 1110 00JIaCTIO 3HAUEeHb PYHKIIIT
cos 2x e mpoMiskoK [— 1; 1], oTore, —2 < 2 cos 2x < 2.
PosB’aszauusga

P Oninumo JniBy i mpaBy yacTuHu piBHAHHA. f (x)=4" +ix > 2 AK cyMa JBOX

B3aEMHO O0EepPHEHUX AOoJaTHUX unces. Ko g (x) =2 cos 2x, T0 -2 < g (x) < 2.
Omxe, f (x) > 2, g (x)< 2, Toxi 3azaHe PiBHAHHA PiBHOCUIbHE CHCTEMi

47+ Llog
4
2 cos 2x =2.
3 mepiroro piBHAHHSA, BUKOPUCTOBYIOUN 3aMiny 4" = f, ofep:KyeMo ¢ +% =2,
To6TO t* — 2t + 1 = 0. 3pinmcu t = 1. Toxi 4° =1, orsxe, x = 0, 0 3aOBOJIBHSE

1 Ipyromy piBHSHHIO.
Bionosidv: 0. <|

. . x 1
II cnoci6 posp’asyBannsa piBaAHHEA 4° +— =2c0s2x
4

KomenTap

SIx1mo mosHauuT 4" = ¢, TO 3a4aHe PIBHAHHA 3BOAUTHCSA K0 PiBHAHHA (2) (ZUB.
poO3B’sA3aHHA), AKe MOYKHA PO3IVIANATH K KBaJpaTHe BifHOCHO 3MiHHOI t. 3ayBa-
JKUMO, ot =4 #0, 0TIKe, IPU TAKUX BHAYEHHAX ¢ piBHAHHA (1)1 (2) € piBHOCKHIBL-
"HuMU. J[[a1i BUKOPHUCTOBYEMO YMOBY iCHYBaHHSA KOPEHIB KBaIpaTHOT'O PiBHAHHA.

PosB’aszauusga

» Ilicna saminu 4" =t (¢ > 0) i3 3ajaHOr0 PiBHAHHA 0JIEPKYEMO PiBHOCHUIbHE
PiBHSHHS
t+%=2cos2x, 1)

sAKe, Y CBOIO Uepry, piBHOCUJIbHE PiBHAHHIO
t2—(2cos2x)t+1=0. (2)
Posriauemo piBuanHA (2) aK KBagpaTHe BigHOCcHO 3MiHHOI t. Toxi fioro guck-
puminaaT D =4 cos’ 2x — 4.
Pipuanua (2) moxxe MaTu KOopeHi Tiapku Toxi, koau D = 0, To6TO KoJIHU
4 cos’ 2x -4 >0, Toxi
cos’2x > 1. (3)
V 1iii HepiBHOCTI 3HAK «0iJbIlIe» He MOYKe BUKOHYBATUCS (c032 2x < 1 3aBxK-
1), OT?Ke, HepiBHIicTS (3) piBHOCHIIbHA PIBHAHHIO cos’ 2x=1. Tonicos 2x =1 abo
cos 2x =—1. IlimcraBisaroun 11i 3HaUEeHHA B PiBHAHHS (2), 0JIeP:KYy€EMO IBi cucTeMu:
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{cos 2x =1,

cos2x=-1,
#2_9t41=0 20°

t*+2t+1=0.

Y npyriii cuctemi 3 APyroro piBHAHHA MaEMO

t = —1, 1o He 3am0BOJbHAE YMOBi t > 0. OTiKe, 3a/laHe PiBHAHHSA PiBHOCUJIbHE

TIJIBKY HepIIiii cucTeMi. 3 Apyroro piBHAHHSA IepIIoi cucreMu Maemo t = 1, Toxi
X . . s es

4" =1, tob6To x =0, 1110 32I0BOJILHSE 1 MePIITIOMY PiBHAHHIO I[i€l CUCTEeMH.

Bidnosidv: 0. <
IIpuxnan 4.

. . +1
Posp’skits pipmsamnsa 2°/ - 2771 - 2|

=2x+1

KomenTap

st po3B’A3yBaHHA PiBHAHHSA 3 KiJIbKOMAa MOAYJIAMU MOKE€MO BUKOPUCTATH

3araJbHy cxemy (c. 240):
1) sumaiiTu O113;

2) 3HAWTH HYJi BCiX mMigMOAyIbHUX QYHKILIH;
3) mosnauntu HyJai Ha O3 i po3dbuTu Ol13 Ha TPOMiKKY;
4) 3HalTH PO3B’ A3KY PiBHAHHSA B KOXKHOMY 3 IIPOMIiKKiB.

PosB’aszaunusga

p O13:x€ R.

Hyni ninmonynsuaux pyukiini x =01 2

x+1

-2=0,2"""=2,x+1=1,x=0.

ITeit Hyab (x = 0) posdbusae OJ13 Ha ABa TPOMiKKY, 1 I

Y KOJKHOMY 3 SIKUX KOYKHA NigMoayabHa QYHKIiA Ma€e - =

HOCTiMHMNY 3HAK (AUB. PUCYHOK).

¥, +
0 x

Ipowmiskok L. ITpu x € (—0; 0] maemo piBHaHEA 2~ +2° ' —2=2""" Togi 2" =2,

omke, x =—1 € (—o0; 0].

Ipowmixox II. IIpu x € [0; +0) maemo piBuanua 2° — (27! - 2) =

2°' Toni

2" = %, 3Bimcu x = logzg. Aune logzé <0, or:xe, y Il mpoMiskKy 3amane piBHAH-

HA KOPEHiB He Mae.
Bionosiov: —1.<

Ipuxkaax 5. Poss’axiTh piBHAHHA

lg? (x+1)=lg (x+ 1) 1g (x — 1) + 2 1g2 (x -1).

PosB’aszaunusga

x+1>0,
> 0n3: x—1>0. To6To x > 1.

OcKinbKu X = 2 He € KOPeHeM 3a/JaHO-

IO PiBHAHHSA, TO IIPU AiJeHHi 000X yac-
. 2

TUH piBHAHHA Ha 1g” (x — 1) # 0 oxep-

KomenTap

Axio BukonaTu saminy Ig (x +1) = u,
lg (x — 1) = v, TO OIEPIKUMO PiBHAHHS
u’=uv+ 20% YCi waeHU AK020 MaAmb
00HAKO08UIL CYMAPHUIL cmeniHb — IBa.
Haragaemo, 1110 Take piBHAHHS HA3U-
8aemuvcs 00HOPIOHUM i P038°A3YEMbCs
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JKyeMo piBHOCMIbHE piBHAHHA (Ha O13)
lg?(x+1) 1g(x+1)
lg?(x-1) lg(x-1)

OifleHHAM 060X YACMUH HA HATLBUWUTL

cmeninb 00ri€l i3 3minHux. Po3ginaumo,
. 2

HAIIPUKJIAL, 00uaABi yacTuHu Ha U (TOO-

2
m . t_lg(x+1) To Ha 1g” (x — 1)).
1CIIA BAMIHIL =, Ty Maemo IITo6 ne 3a2y6umu KopeHi pi6HAHHA
piBuarHAt -t — 2 =0, KOpeHi Akoro: | NPU OlLEHHi HA 6UPA3 i3 3MIHHOIO, NO-
t =-1.t. =2 MmpiOHO Mi 3HAYeHHA 3MIHHOL, NPU AKUX
1 > 2 ° o .

BuxoHaBIIN 0BepHeny 3aMiHy, ofep- | Yeil 6upas 0OPi6HIOE HYIO, PO32NAHY-
HyEMO mu oxkpemo. SHaUEHHA X, IIPU AKOMY
lg(x+1) lg(x+1) lg (x — 1) =0 (Troxgi x — 1 = 1, TobTO
lg(x_1)=_1 abo 1g(x-1) =2. x = 2), mifcraBisgeMo B 3ajaHe piB-

Toxi mra O/13 MmaeMo piBHOCMIIBLHI PiB- HAHHA. .
R s peanisanii ogepsxaHoro miany

posB’aA3yBaHHs He 000B’ I3KOBO BBOIU-
TH 3MiHHI © i v, TocUTH HOMiTUTH, IITO
3aJlaHe PiBHAHHSA OJHOPiAHE, PO3ILIUTH
00MBi YacTUHU Ha ng (x — 1), a BxKe
IOTiM yBeCTU HOBY 3MiHHY £.

lg(x+1)=-1g (x—1)abo
lg(x+1)=21g (x - 1),
lg(x+1)=1g (x—-1) " abo
g (x+1)=1g (x — 1)%,
1

x+1 = a6o x+1=(x— 1)2, V kinni BpaxoByemo, 1o BCi mepe-
X — .
TBOPEHHS OyJU PiBHOCHJBHUMHU HA
x'-1=1 a6o xt1=x-2x+1, OI[?I:) OTIKe Hyeo6x§) HO BUOpAaTU TiIbKU
x'=2 abo x2—3x=0, ’ ’ A p

Ti i3 3HAMgeHnX Po3B’A3KiB, AKi BXO-

x=+/2 a6o x=0umx=3. naTs go OI3.

Bpaxosyrwouu OI13, ogep:xyemo
x=+/2 abo x = 3.
Bidnosidv: \2; 3. <

IIpurkxax 6. Poss’sxiTspiBasanuna log, (1 +VJx-2 ) +log, (1 - | x*-4 |) =0.
3

KomenTap
Jlorapudpmiuui PyHKIiI, AKi cTOATE ¥ JIiBil yacTHHI 3aJaHOTO PiBHAHHSA, HA0Y-
BalOTh TiJIBKY HEeBil’ € MHUX 3HAUEHbD.
IiticHo, Ha Beiit ob6macTi BusHaueHHs 1++/x—2 >1, oTixe, log, (1 +x—-2 ) >0;
aHasoriuno, ockinpku 1 —| x” — 4 |< 1, 1o Ha cBOiii 06IaCTi BUBHAYEHHS

logl (1 —| x* -4 |) 20. Yuvomy sunadry cyma 080x Hegid’ emHUX QYHKUILL Moice 00-
3

pisHwsamu HYL0 Mmo0di i misbku modi, KOLU KOHCHA 3 UUX PYHKUIIL O0PiBHIOE HY L.

3ayBasKuMo, I10 IPU IIePeXo/Ii Bi 3afaHOTO PiBHAHHA 10 cucTeMu piBHAHDL O13
He 3MiHIOETHCHA, OTIKe, II MOKHA He 3alliMCcyBaTU B sBHOMY Buriasani. Ilpu pos-
B’A3yBaHHI ofleprKaHuX HaWpocTiux Jorapudmivaux pieaauab O[3 Texx Bpaxo-
BYETHCSI aBTOMATUYHO, TOMY il MOKHa B3araJji He 3alIlCyBaTHU IO PO3B’ A3aHHA.
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PosB’aszaunusga
P Ockinbru Ha Beiit o6racti BusHauenss log, (1 +Vx—-2 ) >0

i log, (1 - | x* - 4|) >0, To 3aK1aHe PIBHAHHA PIBHOCUJIbHE CUCTEM1
’ log, (1++x—2)=0,
log, (1-|x*-4[)=0.
3 mepIIoro piBHAHHSA CUCTEMI oz[e?i)myeMo 1+Jx—2=2° Toxni Jx-2= 0, T06-
TO X = 2, 1110 3aJJ0BOJIBHSAE i TPYyroMy PiBHAHHIO CUCTEMU.
Bidnosidv: 2. <

Ipuknax 7. Ilpuskux 3HAUEHHSX ITapaMeTpa a HepiBHiCTb

sinx++V3cosx+a-5
10g2a—15( 5 )>0
5

BUKOHYETHCA IJIA Oy Ab-IKUX 3HAUEHD X ?

KomenTap
. 2 2 .
CmouaTKy ckopucraeMmocs opmysaoio asinx+bcosx=+va" +b"sin (x+ (p) :
. . T . . .
sin x++/3cos x=2sin (x + 5)' ITorim 3amuIIeMo IIpaBy YaCTUHY HEPiBHOCTI AK 3HA-

YyeHH Jorapu@miuHoi GyHKIII i, mepexoasdu 10 apryMeHTiB, BpaxyeMo, II10 y BA-
majaKy, KOJHM OCHOBA ITiel pyukItii 6iabmnia 3a 1, pyHKIIig 3pocTae, a KOJIU MeHIIIa
3a 1 (aue 6inpina 3a 0) — cmajgae.

ITpu moganbitoMmy aHasisi ofep;KaHnX HepPiBHOCTEI BpaX0BYEMO, IT10 HEPiBHICTH
sin ¢ > b BUKOHYETBCA AJ OYAb-IKNX 3HAYEHB f TOA1 i TibKY Toai, Ko b < —1,
a HepiBHicTh sin t <c — roamc > 1.

PosB’sasauusga
P Bazana HepiBHiCTBL piBHOCHMIBHA HEPiBHOCTI

. T
2 sm(x+§)+a—5
log,, 15 5 >logy, 451.
5 5
Ia HepiBHiCTh piBHOCHMJIbHA CYKYIIHOCTi CUCTEM

2a-15 2a-15

5 >1’ 0< <].,
2sin(x+£)+a—5 abo 251n(x+£)+a—5
— 3 1 0<—— 3/ <1,

5 5
a>10, 7,56<a<10,
Toxi a0 {5 _
A sin(x+£)>5—g 5—a<s'1n(x+5)<5—g.
3 2 2 3 2
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HepiBHocTi i3 3MiHHOIO X B OCTaHHil CYKYIIHOCTi CUCTeM BUKOHYBATUMYThCS
UL Oy Ib-AKUX 3HAUEHb X 32 YMOB:

7,5<a<10,
a>10’ 10 7,5<a<10,
5-a a>1u,
a abo <-1, TobTo abo {a>",
5-2.1 2 a>12
2 a<8.
5—%>1.

Tonia>12a6o 7,5 <a <8.
Bidnosidv: mpu a € (7,5; 8) U (12; +00). <

IIpukxan 8. Ilpu AKuX 3HAYEHHAX IapaMeTpa a PiBHAHHA log, (4" — a) = x mae
€IUHNHA KOPiHb?

KomenTap

BukoHyoun piBHOCHIBLHI IepeTBOPEHHSA 3aJaHOT0 PiBHAHHSA, K 3aBiK /11, Bpa-
XOBYEMO, II10 ITPY BUKOPUCTAHHI 0O8HAUEHHS JiorapudMa IJis Po3B’ sI3yBaHHA I[HO-
ro HaWmpocTinoro Jorapudmiuaoro piBuAHHA fioro O13 BpaxoByeThCcAa aBTOMA-
TUYHO.

Ilpu 6uKoHaHHI 3aMiHU 3MIHHOL 8 3a80AHHL 3 NAPAMEMPOM BPAXOBYEMO, ULO
nicas 3amiHu 8umoza 3a0ayi moxce IMiHUMUCA.

Hocaimxyioun posMillieHHA KOPeHiB KBaagpaTHOTo TpuuieHa f (t) = t'—t—a,
3aCTOCOBYEMO YMOBU, HaBeleHi Ha ¢. 225 y Tabauni 37 (s 3anucy BiAIoBigHIX
YMOB BUKODPHUCTAEMO MMO3HAYEHHs: D — NUCKPUMiHAHT, {, — abcuuca BepIInHn
napabosn). K Bigomo, 0215 mozo w06 koperi keadpammozo mpuinera f (t) (3 do-
damHum Koe@iuieHmom npu tz) O6yau pos3miuieHi no pisani 6oku 6i0 wucaa A, do-
cumv surkonanus ymosu f (A) <O0.

Posp’sasaunsa
P 3amaHe piBHAHHSA PiBHOCHIIbLHE PIBHAHHIO

£ —a=2" (1)
To6to 2°° —a = 2°. Bamina 2° = ¢ (¢ > 0) gae piBHAHHS:
' —t—a=0. (2)

Buwmora 3agaui 6y1e BUKOHYBaATHUCA TOJI i TiIBKY TOA1, KO piBHAHHA (2) Ma-
TUMe eIUHUN fogaTHUH KOpiHbk. Ile Oyae B ofHOMY 3 IBOX BUIIAIKiB:
1) piBHaHHA (2) Mae eqUHNYN KOPiHb, i BiH fOAATHUIT;
2) piBHAHHA (2) Mae ABa KOpeHi, 3 AKUX TiJIbKU OAUH NONATHUMU, a APYTUNA —
Bi’eMHMI 400 HYJIb.

D=0 1+4a=0,
JIs1 IIePIIIOr0 BUMNAAKY OJIePKY€EMO " To6TO
il b y DRy t,>0, t0=%>0.

1
Oroxe, a= e

an



PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

s gpyroro BUnaaKy sHaueHHA ¢t = 0 1ocigmmMo okpeMo.
ITpu t =0 3 piBHAHHSA (2) oxep:ryemo a = 0. IIpu a = 0 piBHAHHA (2) Mae KopeHi

t,=0,t,=1.0rxe, ymoBa 3asaui npu a = 0 BUKOHY€ETHCS.

3auniaeTbes Ie OAWH BUIIAJ0K — KOPeHi piBHAHHA (2) MalOTh PisHi 3HaAKHU

(poswmirreni mo pisui 60k u Bix HyJsis). 1151 11500 fOoCcUTh BuKOHAHHSA yMoBH f (0) < 0)
(me f(t) = £t a), TooTo ymosu —a < 0, Toxi a > 0. O6’eguyroun Bci ogepsrami
pesyJbTaTH, MaEMO BiIIOBiIb.

. . 1 . . .
Bionosiov: ipu a = - a60 a > 0 3agaHe piBHAHHSA Mac €AUHAN KOPiHb. <|

24

3anuTtaHHs gs KOHTpOIJIIO

. ITosicHiTh Ha TpUKJagax, K MOMKHA BUKOPUCTATHU BJIACTUBOCTI QYHKIIIH O

PO3B’A3yBaHHS MIOKA3HUKOBUX Ta JIOTapU(PDMiUHUX PIBHAHB.

Bnpasu

PosB’soxiTs piBHaAHHS (1—5).
1)2%=5-x; 2) (%) +(§) =1, 8)3"+4'=5% 4)2°+2"=2cos;
5) log,(x+5)=log, x+4; 6)log, (3" +4)=2-5% 7) log2|x|=5—x2;

2

8)log, (1 + xz) =log, x + 2x — x5 9) log5x=\/1—x2.

1) (a-i5) +(Waevis) =8 2) (V3+8) +(V3-v8) =6;

3) (V2-v3) +(V2+3) =2~
1) logZx+(x—1)log,x=6—2x; 2) x2 + (x — 3) log, x = 4x - 3;
321’ (2x-1)=1g"(2x+1)-1g (2x — 1)-1g (2x + 1).

VAR AT TS AAE S R ) ‘2+log1x‘+3=|1+logsx|.
5

.1)25"-(a-1)-5"+2a+3=0; 2) V4" -6-2"+1=2"—qa.

. PosB’saxiTh cucTeMy piBHAHD:

x+25=y+2Y, {logzx—log2y=y—x,
x® +3y=10; x*+y° =54.

o . o . +1
. BHaiiniTh Bci 3HAUEHHA MapaMeTpa @, IpU AKuX piBHaAHHA4 +a+ 2" —a=0

He Ma€ KOPeHiB.

. 3HaAWUIITh BCi 3BHAUEHHS IapaMeTpa d, IpU AKuX HepiBHicTh

a*9"+4(a—1)3"+a>1BUKOHYETHCA IIPH BCiX X.

412



[lonatkoBi 3aBAaHHA fo po3ainy 4

10.

11.

12.

13.

3HalIiTh BCi 3HAUEHHS ITapaMeTpa @, TPy AKUX PiBHAHHS

3"+ 3 "=2cos x +a+ 4 Mac efuHNI KOPiHB.

3HaiiTh BCi 3HAUEHHA TapaMeTpa a, IPU AKUX PiBHAHHA log, (9" +a)=xmae
€IVMHUIN KOPiHb.

J1a KOKHOTO 3BHAUEHHA ITapaMeTpa a BUBHAYITH YUCJIO0 KOPEeHiB piBHAHHA
[lg x|=—(x—1)*+a.

Cxinbku poss’saskis Mae pisuanua (log,(x+1)-3)Vx—a =0 sanexuo Bix

3HAUeHHd napamMerpa a?
3HalIiTh Bci 3HaUEeHHA ITapaMeTpa a, IPU SKUX CUCTeMa PiBHAHb

lg(4+y)=1gx,

2 2
a—y=§(x+a) Mae po3B’A3KU.

I JOJATKOBI 3ABAOAHHSA OO O34 4

OGuncaitTs (1—4).

[ 1
. 1) 10 logﬁlog& /\/5, 2) 910g162+1og34§; 3) 810,510g97; 4) 102 21g16.

20
4 3
. 1) Y2570 | g e, 2) ( s J +log,9-log, 4 -7,

Y25
3) 16(10g9 45 _1) : 10g11 9. 10g5 121; 4) (15 +3 I+logg4 ) 10g2 \/g . 10g3 4;

5) (80-5""%").10g,/5 -log, 4.

10"5466—1@«;23; 2) log, , Y8 :log. , A/8;
log, 66 ’ ’
3) log, 27 ~2log, 3 +log, ; 4) log, 34 — log, 17 + log, 18.
1 11,
1) 207"5% .(0,25)7%u15; 2) (81 it +251°g1258)-491°g72;

3) 490,5(10g7 9-log;6) 16- 5—long 4

4
. 1) Buaiigits log (“—6) akmo log, b = —5.
b

b
2) Buaiizirs log , (a’’), axmo log, b= 5.
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PO3/IT 4. [Toka3HMKOBaA i NorapumidHa yHKLT

10.

11.

12.

13.

3) Buaiinits log ,(a’s®), axmo log, b=6.
4) 3uarigits lg 800, axio lg 2 = 0,301.
1) Buaiizits log, 81, axmo log,;¥9 =a.
2) 3naiizits log, 20, axkmo lg 2 =a.

3) BnaiiniTs log, 32, akmo log, 5 =a, log, 7=0>.
4) 3uaiinirte log, 12, axmo log,, 3 = a, log,, 5=1».

ITopiBHsAMITE 3HAUEHHA 3aJaHNX YHCJIOBUX Bupasis (7—8).
7. 7 5,
1) 108'0,52 ilogggs Tt 2) log,, 25550 ilog,,— o

2logy5+logq 9

Liogy(141)Bl0g, Liogy(1-L ) 210 1
3) V11 i g7l 9)2”"2; 4) V15 i 831”(1 s} losard, 5)\/8 i2 2
1) 720,112  2)5°8740,11 7%  3)2'74+0,1i 3"

3HanmiTh 001acTh BusHaueHHA GyHKIii (9—10).

1) y=\/10g2(x2—2x—2); 2) y=\/log4(x2—4x—4);
3) y=[log, (8x*-2x);  4) y=\1-log,(x*-3x).
2

1) 7 (0=v2-37+1-3%  2) f (0)=1g((1,25)™ ~(0,4096)");
3)f(x)=m; 4) f (x)=V(4-2)(3"-9).

3HAWIITH MHOKUHY 3HAUEeHDb (PYHKITIT:

[ 2
30 4+1
1) y=10go,1( 599 ) 2) y=10go,25(w];

1+1g (100+x2) ) 2

3) y=logo,5(L} 4) y=log, (—1°+1°g7(7+| x“).
7

11+4/1+|Inx| 77

PosB’saxiTh piBHanHA (12—13).
1) 25x—1 . 34x+1 . 73x+3 — 504. 2) 29x+9_ 37x+3 . 56x — 720x+3.
3) 213—x_ 311—2x_ 59—3x — 360x+2; 4) 32x+3 . 33x+1 . 625x+2 — 600x+7-

1) 3log, (3 - —+) 4log (2 + —) +3;

2 )+3;
x—3

3) /33+ —310g4(4\/7 ), 4 7t =210g, (055).

414

2) 2log,, (x + —) 3 loglz(




[lonatkoBi 3aBAaHHA fo po3ainy 4

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

logs(1-| x|)-|a-1 . -
Ilpu axux 3HaueHHAX a Bupas (1—|x|) =Mt g e mumit sa BHpAas

0 24—a2—10g025(1+x2—2\ x|
b

) IIPU BCiX JOMYCTUMUX 3HAUEHHAX X7

4+ 3| x | 6+ 5| x | .
IIpn axux sHaueHHAX a cyMma log, Tela] ta log, Tela] Oy e OiIbIIIOI0
X X

3a OQUHUILIO IIPHU BCix x?
IIpu axkux sHaveHHAX a cyma log (sin x + 2) Ta log (sin x + 3) Gyzne mo-
piBHIOBATM OAMHUIIL X0Uua O IIPK OAHOMY 3HAUCHHI X7

2 2 .
ITpu saxux sHaueHHAX a cyma log, (cos” x + 1) ralog (cos” x + 5) Oyze mopis-
HIOBATY OSWHUII X0Ua O IPU OJHOMY 3HAUEHHI X?

1g(sinx)-a?

IIpu AKuX 3HAYEHHAX a BUpa3s (sinx) OinbIIMit 3a BUpas3

log;o(1-cos® x)+1 .
10 F10 TR THORTY ryp BCIX OMYCTUMUX BHAUEHHAX X7

logg

IIpy AKUX 3HAYEHHSIX 4 BUPa3 (COSX) (cosx)a| i nprTmit 32 BUpas

logg(l—sinzx)+a(a—2) . 9
3 IIPY BCiX JONYCTUMUX 3HAUEHHAX X7

)log4 (1-x?)-Va

2 . o
ITpu AKuX 3HAUEHHSAX a BUPa3 (1-x OibInuii 3a BUpas

=

1-|a|-log, 1-22 .
0,25 IIPU BCiX JOMYCTUMUX 3HAYCHHAX X7

log, (1-2%)-2* .
IIpu aAkux 3HAUEHHAX @ BUPaA3 (1 - 2x) OinbInuii 3a BUpas

0 53—\/3 —log,(1+4%-2**1) .
8 IIPU BCiX JOMYCTUMUX 3HAYCHHAX X7

3HaWiTh yci nomaTHi, He piBHIi 1, 3HaYEeHHS @, IIPU IKUX 00JIaCTh BUSHAUECHHA

0,5
27T\
3 2 4+5log, 5+xlog, .

byuKOii y= (ax+ ca® + a8 _ yOrloea _(3[4) ) He MiCTHTH ZBOBHAYHUX
HATypaJbHUX YHCEJI.

3HalIiTh yci 3HaUeHHA a, IPU AKUX 00JIaCTh BUSHAYeHHA PyHKITIT

10+2xlog a 18
31 . . .

y=lg (a’”z e gt 8 (V) “_(Va) ) MiCTHTB TiIBKH OfHe Iije

YHncJo.
5x+2

3 obsacti BusHaueHHA QyHKIIT Y= log3(a“ —q **2 ) B3sJIM BCi 1miai momaTHi

yucsaa i goganm ix. 3HaAITH yci JomaTHi 3HaUeHHA a, IPU SKUX TaKa cyMa

Oyme OinbImroro 3a 9, aje MmeHIowo 3a 13.

Tx+4
x+4

3 obsacti BusHaueHHA QPyHKIII y=log, (a“ -a ) B3sJIM BCi 1iai momaTHi

yucsaa i goganm ix. 3HaAITH yci JomaTHi 3HaUeHHA a, IPU SKUX TaKa cyMa
Oyme OinbImoro 3a 7, ajie MeHIowo 3a 11.
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I BIAMNOBIAI TA BKA3IBKU

Po3zmin 1
§1.Oysrr1.1.1.1) 2,5; -2; 3%; a+l; 2)-3;-2;1;b2-3;3)1;2; 0; vm+1.
a

2.1) R; 2) [-3; +0); 3) x # —1; 4) R; 5) (—°°; —1) U (1; +°0); 6) R; 7) [1; 5];
8) [-3; 0) U (0; +20); 9) [-3; 3) U (3; +°0); 10) (=0o°; —1) U (=1; 0] U [1; +00);
11) [0; 2) U (2; +o0); 12) R. 3. 1) {5}; 2) R; 3) [0; +°0); 4) [0; +°); 5) R;
6) [-5; +00); 7)[3; +0). 4. a) D (f)= [-3; 5]; E (f) = [-3; 2]; spocrae: [-2; 3];
cuanae: [-3; —2]1 [3; 5]; (1) = 0; 6) D (f) = [0; 6]; E (f) = [0; 4]; spocrae:
[0; 2]1[5; 6]; cmamae: [2; 5]; f (1) = 2. 10. 1) 3pocraroua; 2) cuagHa; 3) 3pocTamya;
4) cnagma. 11.2) 4. yakr 1. 2.1) £ >0,5>0; 2) k<0,b<0;3) k>0, < 0.6. 1)
a<0,b>0,c>0;2)a>0,b<0,c<0;3)a<0,b>0,c<0;4)a>0,b<0,c>0.

§231)— 2) %; 3)— 4) _4n. 5) -5 6)— . 4.1) 540%; 2) 135°; 3) —727;
4) 210°; 5) —10°; 6) 330°%; 7) —22,5° S)ﬁ
§ 3. 1. 3) IIL; 4) IIT; 5) I1T; 6) TV.

§4.1.1) %; 2) —%; 3) —%; 4) 1; 5) g; 6) é; 7)-1;8) /3. 2.2) T=m;

4) T=§; 5) T — Oynb-aKe gpiticHe ymcesao, kpim 0. HalimeHmioro gogaTHoro He
icaye. 3. 1)n(nk, k#0, ke Z); 2) g (%k, k+0, ke Z) ;3)3n (3nk, k=0, ke Z);

4) * (%’* k0, keZ);5)5ﬁ(5ﬁk’k¢O’ke 2)-

§ 5.56.1)sin 3,9, sin 3,3, sin 1,2; 4) ctg 2,9, ctg 1,1, ctg 0,5.

§ 6. 1. 1) Hi; 2) rak; 3) ui; 4) rak; 5) Tax; 6) tak. 2. 1) cos Oc—l— tga——%,

. 2
ctgocz—%; 2) sino = 0,6, tga = 0,75, ctgoc=—1%; 3) coso=-—,
sino=———, ctga=2; 3.1) 0; 5) 1; 9) 2; 10) -2 tg 0. 4) sino=—>,
Vi3 3 3 26

cosa=—ﬁ, tg o =-5.5.1) —g; 2) a) 2; 6) 2.
1, f 1, f
§7 Oynrr7.1.1.1) 1 2)\[ 3) Y3 4) )2,6)\/, 7)T 8) ¥3.9)1;
10 \/’ 11y -L 3.1 \/§+1 9 \f 1, . 3 \/§+1 . 4 \/§+1;5 1—\/5 \/§+1
) )xf ) 2’ ) N )xf 1 ) /2 ) /2’ 1 V3
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IIy 7211)£'2)L;3 11'4)1'5)L;6)141' '2)'2'
HET 7.2. 1. 5 \/5 ) Py Py \/5 5 4 ) sin o3 sin” o

i oye 1 24, T, 3.4 120, ,, 119,
3) 2sin o3 4) P 5.1) 25,2) 25,3) 37,4) 24-6.1) 169° 2) 169,3)
120, ,, 119 24,5 7. 3.4 24, 5 T .9y g3, 4 _ T
119’4) 120'7‘ 1) 25’2) 25’3)37’4) 24'8' 1) 25’ 2) 25’3) 37’ 4) 24"

Mymer 7.3, 1. 1) =325 2) 5 3) 35 4) 11 5) L 6)

LI _1.
2 P PR
V2. o 3

8)-1.2.1) ° % 2) > 3. 1) cos’ a3 2) —cos” o3 3) —%; 4) %tg2 o 5)1. HMynkr 7.4.

1. 1) 0; 2) —sin 18°; 3) x/§s1n25°; 4) tg 20° ctg 5°; 5) sin (o — P) sin (o + + PB);

6) 4sin % cos & cos 0 7) 4cos > cos Leos o 3. 1) —\/5”; 2) _\/5‘1;
2 2 2 2 4 4
1 o_33 ). l( n E) 1,1
3) 2(cole P ), 4) 5\C08 10+COS o) 4.1) Y 2) >

§10. Myrrr10.1.1.1)a=4,b=5,c=0,d=1;2)a=2,b=0,c=1,d = 2.
2 4=0 b=l ¢zl 5.a=1,b=2.6.a=2, p=-12 Iynxr 10.2.
’ 9’ 2 11 11

1.1) 3x® +x+4; 2)x® — x° + x* — x2 + 1; 3) giymTbes 3ocraueo: @ (x)= x3—2x2 +
+4x-2,R(x)=2x+12.2.1)Q(x)= 4x>-6x—1,R(x)=12x+3; 2)Q (x) =
=x3+2x%2++5x+10,R(x)=20x+21.3.1)a=-18,b=-35;2)a=-8,b=20;
3)a=-1,b=-2.4.1D)Q(x)=x+6,R(x)=12x+12; 2) Q@ (x) = x, R(x) =
=—-20x— 30. Hynrr 10.3.1.-101. 2.4 =-3.3.x+3.4.a=-1,b=1.5.8; 5%.

7.-2x3+ 8x2++14x—20.8.a=-2.9.3.10. 2x3 - 10x2+ 6x + 18. 11.a = 3,
b=9.12.x2+5x+1=0.13. x2-5x+2=0.14. x> - 30x + 9 = 0. Ilynxr 10.4.
1.1)Q(x)=x2+2x+ 1, R(x) =0; 2) @ (x) = 5x2 — x + 20, R (x) = 96;
3)QR(x) = x%2—-18x + 64, R (x) = —168. 2. 1) Tak; 2) tak. 3. 1) 2x2 — 5x — 3;

2)2x2— 11x + 5. Hymer 10.5. 1. 1) 1; 2) —3; 2; 3) —4; 4)—2; 1. 2. 1) 15 2) —%; 3) +1;
4)-1; § 3.1) (2x + 1)(x + 1)(x — 2); 2) (x + 1)(x + 3)(x + 5); 3) (x + 1)%(x + 1);

4)(x—1D2Ax+5)(x—5).4.1)1; ~1++/3; 2) -2;-1; 3; 3) —%; 1; 4) %; 1++/2.

Bk a 31 Bk a. CmouaTKy 3HalITH paIlioHaJIbHUI KOPiHb (X = Ol) MHOTOUJIEHA i pO3IiInTI
MHOTOUJIeH Ha X — O 5. 1) (x2 + 3x — 2)(x2 — 2x + 3); 2) (x® + 3x — 1)(x® — Tx + 2).

6.1) (22 +v2x+1-v2)(x? =22 +1++2); 2) (1+v2)x* —V2x +1)((vV2-1)® -
—2x-1); 3) (x® +av2x +a®(1-+/2))(x® —av2x +a®(1++/2)).
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§11.Mynrr 11.1.8. %, BrasiBra.Axmoo=18",1036° =201 54" =30

(ze sin o > 0). TonaTkosi 3asmanns. 1. 1) 0; 2) |sin B + cos B|; 8) 13; 4) sin B.

2.1)2tg 0;2)1;3)1;4)1.7.1) L, 2) — 1. 3) V17 B oasisxa. 3 ymoBu
9 (m+1)? 4
2
BUIIJIMBAE, IO Hﬂ=l, ne |cosa|<1; 4) sinoc=—&, cos20=—",
coso 2 3 9
cosgz—L
3
\/7 Po3zmin 2

§12.1.1) y=%x+2, D=R,E=R;?2) y=—%x—2, D=R,E=R;3) y=%,

D:x# 0, E: y#0; 4) y=—l, D:x#0, E: y+0; 5)y=x2,D=[0; +oo],
X
E =[0; +0]. 3.1) y=2Jx; 2) y:—2\/;; 3) y=vx+2 4) y=—+/x+2.
§13.1.1)0; 5) — ,6) - 2.1)0; 2) )g; 4) —5. 3.1)%; 2)0; 3) g; 4)

%; 5)n;6)7". 4.1)%;2)%;3)%;4)?“. 5.1) ,2) *f 3)\/_,4)%. 6.1)7;
gy 3 .4y L 2, v 22 o gl 4y 1 .oy 3. g3y L.
2)8;3) =5 4) \/5.7.1) 5 2) 223 155 4) 2\/5.8.1)\/7,2) = 3)&,

4) 5. 9.1) E; 2) 7 - 2m; 3) E; 4) 8 — 2m; 5) E; 6)4 —m; 7) E; 8) 10 — 3.

§14.1. 1)+ +2nn, ne Z;2) + +27m ne z; 3)+2;‘+2nn ne Zz;4) +%+2nn,

n+l Tt

ne Z.2.1) (-1)"Z PR neZZ)(l) 3T ne Z;3) (-1) 5T ne Z

4) (- 1)”““+nn nez.3.1)Z% +nn ne z;2) ™ S4mn, ne Z; 3) —Z—H'cn ne Zz;

4) ——+nn ne Z.4. 1) Xinn, ne z; 2) L +nn nez; 3)—+nn ne Z;4) —+nn
n e Z. 5.1) (- 1) 'arcsin 0,6 + nn, neZ;2) iarccos 0,3 + 2nn, n € Z;

3)—arctg 3,5 +nn,ne Z; 4) arcctg 2,5 +nn,ne Z.6.1) i%ﬂm, neZz;2) %n,
nez;3) L+ nez; 4 iarctg 3+70, ne Z.7.1) (-1)'n + 4nn, n € Z;

2) +@+1Onn ne Z;8) ~Z+3un, ne z; 4) —+77m nez.8.1) D'+

n 2m

ne Z; 2) £2n + 6nn, n € Z; 3)(1)—+4nn neZz; 4)—+T,neZ
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9.1) (- 1)n+@+3nn nez;?2) +—+nn nez;3) T+ nez;4) 3—2“+21m,

ne Z.10.1) —+41m 4nn, n € Z; 2) Z+3mn, ne Z; 3) 2“—”, EJrz"T”, ne Z;

4n
4) ——+41tn ne Z.11.1) ———nn neZ;2)n—2nn,ne€ Z; 3) —8nn; —?—81m,
T,
nez;4) -2, 12, z.12.1) ~; &, 3t, U, 17n, 197, )+ + 1,
3’6 3 12 47 47 127 127 12° 18
13m, 3n. Tn. 1ln 15n n 13n 51 T n, 1lln, 19m,
T4 0 16 g0 e 18D~ T 7~ R T T 2) 0
) 160 16 16’ ) — 15’ 18° 18> 18’ 18’ 18’ )

S5n, 1ln_, 13n_ 19n. Tn
+2m; 4m; 3) 0; 2m; 4my 4) —; —; ——; —; —.
b b ) b ’ ’ ) 12’ 12 ’ 12 ’ 12 ’ 4

n+l
§ 15.1. 1) (—l)mlarcsinéﬂm, neZ;?2) (_12) arcsin%+%n, ne Zz;
3) (-1)" arcs1ni+nn ne Z;4)n + 4nn, (-1)" E+21m neZ.2.1) +2n+21m;

J_rzg“+2”T”, neZ;3)n+2nn,ne Z;4)tn+3nn, ne Z.

iarccos§+21'cn, ne Z;2)
3.1 i%”+2nn, ne Z;2) E+1m, ne Z;3) E+21m, (—1)"arcsin%+nn, neZ;
4) — +2”?", ne Z.4.1) —Z+nn arctg +nn, ne Z; 2) —+1m arcctg 5 + nn,
ne Z;3)—arctg 2 + nn, arctg5+nn, ne Z;4) —”+21m, 2arcctg—+2ﬁn, ne Z.

5.1) (-1)" arcsm;ﬂm ne Z;2) (n arccos4)+21'cn, ne Z.6.1) —+Tm

—arctg 3+mnn,ne Z; 2) §+ﬂ:n, arctg 3+mnn,ne Z; 3) %Hm; —arctg 2+mnn,n e Z;

14 f

4) —Z+nn arctg +mn, ne Z.7.1)yn+ 2nn, i?+4nn ne Z;2) arctg ——+1n,
ne Z;3) (—l)narcsinéﬂm, ne Z;4)2nn, (—1)"arcsin%+nn, ne Z.8.1) 2nn,
n+4nn,ne Z; 2)4nn, n+ 2nn, ne Z;3)£—arcsin%+2nn,ne Z;4)%+nn, ne Z.
9.1) ——+7m nez, 2)—+7m arctg 2+mnn,ne Z;3) L +nn arctg 3+nn, ne Z;

J_

+1 7
" T ne Z;

4) arctg Y93 L nn ne Z.10. 1) +2—“+2nn ne z 2) (-1
3) (-1)" —+1m ne Z; 4)+ +2nn, ne Z.11. 1) ——+nn ne z;2) 3" +nn ne Z;
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3) - +nn ne Z;4) X +nn ne Z.12. 1)—+2nn ne Z;2)2nn, ne Z; 3) nn;
Z+nn ne Z;4) - +nn 4+7m ne Z.13.1) (-1)" —+nn ne Z;2) % +2nn,
ne Z;3) iarctg\/§+7m, ne Z;4)arctg 2 + nn; —arctgl+nn, ne Z.14.1) ﬂ
ne Z;2)nn; 6+%” ne Z;3) “”, neZ;4) +?, neZ.15.1) +4+nn neZz
2) J_rE+”—2”, ne Z.16.1) —§+?”, neZ;2) 2n,ne Z.17. 1) gmn, neZz;
)——+nn neZ.18.1) % +nn —arctg 2+ nn,ne Z; 2) —Z+nn —arctg 3 + nn,
ne Z; 3) %-FTCTL, —arctg3 + n, n e Z; 4) —%Jrnn, —arctg4 + nn, ne Z.
19.1) 2 +7'cn —arctg 2+ nn,ne Z; 2) Z 4 nn, arctgl+nn,neZ;3)nn, —%Jrnn,

n+l Tt

neZ;4) 2 ST —arctg +nn, ne Z.20.1) (-1) 5T ne Z;2) (-1 —+nn

ne Zz; 3)n+2nn,_ +2mn, n€ Z; 4) 2’;” neZ.

§ 16. 1. 1) (%+2nn;§—2nn), (§+2nn;%—2nn), nez; 2)( +2nm;
—£+2n(1—n)), <—£+2nn;£+2n(1—n)), ne Z.2.1) (nn;ﬁ—nn), <£+nn;—nn),
3 3 3 4 4

hus 2n hus

ne Z; 2) (—2nn;—§—2nn), (—?—Znn;—n—ZRn), neZ. 3. 1) (E+2nn;
(1)k+1£+nk) (( 1)"+1£+nn, +2nk), kE, neZ; 2) (n+2nn,i +2nk)
(i%+2nn;n+2nk>, k,ne Z. 4.1) ((—1)"%+nn;i2—;+2nk), (( 1)"+1£+nn,
+£) .(l.ﬁ_ 1_)(1.5_ 1_
_3+2nk,k,ne Z;2) arctg2+nn,4 .‘arctg2 nn), .‘arc1;g'3+1't:n,4 arctg3
_nn), k,ne Z.5. 1)( +n(k+n); —+n(k n)) (—%+n(k+n); —%+n(k—n)), k,
ne Z 2)( +nln+ k) e k)) (2g+n<n+k) Zin(n-B)), k, nez.

1)( +n(k+n); —2+n(k n)) (12+n(k+n) 22y ke— n)) k,ne Z; 2) (%+
+n(n+k); —E+n(n k)) (12+n(n+k) —E+n(n k)) k,ne Z.1. 1)( +2nn +
nk, T

+—;—+—) k,ne Z; 2)( +2nn - > Z+_) k,ne Z.8.1) (Znn, +n(2n+k))
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(2nn;—§+n(2n—k)) k,ne Z; 2)( +2nn,—5+n(k 2n)) (g+2nn; §+n(k+2n)),

k,ne Z.
§17.2.1)a) Tak; 6) Trak; 2) a) Tak; 0) Hi. 6. 1) Tak; 2) rak; 3) ui; 4) rak; 5) Hi.

7.1) 1—31; 2)4; 3) — 4; 4) -3; <. 8.1)0,5; 2) 2; 3) —/2; 4) po3B’A3KiB HeMmae.

9.1) x # 1,5 (ymoBa gis kopesris); 2) x > 0. 11.1) 7; 2) 0; 4,5; 3) — 3 4) —%-

§18.1.1)2;2)3;3)(1; 0). 2.1) 0; 2) 0; 3) -1; 4) 0,5. 3. 1) 3; 2) (-2; 5);
3) (3; 1); 4) posr’askis Hemae; 5) (2; 1); 6) (—1; 2; —3). 4. 1) 6; 2) 1; 3) 0; 4) 6;

5)2; 6) 1. 5. 1) (-5; —5); (2; 2); 2) (-2; —2); 3) (—%;—%} (ﬁ%)
4) (—2; -2); (2; 2).

§19.1.1) —%+2ﬁn, %"+2nn 3+21m ?+21m nez2); X yomn, n+ 2nn,
neZ.2.1) 3—2n+27'5n, n € Z; 2) po3s’saskis nemae; 3) 3 + 4n, ne Z; 4) 1;
5) +4+7m,neZ 3.1) = +nk arctg—+nn k,neZ;2) T +nk +arctgx/—+nn,
k,neZ.4.1) E; 2) (0,5; m + 4nn), (-0,5;n—4nn), ne Z.5.1) 1; 2) -0,5; 3) 1;

oozt (555} (-2 (25} (B2 (-2

bbb (5% o Lo () 6% (o8
4’ 4) 4’4 4’ 4 ) 6’3 6 38/ \6’3) \e 3/
[ s (2h (52) o fotim) w nes
63 6’ 3 6 3 6’ 3 12 3

5)( +21m,?+2nk) (2n+2nn;%+2nk), (—§+2nn;—2§+2nk), (—2?”+21m;

n 1 _3 1 _3
—§+2nk), kE, neZ; 6)(nn;nk), (zarccos( 4)+11:n,2arccos( 4)+11:l(.3),

k,ne Z.Bk asiBka.IlogaTtu cucremy

(—larccos (—E) +mn; — Larccos (—E) +mk|,
2 4 2 4

4sin(3x + 2y) =—sinx,

Yy BUTJIAIL { i mepeMHOKUTH BilIIOBiiHO pasi i 1iBi vacTu-

siny = -4sin(2x + 3y)
HU OJleP:KaHuX PiBHSHb. BpaxyBaTu, 1110 IPU TaKUX II€PETBOPEHHSIX MOKJINBA
M0ABA CTOPOHHIX PO3B’A3KiB cucTreMu. Po3B’A3y0UN MPOMiKHe PiBHAHHSA
4 sin 5x +sin x =0, 3py4YHO CKOPUCTATHUCS TUM, II10 sin 5x = sin (x + 4x).
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§20.1.1) IIpu| a| < 1 poss’askis memae; mpu | a | > 1 x=(~1)"arcsin * +7n,
a

1
ne Z; 2) upm |a|<§ x=§+nn, n € Z; upm |a|>% x=§+nn,
x=(—1)"arcsin2i+nn,neZ;3)an/Ia=0360|a|>1x=1‘m,neZ;npn0<|a|<1
a
T
x=mn, x=tarccosa+ 2nn,ne€ Z;4)upu|a|<1 X=E+Tm,neZ;npn|a|>1

n .1 .
x=§+7‘cn, x=(-1) arcsszrTm, ne Z.2.1)IIpua <-0,5a60 a > 4 po3B’sa3KiB

1++V1+2a

memae; upu —0,5 < a < 0 x=(-1)"arcsin +mn, ne Z;upu 0<a < 4

1-+1+2a

x=(~1)"arcsin +mn, ne Z;2)upua<-1,25a60a>5x=nn,nec Z; upu

1+v5+4a
4

-1,25<a <1 x=mnn, x==*arccos +2nn, n€e Z;upul <a <5 x =nn,

1-V5+4a
X =tarccos —

+2nn, n€ Z; 3) upu b =0 piBHaHHS He BusHaueHe; mpu b # 0
ia=0 x;t%k, xeR,ne Z;upub#0ia#0 x=n—n, nelZ, n:ﬁab—k, ke Z; 4) npu
a

-2(V2+1)<a<2(v2-1) x = 2nn, x—5+2nn ne Z; upu a<-2(V2+1) a6o

a>2(x/§—1)x=2ﬂn,x=%+2nn,x=—§+(—1)"arcsin 2t+mn,ne Z.3.1) |a|<2 J5;

a2
—n<a<4+

2 N =

(1; 1). 7. 1) IIpu a < -2 x € R; npu —2<a <2 xe(arcsin%Jann;

2)|b|<5;8)aec R;4)ac R;

5. (0; 1);

1

. a .
n—arcs1n5+2nn), n € Z; npu a > 2 po3B’s3KiB Hemae; 2) mpu a<3

1
xXe (—arccos s 7+27tn, arccos = 7+27m) ne Z; upu §<a<3 x€ R;nipua >3

+2nn), ne Z;3)upua<0xe R;upua =0

1-~1+4a +2mn;

a

a+b a+b
X€E (arccos s + 2mn; 2n—arccos
a — a —

xe(—z—;+2nn;2—;+2nn), ne Z;mpu0<a<2 xE(—arccos
1-+1+4a ) :

arccosT+21'cn , n € Z; upu a = 2 pos3B’aA3KiB Hemae; 4) nipu a < —2
2 2

a+\/;1 -4 a+\/;1 _4+271:n:|U (
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X€e [arccos + 2mn; 2n— arccos 5 +2nn; 2 + Znn),



ne Z; upu -2 < a < 2 xe(—§+2nn;§+2nn), npu a > 2 xe(—§+2nn;

a—\/a2—4+2nn:|u|: a—\/a2—4
2

—arccos arccos —— —— + 2nn; g+ Znn], ne Z.

§ 21. Oyt 21.1. 1. 1) (—o0; =2] U (1; 2] U (4; +o0); 2) (—o0; —2) U (3; 8);
3)(4;5]; 4) [-10; —2) U (4; +o0). 2. 1) [-2; —1] U [1; 2]; 2) (-o5-1)U

u(—g —)u(1 +00); 8) (—00; —3] U (0; 31; 4) (=6; 2). 3. 1) (—2; 2) U [4; +00);
2) (-2; ~1)afo 1; 3) (~°0; 0) U [2; 3]; 4) (~00; 1) U[4; +00). ymkr 21.2. 1.1) —2;
4;2)0,5; 3,5; 3) -1 2; 3; 6. 2. 1) (—00; —1) U (4; +00); 2) (-0,8; 2); 3) (-3;~1)U

( 1 ——) 4) ( ) 3.1) 55 2) -1; -3. 4. 1) [1; 3]; 2) -8; 12; 3) [-5; 8].
5. 1) Poss’ askis HeMae; 2) [-2; +00); 3) (-oo )u(s +o0). 6.1)[1; 2]; 2) 23 3.
7.1)-3;5;2)[-1541.8.1) —%5 0,5;2;2) -2-5; v5. 9. 1) 05 £2;4;2) ~2; 1; 3 6.
10.1)(—1;5);2)( ;1 “/_ju( 1;2)uU [“‘/_ oo). 11. 1) (-00; 1) U (2; +00);
2) [1; 3]. 12. 1) (=5; —2) U (=1; +00); 2) (-00; —5) U (=3; 3) U (5; +0).
13. 1) [-6; 2] U [4; 8]- 2) (—o0; ~8) U (2; +00). 14. 1) (0;%); 2) (—00; —5] U
U[4; +00). 15.1) [-8-+/5;-4)U(-2;0] 2) [-1-2V2; —3)U(1;3].

§22.1.1) [——+2nn,6+2ﬂ:n}, ne Z;2) (—§+2nn;7n+2ﬂ:n), n e Z; 3) pos-
B’s3KiB Hemae; 4) [E+2nn;2§+2nn}, neZz 21) (—§+2nn;§+2nn), ne Z
2) ( +2nn,?+2nn), ne Z; 3)R; 4) [——+21m,4+21‘cn:|, neZz.3.1) (—gmn;

—§+Tcn) ne Z; 2)[ +nn,2+nn) ne Zz; 3)( +nn,2+nn),ne Z; 4) (—§+nn;

%th:l,ne Z.4.1) (nn;%ﬂﬂm),ne Z;2) (nn;gﬂm:l neZz; 3)[ +nn,n+nn)

ne Z;4) ( +nn,n+nn) ne Z.5.1) ( +nn,%+nn), neZz;?2) [ +6mn;
m+67m:| ne Z;3) |:——+2nn,n+2nn) ne Z;4) (i+ﬂ,ﬂ+”—”), ne Z.
2 20 5°5 5

6.1) [nn;ﬂﬂmJ ne Z;2) (——+n—n i+—) ne Z;3) [—%+6nn;6nn:|, ne Z;
3 4 3736 3 2
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4) ( + I, 5”+—) nez.1.1) (—E—z"—”;—z"—”), ne Z; 2) [——+—;—+
48 2748 2 3

Raddd . 371 T mn, ) . ( T .
LI R _ . .8. nmynmm,n, _T ;
5} ne Z,3)< 5 +2nn; 2nn), ne Z.8.1) (12 p 4+ > neZ;2) 2+7tn

mmn, 6T nn)
’

—§+nn)U<%+nn;§+nn), neZ.9.1) (”—” l+?), ne Z;2) (——+— I,m

2712 276 2
J5-1
2

ne Z.10. 1) (arcsin + 2nn;n—arcsin\/r 1+2nn) nez;?2) (—?Hm,

%+nn), neZ.11.1) [—% +2nn;2?n+2nn}, ne Z;2) (—37:+2nn;%+2nn), ne Z.

12.1) (nn;%+nn)u<3+nn,%+nn)u(58”+nn,%”+nn)u(%“+nn;n+nn), ne Z;

2) (£+nn;£+ nn)U<£+nn,E+nn), neZz 13.1) [£+2nn;%+2nn), ne Zz;
4 2 2 4 2 4
2) [ arcsin L +2mm;Z+2nn|, nezZ. 14. 1) <—£+2nn;—2—n+2nn) (—2—”+
J5 2 2 7 7

+2mm; 2nn)U(g+2nn;4—7n+2nn)U(4—:+2nn;6—:+2nn)U(6—:+27‘m;7'5+27m), ne Zz
2) (—§+27m;%+2nn)U(§+27m;%n+2nn)u(5%+2nn;%n+2nn), ne Z.15. [O;%),
ne Z.16. [g T}U[%;n:', ne Z.17. 1) llpu a < -2 xe(Znn;%+2nn)U
U(%’T+2nn;n+2nn)U(%”+2nn;%“+2nn), ne Z; mpu -2<a<—/2 xe <2nn;§+
+2nn) U (37? + 2mn; arccos %+ 2nn) U (n + 2mn; 2m— arccos %+ 2nn) U (57? +2mn; %n +
+2nn), n € Z; nupu a=—/2 x€ (Znn;§+2nn)U(n+2nn;%n+2nn)U(%+2nn;
%”+2nn), n e Z; upu —2<a<:2  xe (21'cn;§+2nn)U<arccos%+2nn;
%+2nn)U<n+Znn;%+2nn) <2n arccos 2+2nn,%”+27m) n e Z; upu a=+2
xe(2nn;§+2nn)U(§+2nn;%+2nn)U(n+2nn;%+2nn), ne Z;upu V2<a<2
xe <2nn; arccos %+ Znn) U <%+ onn; 37:+ Znn) U <n+ onn; %n+ Zrm) U (%+ onn; 2m—
—arccos%+2nn), ne Z,upua > 2 xX€ (%+2nn;%+2nn)u(n+2nn;%n+27m)u
U(%+2nn; 2n+2nn), neZ.
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Posmin 3

§ 23.2.1) -2; 2) 0,5; 3) —1; 4) 2; 5) 5; 6) 3. 3. 1) 20; 2) 10; 3) 6; 4) 33/16.
4.1)3; 2)10; 3) —2;4)5.5.1)—2; 2) 3; 3) —5;4) 2. 6. 1) 77; 2) 6; 3) 15; 4) 5.

7.1) 108; 2) 200; 3) 0,9; 4) 13. 8. 1) R; 2) [3; +00); 3) [-2; +00); 4) (0; +oo).
2(«/?+1) Ja-3

5 ; mpua <0

10.1) 3 3)Hpna=9%; npu0<a<9a6oa>9

BUpAa3 HeBU3HaUeHU; 4) mpux = 1 %; mpux#1 % 11.1) asz; 2) ab%/aTb;
3) —3ab'¥a’?; 4) 206247, 12. 1) |ab® Y67 2) avVa’e; 3) 2%Yb;
1) a?|b|¥ab. 13.1) ¥1a°; 2) Yav®; 3) Ysav"; 4) Ya". 14. 1) mpma > 0 Y7a";
npn a < 0: 47a"; 2) Yab; 3) Y2ab’; 4) Y-36". 15. 1) —a; 2) a; 3) 0; 4) 0.
16. 1) 2|a|b?¥2; 2) ab%c; 3) Y|al"; 4) %Ayg.sw_ 17.1) ¥a? + 3% 2) 4y

3
B 3 4y 0,50 /%m0,y <0 7. 18.1) 47, 2) 285; 3 56
a Yy y

4) po3B’aA3KiB HeMmae; 5) £2; 6) —4.

§ 24. 1. 1) 3; 2) po3B’a3kiB Hemae; 3) —26; 4) 0; 5) 45. 2. 1) 8; 2) 2. 3. 1) 2;
2)10;3)4;4)7.4.1)3;2)-5;3)-11;4)-8;5.5.1)1; 2) 3; 3) 0; 4) +4/2. 6.1) 1;
2; 2)-1.7.1)(8; 0); 2) (4; 1); 3) (4; 1); 4) (16; 1). 8. 1) (27; 1), (1; 27);

2) po3B’aA3KiB Hemae; 3) (—? ——) 1) (2; 0), ( )
§ 25. Hynkr 25.1. 1. 1) V/2; 2)[ 3) ¥5; DN L. 5) Js; 6)3 L 2, 1)3g

2) 4g 3) 7 2 4) a 3, 5) (2b)i; 6) |c|%. 3. 1) Hi; 2) rak; 3) rax; 4) Hi.
4.1)[0; +0); 2) (=00; 0) U (05 +20); 3) (15 +00); 4) [=3; +2°); §) (=05 —1) U (-1;1) U

U(1;+); 6)R.5.1)9; 2) ,3)32 4) -2 5)9,4;6)6,75; 7) 3,25.7. 1)

625

=3
—_

l\D

l\a\
—
N

—

2) L .3 1 )mn 8.1)1+c;2)x+y;3)x—1;4) B2 —

1 1

p2+5 cz—d
2 11 2 1

2) a®+adb3+b3; 3) 28 —2 4) a +b3 10. 1) 1; 2) 128; 3) 4\/§; 4) +44/2.

HOyskr 25.2. 1. 1) R; 2) (—0; 0) U (0; +0); 3) [1; +00); 4) (0; +0); 5) (=003 0] U

U[1; +20); 6) R.

x2+4

N\»—t
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§ 26. Oyarr 26.1. 1. 1) —1; 2) 3. 2. 1) 0; 2) 0; 3) po3B’sa3kiB Hemae; 4) 3.
3.1)1;2)(4; 25).4.1)8; 2)4; 3)2;4) 1, -1. 5. 1) (16; 16); 2) (4; 4). IlyuxT 26.2.

1.1) 13-v6L 13 - \/— 1+\/7
4.1 15+3\/7

: 2)-3;1;3)4;4)4.2.1) 1; 2) [5; 8]. 3. 1)1—, 2) 2-22;

: 2)—-1.5.1) 32; 2) 64.

§ 27. 1. 1) (-o0; 3]; 2) (-m;o]u[s;sg). 2. 1) (—oo;—ﬂu[s;m); 2) [0; 1].

3.1) —2; [-1; 3]; 2) —3; (-0,5; 1]. 4. 1) [2; +00); 2) [10; +0). 5. 1) [ 3-2V/2;9);
2)[05 4) U[9; +20). 6. 1) (=005 =3] U (05 +00); 2) (—o0; =2) U (0; 1) U (1; +00).
7.1)[2;5,2]; 2)[1; 5) U [10; +o0). 8. 1) Poss’s3kiB Hemae; 2) 2; 3. BKkasiBKa.
3uaritu OI13 HepiBHOCTI i BpaxyBaTH, 110 BOHA MiCTUTD TIJILKY [Ba YUCJIA.

§28.1.1)IIpuac Rx=a+4;2)upua=>0x= a—2a;npna<0p033’a3}cis

@—6' 4)upua=0x=0;upua=>1 x=_ttVda-3 '24‘1_3;

npua <0 ab6o0<a<1poss’askiBuemae. 2. 1) [Ipua<lx=aq;upul < a<2
x € [l;al;upua=2x€e[1l;a);upua>2x=aaboxec [1;2]; 2) npua <0 pos3s’sa3KiB

HeMmae; 3)upume R x =

Hemae; npua = 0 x € (0; +°); npua > 0 x€ [—%a; )U(O +o0); 3)mpu a < 0

€(2-V4+a;2+\4+a); mpu a > 0 xE[—%;2+x/4+a); 4) npwm a<—%

_34~-7_16a 1 7 [—3—\/—7—16(1 —3+\/—7—16a:|
S OT N TSl P ——<a<— Xxe€ ; s Ipu
xe [a, p }, p 9 16 3 > 3 5 b
2
7 3 -V -
a=—§ x——g, mpu a——li posB’si3KiB HeMae; b)) mpua <—2 x€ [%;Z}U

2
U[—a;+oo); npu —2<a<-+2 a6o J2<a<2 xe(z_\/zza _4;2+\/22a _4)U

[ 2
U(2; +o0); mpu ~J2<a<V2 xe (2; +o0); mpu a > 2 xe[%;z}u [a; +0).

3.a<% 4.a<0,a=2.5.a<1.6.IIpu a <1 ogua po3s’A30K; mpu a > 1

pOSB AB3KiB HEMAaE.

Po3znin4

§ 29. 4. 1) (1; +00); 2) (—00; 0); 3) (—=2; +0); 4) (—°0; 0). 10. 1) Bix’emHe;
2) Big’emmue; 3) noxgartue; 4) rogaTHe.

§ 30. Iyukr 30.1. 1. 1) g; 2)-2;3)0; 4) i; 5) %; 6) Zi\/g; 7) —3; 2; 8) 0;
9) 2; 10) 4; 11) xopeniB Hemae; 12) 5; 13) KopeHniB Hemae; 14) 0; 15) 1; 16) 2;
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17)1; 18) 2; 3; 19) 1; 20) 1; 21) 2; 22) 2. 2. 1) 1; 2) 1; 3) 3. 3. 1) —4; 2;
2)-2;3;3)-2;4;4)-1;3;5) +/3. 4.1)1; 2) 1; 3) 3;4) -1; 5) 2; 6) 0; 7) -2; 8) 2.
5.1)R;2)ipua=0R;npua#0x=1;3)upua=0xe R, x#0;upua>0x=0,5
(mpu a < 0 pieuauHA He BusHaueHe). Ilyakr 30.2. 1. 1) 0; 2) 1; 3) 1; 4) 1; 5) 1.
2.1)1;2)1;3)0; 2;4)0; 2; 5) 3; 6) 0,5; 7) £1; 8) 1k, §+nk, ke Z.3.1)0;2)1;
3)2;4)0;5)0;6)0,5.4.1)0;2)0;3)0;4)0;1;5)0; 1.5.1) 2; 2) +1; 3) 0; 4) 0;
1,5. 8. 1) (3; —1); 2) (=25 =3); 3) (1; 2); (2; 1); 4) (3; 1); 5) (45 2); 6) (45 2).
Iyt 30.3. 1. 1) (0; +20); 2) (—1; +0); 3) R; 4) pos3B’A3KiB HEMAaE; H) (—00; —2];
6) (=°0; 5]; 1) [2,5; +0); 8) (0; +00); 9) [1; 3) U [6; +00); 10) [1; 4) U [8; +00).
2. 1) (=005 0); 2) (=005 1); 3) [-1; +00); 4) (=05 1]; 5) (2; +0); 6) [1; 2]. 3. 1) (=005 0);
2) (=003 1]; 3) (=05 —1] U [0; +00); 4) [0; 1]. 4. 1) =2; [3; +00); 2) (-o0; 2], 4.

§ 31.2.1) 2; 2) 3; 3) —2; 4) 0,5; 5) -1,5; 6) 0; 7) %; 8) i; 9) —1; 10) —-1.
3.1)log,9; 6) In3. 4. 5) 14; 6) 54. 5. 2) 2lga + 51gb — Tlgc — 1;

5) 2+ Tlog,a+log,b. 6.1) 31g|a |+ 51g|b| + 8lg[cl; 2) Slglal+21g|b]-

-21g|ec

; 3) 4lg|c|-Zlg|a|-21g[b]; 4) 2+-lglal+1g|b|+21ge| 7. 1) b+ 1;

%fs. 3) m3~z/n72. 4) 1
2 3fp 7 7 1600°

9.1) -log, a; 2) 0,5 log, a; 3) 0,5 log, a; 4) 2 log, a; 5) ioi—ﬁ. 10. 1) 24; 2) 10;
0g;3

2)2a+b;3)a+b+1;4)3a+2b.8.1)%; 2)

2(2-1) 9) _2+a_. )b(3—2a); 1) b(a+4)

8)2,5;4) 1,55 5) 195 6) 12. 11. 1) T2 2) ~oross g 3(sa)"
§32.1.1) (=3; +20); 2) (3; +°); 3) (=205 —1) U (1; +20); 4) (0; 3); 5) R; 6) R;
7) (=005 =2) U (3; +0); 8) (25 3) U (3; +20); 9) (=005 =3) U (3; +00); 10) (0; 1) U
U (1; 2); 11) (1,5; 2) U (2; 5).
§ 33. Hynxr 33.1. 1. 1) 16; 2) 5; 3) 2; 4) 100. 2. 1) 5; 2) 6; 3) —3; 1; 4) 2,9.

3.1)1; 2) 0; 8) 2; 4; 4) 5. 4. 1) 3; 27; 2) 10; 3) é; 9; 4) 0,01; 1; 100. 5. 1) 1;
2) 2; 4; 3) 0; 4) log, 4. 8. 1) (100; 10); (10; 100); 2) (@«/ﬁ) 3) (4; 1); (1; 4);

4) (i;64); (8; 2). IMymkr 33.2. 1. 1) (9; +0); 2) (—o0; 5); 3) (0,5; +20);

4) (—00; 100). 2. 1) (2; +00); 2) (—00; 2); 3) (—00; 9); 4) (—°0; 1,5). 3. 1) (3; +00);
2) (—00; 1); 3) (—00; 8); 4) (~00; 4]. 4. 1) (0; 3) U (9; +00); 2) (0,1; 10) U (10;

100); 3) [—;?9} 4) (—°0; 0,5] U [4; +0). 5. 1) (10; +0); 2) [6; +0); 8) (—4; —3) U
U (4; 5); 4) (1; +00). 6. 1) (0; 0,25]; 2) (1; 4); 3) (0;1)U[V2;4]; 4) (=25 0,5).
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§34.1.1) 1; 1000; 2) L; 10; 3) L; 8;4)3;5)a)1;4;06)0;1;4;6)-1;0; 2;
N T
7 3; 8) i; 4; 9) 2. 2. 1) (25; 5); (5; 25); 2) (%;%); (8; 2).3.1) (O;%)U(I;Z);

2)(—00; =2]U[-1;0] U [3; +0); 3)[3;5];4)upul0<a<lxe (0;a)U (a_4; +00);
npu a>1xe (a ;a);upua<0aboa=1HepisHicTh He BUu3HaueHa; 5)npul <a <1
x € (a; a_z); npua >1xe (0 a_z) U (a; +0); mpu a < 0 abo a = 1 HepiBHicTL He
BU3HAUEHA.

§35.1.1)1;2)1;3)2;4)0; 5)4; 6) poss’askiB uemae; 7) =2; 8)1.BxaziB-

. . 1 2 .
K a. 3alucaTy piBHIHHA Y BUTJIAIL logz (x + —) =2x—-x" i BpaxyBaTu, 110 npu x >0
X

x+l>2; 9) 0. 2. 1) +1; 2) £1; 3) 2. Bk asiBka. [loginutu o6uasi vacTurm
X

piBHAHHA Ha 2" i BpaxyBaTu, o (PyHKIid, ofepsKaHa y IpaBiii uacTuHi, criagHa.

3.1)0,25; 2; 2) 1; 3; 3) +/2; 1,5. 4. 1) —3; [-1; +0); 2) [25; +0). 5. 1) IIpu

a-1xa®-10a-11, a-1+Va’ -10a-11

a>11 x=log, 5 ; mpu a < —1,5 x=log, 2 ; Ipu

-1,5<a <11 poss’as3kiB memae; 2) npu a<3-2J2 a6o 3<a<3+2V2

2
x=log22'(1a—_;); npu 3-2J2<a<3 abo a>3+2\2 po3B’sA3KiB HeMae.
6.1)(-5;-5);(2;2);2)(3;3).7.-1<a<0.8.a>1.9.a=-4.BrasiBkKa.
3Becrtu piBHauuA 1o suny f (x) = 0 i Bpaxysartu, mo ¢pyukiia f (x) mapaa. 10.
a<0,a=0,25.11.TIpu a < 0 Kopeuis uemae; npu a = 0 oguH Kopiub; npua > 0
nBa Kopeni. 12, IIpu a < —1 a6o a > 7 oguH Kopiub; npu —1 < a < 7 gBa KopewHi.
13.a > -2,25.
HomatkoBi 3aBmanna. 11. 1) [-2; +o0), 12. 1) —-2,5. 13. 1) —2; 3) 16.
14.a € (-2; 2). Bk a3iBKk a. 3anucaru 3ajadi BUpasu AK CTENeHi 3 0MHAKOBOIO
OCHOBOIO 5.
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